
������������ ������ � �����������������

�����������

���������� ���������

������������� ��������������� �����������

�¨§¨ç¥áª¨© ä ªã«ìâ¥â

� ä¥¤à  à ¤¨®ä¨§¨ª¨

�.�. ��������

��������������� ���

�ãàá «¥ªæ¨©

�����������

1999



�à¥¤« £ ¥¬ë© ªãàá «¥ªæ¨© \�«¥ªâà®¤¨ ¬¨ª  ���" ç¨â «áï ¢ â¥-

ç¥¨¥ àï¤  «¥â ¤«ï áâã¤¥â®¢ ä¨§¨ç¥áª®£® ä ªã«ìâ¥â  ���, á¯¥æ¨ «¨-

§¨àãîé¨åáï   ª ä¥¤à¥ à ¤¨®ä¨§¨ª¨.

�ãàá á®¤¥à¦¨â â¥®à¨î ¤«¨ëå «¨¨©, ¢®«®¢®¤®¢, à¥§® â®à®¢, ¥-

¢§ ¨¬ëå ãáâà®©áâ¢: ¢¥â¨«¥© ¨ æ¨àªã«ïâ®à®¢. � ¤ ®© à ¡®â¥ ¯à¥¤-

áâ ¢«¥ë ¥ â®«ìª® ®á®¢ë¥ á¢®©áâ¢  í«¥¬¥â®¢ ���-â¥å¨ª¨, ® ¨

¬¥â®¤ë ¨å à áç¥â®¢: ª¢ §¨áâ â¨ç¥áª¨©, ¬¥â®¤ ç áâ¨çëå ®¡« áâ¥©, ¢ -

à¨ æ¨®ë¥ ¬¥â®¤ë ¨ ¤à. �à¨¬¥¥¨¥ íâ¨å ¬¥â®¤®¢ ¨««îáâà¨à®¢ ®

á®®â¢¥âáâ¢ãîé¨¬¨ ¯à¨¬¥à ¬¨.

�ãàá «¥ªæ¨© ¯à¥¤ § ç¥ ¤«ï áâã¤¥â®¢ à §«¨çëå á¯¥æ¨ «ì®-

áâ¥©,   â ª¦¥ ¤«ï  á¯¨à â®¢ ¨ ¤àã£¨å á¯¥æ¨ «¨áâ®¢, á¢ï§ ëå á ���-

â¥å¨ª®©.

�¥ç â ¥âáï ¯® à¥è¥¨î ¬¥â®¤¨ç¥áª®© ª®¬¨áá¨¨ ä¨§¨ç¥áª®£® ä ªã«ì-

â¥â 

�¥æ¥§¥â: ª ¤. â¥å.  ãª �.�. �¥¬¥«¨

c �®¢®á¨¡¨àáª¨© £®áã¤ àáâ¢¥ë©

ã¨¢¥àá¨â¥â, 1999



�£« ¢«¥¨¥

1 �¡é¨¥ á¢¥¤¥¨ï ¨§ â¥®à¨¨ í«¥ªâà®¬ £¨â®£® ¯®«ï 7

1.1 �à ¢¥¨ï � ªá¢¥««  . . . . . . . . . . . . . . . . . . . . . 7

1.2 �¨áâ¥¬  ¥¤¨¨æ . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3 �à ¨çë¥ ãá«®¢¨ï . . . . . . . . . . . . . . . . . . . . . . . 9

1.4 �¥à£¨ï í«¥ªâà®¬ £¨â®£® ¯®«ï . . . . . . . . . . . . . . . 11

1.5 �¥®à¥¬  ¥¤¨áâ¢¥®áâ¨ . . . . . . . . . . . . . . . . . . . . 13

1.6 �¥è¥¨ï ãà ¢¥¨© � ªá¢¥««  . . . . . . . . . . . . . . . . 14

1.7 �ª¨-íää¥ªâ ¨ £à ¨çë¥ ãá«®¢¨ï . . . . . . . . . . . . . . 20

1.8 �«¥ªâà®¤¨ ¬¨ç¥áª®¥ ¯®¤®¡¨¥ . . . . . . . . . . . . . . . . . 25

2 �¥®à¨ï ¤«¨ëå «¨¨© 27

2.1 �®¯¥à¥çë¥ ¢®«ë ¢ «¨¨¨ ¯¥à¥¤ ç¨ . . . . . . . . . . . . . 27

2.2 � ¯àï¦¥¨¥, â®ª ¨ ¬®é®áâì ¢ TEM-«¨¨¨ . . . . . . . . . 30

2.3 �® ªá¨ «ì ï «¨¨ï . . . . . . . . . . . . . . . . . . . . . . 34

2.4 �¢ãå¯« áâ¨ç â ï «¨¨ï . . . . . . . . . . . . . . . . . . . . 35

2.5 �¢ãå¯à®¢®¤ ï «¨¨ï . . . . . . . . . . . . . . . . . . . . . . 36

2.6 �¥«¥£à äë¥ ãà ¢¥¨ï . . . . . . . . . . . . . . . . . . . . 36

2.7 �âà ¦¥¨¥ ®â  £àã§ª¨ . . . . . . . . . . . . . . . . . . . . . 39

2.8 �à áä®à¬ æ¨ï á®¯à®â¨¢«¥¨© ¨ ¯à®¢®¤¨¬®áâ¥© . . . . . . 41

2.8.1 �®à®âª®§ ¬ªãâ ï «¨¨ï . . . . . . . . . . . . . . . 42

2.8.2 � §®¬ªãâ ï «¨¨ï . . . . . . . . . . . . . . . . . . . 43

2.8.3 �¨¨ï, § ¬ªãâ ï    ªâ¨¢®¥ á®¯à®â¨¢«¥¨¥ . . . 43

2.8.4 �¨¨ï, § ¬ªãâ ï   à¥ ªâ¨¢®¥ á®¯à®â¨¢«¥¨¥ . . 44

2.9 �à áä®à¬ æ¨ï á®¯à®â¨¢«¥¨© ®âà¥§ª ¬¨ «¨¨¨ . . . . . 45

2.9.1 �®«ã¢®«®¢ë© ®âà¥§®ª . . . . . . . . . . . . . . . . . 45

2.9.2 �¥â¢¥àâì¢®«®¢ë© ®âà¥§®ª . . . . . . . . . . . . . . . 45

2.10 �à¥¤áâ ¢«¥¨¥ ®âà¥§ª  «¨¨¨ T-®¡à §ë¬

ç¥âëà¥å¯®«îá¨ª®¬ . . . . . . . . . . . . . . . . . . . . . . . 47

2.11 �®¬®£à ¬¬  ¯®«ëå á®¯à®â¨¢«¥¨© (¤¨ £à ¬¬  �¬¨â ) . 48

2.11.1 �à¥®¡à §®¢ ¨¥ ª®íää¨æ¨¥â  ®âà ¦¥¨ï

®âà¥§ª®¬ «¨¨¨ . . . . . . . . . . . . . . . . . . . . . 48

2.11.2 �®¬®£à ¬¬  ¯®«ëå á®¯à®â¨¢«¥¨© . . . . . . . . . 48

2.12 �®£®¯à®¢®¤ë¥ «¨¨¨ TEM . . . . . . . . . . . . . . . . . 50

2.13 �¨¨ï á ¬ «ë¬¨ ¯®â¥àï¬¨ . . . . . . . . . . . . . . . . . . . 55

3



3 �®«®¢®¤ë 57

3.1 �ëà ¦¥¨¥ ¢¥ªâ®à®¢ ¯®«ï ç¥à¥§ ¯®â¥æ¨ «ìë¥ äãªæ¨¨.

E- ¨ H-¬®¤ë . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2 �àï¬®ã£®«ìë¥ ¢®«®¢®¤ë . . . . . . . . . . . . . . . . . . . 68

3.2.1 �®«ë H-â¨¯  . . . . . . . . . . . . . . . . . . . . . . 68

3.2.2 �®«ë E-â¨¯  . . . . . . . . . . . . . . . . . . . . . . 74

3.3 �àã£«ë¥ ¢®«®¢®¤ë . . . . . . . . . . . . . . . . . . . . . . . 78

3.3.1 � £¨âë¥ ¬®¤ë . . . . . . . . . . . . . . . . . . . . 78

3.3.2 �«¥ªâà¨ç¥áª¨¥ ¬®¤ë . . . . . . . . . . . . . . . . . . 83

3.3.3 �®«®¢®¤ë¥ ¬®¤ë ¢ ª® ªá¨ «ì®© «¨¨¨ . . . . . . 86

3.4 �®«®¢®¤ë á á¥ç¥¨¥¬ á«®¦®© ä®à¬ë ¨

ª¢ §¨áâ â¨ç¥áª¨¥ ¢®«®¢®¤ë . . . . . . . . . . . . . . . . . . 88

3.5 �¥à£¥â¨ç¥áª¨¥ á®®â®è¥¨ï ¤«ï ¢®«®¢®¤®¢ . . . . . . . . 92

3.6 � §®¢ ï ¨ £àã¯¯®¢ ï áª®à®áâ¨ . . . . . . . . . . . . . . . . . 94

3.7 �®«ë �à¨««îí  . . . . . . . . . . . . . . . . . . . . . . . . 97

3.8 � âãå ¨¥ ¢ ¢®«®¢®¤ å . . . . . . . . . . . . . . . . . . . . . 98

3.8.1 �àï¬®ã£®«ìë© ¢®«®¢®¤. H10{¬®¤  . . . . . . . . . 104

3.8.2 �àã£«ë© ¢®«®¢®¤. �®¤  H01 . . . . . . . . . . . . . 105

4 �¥®à¨ï æ¥¯¥© ¢ à áç¥â å ¢®«®¢®¤®¢ 107

4.1 �®«®¢®¤ ï «¨¨ï ¯¥à¥¤ ç¨ . . . . . . . . . . . . . . . . . 107

4.2 �¥«¥£à äë¥ ãà ¢¥¨ï ¤«ï H-¢®« ¢ ¢®«®¢®¤¥ . . . . . . 109

4.3 �ª®¥ç®¥ ãáâà®©áâ¢® (¤¢ãå¯®«îá¨ª) . . . . . . . . . . . . 113

4.3.1 �®«®¥ á®¯à®â¨¢«¥¨¥ ¨ ¯à®¢®¤¨¬®áâì . . . . . . . . 114

4.3.2 �®«ë ¢ ®ª®¥ç®¬ ãáâà®©áâ¢¥ . . . . . . . . . . . . 115

4.4 �®¥¤¨¥¨¥ ¥áª®«ìª¨å ¢®«®¢®¤®¢ . . . . . . . . . . . . . . 116

4.4.1 � âà¨æë á®¯à®â¨¢«¥¨ï ¨ ¯à®¢®¤¨¬®áâ¨ . . . . . . 117

4.4.2 �¨¬¬¥âà¨ï ¬ âà¨æë á®¯à®â¨¢«¥¨ï (¯à®¢®¤¨¬®áâ¨) 118

4.4.3 �®£®¯®«îá®¥ á®ç«¥¥¨¥ ¡¥§ ¯®â¥àì . . . . . . . . 120

4.4.4 � à¨ æ¨ï ¬ âà¨æë á®¯à®â¨¢«¥¨ï (¯à®¢®¤¨¬®áâ¨)

á®ç«¥¥¨ï ¡¥§ ¯®â¥àì . . . . . . . . . . . . . . . . . 121

4.4.5 �¡®¡é¥¨¥   á«ãç © ¢®«®¢®¤®¢, ¯® ª®â®àë¬

¬®£ãâ à á¯à®áâà ïâìáï ¢®«ë ¥áª®«ìª¨å ¬®¤ . . 124

4.4.6 � âà¨æ  à áá¥ï¨ï . . . . . . . . . . . . . . . . . . . 125

4.4.7 �¢®©áâ¢  ¬ âà¨æë à áá¥ï¨ï . . . . . . . . . . . . . 127

4.4.8 �¥à£¥â¨ç¥áª¨¥ á®®â®è¥¨ï . . . . . . . . . . . . . 128

4.4.9 �à¥®¡à §®¢ ¨¥ ¬ âà¨æë à áá¥ï¨ï ¯à¨ ¯¥à¥®á¥

®âáç¥âëå ¯«®áª®áâ¥© . . . . . . . . . . . . . . . . . 130

4.4.10 �¢®©®© âà®©¨ª . . . . . . . . . . . . . . . . . . . . 131

4



4.5 � áâ®âë¥ á¢®©áâ¢  . . . . . . . . . . . . . . . . . . . . . . . 134

4.5.1 � áâ®â ï § ¢¨á¨¬®áâì ¬ âà¨æë á®¯à®â¨¢«¥¨ï

(¯à®¢®¤¨¬®áâ¨) á®ç«¥¥¨ï ¡¥§ ¯®â¥àì . . . . . . . . 134

4.5.2 � áâ®â ï § ¢¨á¨¬®áâì ¬ âà¨æë à áá¥ï¨ï . . . . . 137

4.5.3 �ª®¥ç®¥ ãáâà®©áâ¢® . . . . . . . . . . . . . . . . . 137

4.6 �¥®¤®à®¤®áâ¨ ¢ ¢®«®¢®¤ å . . . . . . . . . . . . . . . . . 139

4.6.1 �à¥¤áâ ¢«¥¨¥ ¥®¤®à®¤®áâ¨ ¢ ¢¨¤¥

ç¥âëà¥å¯®«îá¨ª  . . . . . . . . . . . . . . . . . . . 139

4.6.2 �ª çª®®¡à §®¥ ¨§¬¥¥¨¥ ¯ à ¬¥âà®¢ ¢¥é¥áâ¢ ,

§ ¯®«ïîé¥£® ¢®«®¢®¤ . . . . . . . . . . . . . . . . 140

4.6.3 �¨ äà £¬ë ¢ ¢®«®¢®¤¥ . . . . . . . . . . . . . . . . 142

4.6.4 � à¨ æ¨®ë¥ ¬¥â®¤ë . . . . . . . . . . . . . . . . . 146

4.6.5 �à¨¡«¨¦¥®¥ ¢ëç¨á«¥¨¥ ¯à®¢®¤¨¬®áâ¨ . . . . . . 148

4.6.6 � à¨ æ¨®ë¥ ¬¥â®¤ë. �¥â®¤ �¨âæ  . . . . . . . . 149

4.6.7 � à¨ æ¨®ë¥ ¬¥â®¤ë. �¥â®¤ � «¥àª¨  . . . . . . 152

4.6.8 �¨ äà £¬ë ¢ ¯àï¬®ã£®«ì®¬ ¢®«®¢®¤¥ . . . . . . . 154

4.6.9 �®¥¤¨¥¨¥ ¢®«®¢®¤®¢ à §«¨ç®£® á¥ç¥¨ï . . . . . 156

4.6.10 �®£« á®¢ ¨¥ ¢®«®¢®¤®¢ ¬®£®áâã¯¥ç âë¬¨

¯¥à¥å®¤ ¬¨ . . . . . . . . . . . . . . . . . . . . . . . . 165

5 �®§¡ã¦¤¥¨¥ ¢®«®¢®¤®¢ § ¤ ë¬¨ â®ª ¬¨ 171

5.1 �¥¬¬  �®à¥æ . �«¥ªâà¨ç¥áª¨¥ ¨ ¬ £¨âë¥ â®ª¨ . . . . 172

5.2 �®§¡ã¦¤¥¨¥ ¢®«®¢®¤®¢ í«¥ªâà¨ç¥áª¨¬¨

¨ ¬ £¨âë¬¨ â®ª ¬¨ . . . . . . . . . . . . . . . . . . . . . . 175

5.3 �àã£®© ¢ë¢®¤ ä®à¬ã«ë ¢®§¡ã¦¤¥¨ï í«¥ªâà¨ç¥áª¨¬¨

¨ ¬ £¨âë¬¨ â®ª ¬¨ . . . . . . . . . . . . . . . . . . . . . . 181

6 �¥§® â®àë 185

6.1 �¢®¡®¤ë¥ ª®«¥¡ ¨ï ¢ à¥§® â®à å . . . . . . . . . . . . . 185

6.2 �®¡áâ¢¥ë¥ äãªæ¨¨ ¨ á®¡áâ¢¥ë¥ § ç¥¨ï.

�àâ®£® «ì®áâì á®¡áâ¢¥ëå äãªæ¨© . . . . . . . . . . . 185

6.3 �¥§® â®àë, ®¡à §®¢ ë¥ ¨§ ®âà¥§ª®¢ «¨¨¨ ¯¥à¥¤ ç¨ . . 190

6.4 �à¨¬¥àë à¥§® â®à®¢, ®¡à §®¢ ëå ¨§ ®âà¥§ª®¢ «¨¨¨

¯¥à¥¤ ç¨ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

6.5 �à¨¡«¨¦¥ë¥ ¬¥â®¤ë à áç¥â  ç áâ®âë á¢®¡®¤ëå

ª®«¥¡ ¨© à¥§® â®à®¢ . . . . . . . . . . . . . . . . . . . . . 196

6.5.1 �¢ §¨áâ â¨ç¥áª¨© ¬¥â®¤ . . . . . . . . . . . . . . . . 196

6.5.2 �à¨¬¥àë: â®à®¨¤ «ìë© à¥§® â®à, à¥§® â®à

\é¥«ì { ®â¢¥àáâ¨¥" . . . . . . . . . . . . . . . . . . . 197

5



6.5.3 �¥â®¤ ç áâ¨çëå ®¡« áâ¥© . . . . . . . . . . . . . . 199

6.5.4 �à¨¬¥àë . . . . . . . . . . . . . . . . . . . . . . . . . 200

6.5.5 � à¨ æ¨®ë© ¬¥â®¤. �®à¬ã«  ¢®§¬ãé¥¨© . . . . 204

6.6 �®â¥à¨ ¢ à¥§® â®à å . . . . . . . . . . . . . . . . . . . . . . 208

6.6.1 �à¨¬¥àë à áç¥â  ¤®¡à®â®áâ¨ . . . . . . . . . . . . 213

6.6.2 �®â¥à¨ ¢ áà¥¤¥ . . . . . . . . . . . . . . . . . . . . . . 216

6.6.3 �®â¥à¨   ¨§«ãç¥¨¥ . . . . . . . . . . . . . . . . . . 217

6.7 �ëã¦¤¥ë¥ ª®«¥¡ ¨ï ¢ à¥§® â®à å . . . . . . . . . . . 218

6.7.1 �®§¡ã¦¤¥¨¥ à¥§® â®à  § ¤ ë¬¨ â®ª ¬¨ . . . . 218

6.7.2 �®§¡ã¦¤¥¨¥ à¥§® â®à  ¯®â®ª®¬ § àï¦¥ëå

ç áâ¨æ . . . . . . . . . . . . . . . . . . . . . . . . . . 223

6.7.3 �àã£¨¥ á¯®á®¡ë ¢®§¡ã¦¤¥¨ï à¥§® â®à®¢ . . . . . 228

6.8 �¥§® â®à ª ª í«¥¬¥â «¨¨¨ ¯¥à¥¤ ç¨ . . . . . . . . . . . 229

6.8.1 �å®¤®¥ á®¯à®â¨¢«¥¨¥ à¥§® â®à  . . . . . . . . . . 230

6.8.2 �à¨¬¥¥¨¥ à¥§® â®à®¢ . . . . . . . . . . . . . . . . 237

7 �«¥ªâà®¬ £¨âë¥ ¢®«ë ¢ £¨à®¬ £¨â®© áà¥¤¥ 239

7.1 �¢®©áâ¢  ä¥àà¨â®¢ . . . . . . . . . . . . . . . . . . . . . . . 239

7.2 � á¯à®áâà ¥¨¥ ¯«®áª¨å ¢®« ¢  ¬ £¨ç¥®¬ ä¥àà¨â¥ 246

7.2.1 �à®¤®«ì®  ¬ £¨ç¥ë© ä¥àà¨â . . . . . . . . . . 246

7.2.2 �®¯¥à¥ç®  ¬ £¨ç¥ë© ä¥àà¨â . . . . . . . . . . 250

7.3 � á¯à®áâà ¥¨¥ ¢®« ¢ ¢®«®¢®¤¥, ç áâ¨ç® § ¯®«¥®¬

ä¥àà¨â®¬ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 252

7.4 �¥â¨«¨ ¨ æ¨àªã«ïâ®àë . . . . . . . . . . . . . . . . . . . . 259

7.4.1 �¥àà¨â ¢ ¯àï¬®ã£®«ì®¬ ¢®«®¢®¤¥ . . . . . . . . . 260

7.4.2 �® ªá¨ «ìë© ¢¥â¨«ì . . . . . . . . . . . . . . . . . 262

7.4.3 �¨àªã«ïâ®àë . . . . . . . . . . . . . . . . . . . . . . 262

6



1. ����� �������� �� ������

����������������� ����

1.1. �à ¢¥¨ï � ªá¢¥«« 

�«¥ªâà®¬ £¨â®¥ ¯®«¥ ¢ «î¡®© áà¥¤¥ ®¯¨áë¢ ¥âáï ç¥âëàì¬ï ¢¥ªâ®à ¬¨
~E; ~D; ~H; ~B, ¨§ ª®â®àëå ¯¥à¢ë¥ ¤¢  å à ªâ¥à¨§ãîâ í«¥ªâà¨ç¥áª®¥ ¯®«¥,

  ¢â®àë¥ { ¬ £¨â®¥. � ãà ¢¥¨ïå ¯®«ï á®¤¥à¦ âáï â ª¦¥ ¢¥«¨ç¨ë:

� { ¯«®â®áâì § àï¤  ¨ ¢¥ªâ®à ï ¢¥«¨ç¨  ~J { ¯«®â®áâì â®ª . �à ¢¥-

¨ï � ªá¢¥«« , á¢ï§ë¢ îé¨¥ ¬¥¦¤ã á®¡®© ¢¥ªâ®àë ¯®«ï, ®¯à¥¤¥«ïîâ

í«¥ªâà®¬ £¨â®¥ ¯®«¥:

rot ~E = � @ ~B

@t
; rot ~H =

@ ~D

@t
+ ~J:

�«®â®áâì § àï¤  ¨ ¯«®â®áâì â®ª  á¢ï§ ë ãà ¢¥¨¥¬ ¥¯à¥àë¢-

®áâ¨:

@�

@t
+ div ~J = 0;

ª®â®à®¥ ¬®¦¥â ¡ëâì ¯®«ãç¥® ¨§ § ª®  á®åà ¥¨ï § àï¤ . � ª á«¥¤-

áâ¢¨¥ ¨§ ãà ¢¥¨© � ªá¢¥««  ¨ ãà ¢¥¨ï ¥¯à¥àë¢®áâ¨ ¬®£ãâ ¡ëâì

¯®«ãç¥ë ¥é¥ ¤¢  ãà ¢¥¨ï, ª®â®àë¥ ¨®£¤  ®â®áïâ ª á¨áâ¥¬¥ ãà ¢-

¥¨© � ªá¢¥«« :

div ~B = 0; div ~D = �:

�à¨¢¥¤¥ëå ãà ¢¥¨© ¥¤®áâ â®ç® ¤«ï ®¯à¥¤¥«¥¨ï ¢¥ªâ®à®¢ ¯®-

«ï, ¥á«¨ § ¤ ë ¨áâ®ç¨ª¨ ¯®«ï � ¨ ~J . �  ï á¨áâ¥¬  ¤®«¦  ¡ëâì

¤®¯®«¥  â ª  §ë¢ ¥¬ë¬¨ ¬ â¥à¨ «ìë¬¨ ãà ¢¥¨ï¬¨, ®¯¨áë¢ î-

é¨¬¨ ¢«¨ï¨¥ áà¥¤ë (¤«ï «¨¥©®© áà¥¤ë):

~D = " ~E; ~B = � ~H; ~J¯à = � ~E:

�¥«¨ç¨ë ", � ¨ � ¬®£ãâ ¡ëâì â¥§®àë¬¨,   ¨®£¤  ¤¨ää¥à¥æ¨-

 «ìë¬¨ ¨«¨ ¨â¥£à «ìë¬¨ ®¯¥à â®à ¬¨. � ¤ «ì¥©è¥¬ íâ¨ ¢¥«¨ç¨-

ë ¡ã¤ãâ à áá¬ âà¨¢ âìáï ª ª áª «ïàë¥, ªà®¬¥ § à ¥¥ ®£®¢®à¥ëå

á«ãç ¥¢.

� ãç¥â®¬ ¬ â¥à¨ «ìëå ãà ¢¥¨© á¨áâ¥¬  ãà ¢¥¨© � ªá¢¥«« 

áâ ®¢¨âáï ¯®«®©.
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� ¤ «ì¥©è¥¬  á ¡ã¤ãâ ¨â¥à¥á®¢ âì ¯à¥¦¤¥ ¢á¥£® £ à¬®¨ç¥áª¨¥

¯à®æ¥ááë, ª®£¤  § ¢¨á¨¬®áâì ¯®«¥© ®â ¢à¥¬¥¨ ¨¬¥¥â ¢¨¤

~E = ~E(r) � e j!t;
£¤¥ ~E(r) { ª®¬¯«¥ªá ï  ¬¯«¨âã¤ , ¢ ®¡é¥¬ á«ãç ¥ § ¢¨áïé ï ®â ª®-

®à¤¨ â. �à ¢¥¨ï � ªá¢¥««  «¨¥©ë, ¥á«¨ «¨¥©ë ¬ â¥à¨ «ìë¥

ãà ¢¥¨ï.

�á«¨ § ¢¨á¨¬®áâì ®â ¢à¥¬¥¨ ¯à¥¤áâ ¢«¥  ¬®¦¨â¥«¥¬ e j!t, â® ãà ¢-

¥¨ï � ªá¢¥««  ¬®£ãâ ¡ëâì § ¯¨á ë ¢ ª®¬¯«¥ªá®© ä®à¬¥:

rot ~E = � j! ~B ; rot ~H = j! ~D + ~J;

£¤¥ ¢á¥ ¢¥ªâ®àë ¯®«ï ¯à¥¤áâ ¢«ïîâ á®¡®© ª®¬¯«¥ªáë¥  ¬¯«¨âã¤ë.

�á¯®«ì§ãï ¬ â¥à¨ «ìë¥ ãà ¢¥¨ï, íâ¨ ãà ¢¥¨ï ¬®¦® § ¯¨á âì

¢ ¢¨¤¥

rot ~E = � j!� ~H; rot ~H = j!" ~E + ~J:

� ª ª ª á¢ï§ì ¬¥¦¤ã ~D ¨ ~E, ~B ¨ ~H ¬®¦¥â ®¯¨áë¢ âìáï ¤¨ää¥à¥æ¨-

 «ìë¬¨ ãà ¢¥¨ï¬¨ (¢à¥¬¥�ë¬¨), â® ¢ ®¡é¥¬ á«ãç ¥ " ¨ � á«¥¤ã¥â

áç¨â âì ª®¬¯«¥ªáë¬¨ ç¨á« ¬¨ (" = "0 � j"00; � = �0 � j�00).

�®ª ~J áª« ¤ë¢ ¥âáï ¨§ â®ª  ¯à®¢®¤¨¬®áâ¨ ¨ áâ®à®¥£® â®ª , ¢ë-

§¢ ®£® ¨áâ®ç¨ª ¬¨:

~J = ~J¯à + ~Jáâ®à = � ~E + ~Jáâ®à:

�®¤áâ ¢«ïï ~J ¢ ãà ¢¥¨ï � ªá¢¥«« , ¯®«ãç¨¬

rot ~E = � j!� ~H; rot ~H = j!" ~E + � ~E + ~Jáâ®à:

�®á«¥¤¥¥ ãà ¢¥¨¥ ¬®¦¥â ¡ëâì § ¯¨á ® ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

rot ~H = j!"k ~E + ~Jáâ®à;

£¤¥

"k = " � j
�

!
:

�«¥¤ã¥â ¨¬¥âì ¢ ¢¨¤ã, çâ® ¢ â¥®à¨¨ £ à¬®¨ç¥áª¨å ¯®«¥© ãà ¢¥¨ï,

¢ ª®â®àë¥ ¢å®¤¨â ¯«®â®áâì § àï¤ , ¥ ¨¬¥îâ á ¬®áâ®ïâ¥«ì®£® § -

ç¥¨ï, â ª ª ª ¯«®â®áâì § àï¤  ®¤®§ ç® ®¯à¥¤¥«ï¥âáï ¯«®â®áâìî

â®ª :

� = � 1

j!
div ~J :
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1.2. �¨áâ¥¬  ¥¤¨¨æ

�à¨¢¥¤¥ ï ¢ëè¥ á¨áâ¥¬  ãà ¢¥¨© � ªá¢¥««  § ¯¨á   ¢ á¨áâ¥¬¥

¥¤¨¨æ ��, ª®â®à ï ¡ë«  ¯à¨ïâ  ¢ 1960 £.   II �¥¥à «ì®© ª®ä¥-

à¥æ¨¨ ¯® ¬¥à ¬ ¨ ¢¥á ¬. � ���� á¨áâ¥¬  �� ¢¢¥¤¥  ¢ 1963 £.

� á¨áâ¥¬¥ �� ¢ ª ç¥áâ¢¥ ®á®¢ëå ¥¤¨¨æ ¯à¨ïâë á«¥¤ãîé¨¥: ¬¥âà

{ ¤«¨ , ª¨«®£à ¬¬ { ¬ áá , á¥ªã¤  { ¢à¥¬ï; ¢ ª ç¥áâ¢¥ ¥¤¨¨æë á¨«ë

â®ª  ¯à¨ïâ  ¬¯¥à. � á¢ï§¨ á íâ¨¬ ¢¥«¨ç¨ë " ¨ � ¨¬¥îâ à §¬¥à®áâì

["] =
�2 � á4
ª£ � ¬3 =

�

¬
; [�] =

ª£ � ¬
�2 � á2 =

�

¬
:

�¤¥«ì ï ¯à®¢®¤¨¬®áâì ¢ íâ®© á¨áâ¥¬¥ ¨¬¥¥â à §¬¥à®áâì

[�] =
�2 � á3
ª£ � ¬3 =

�¨¬

¬
:

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¤«ï ¢ ªãã¬  " ¨ � ¨¬¥îâ ®¯à¥¤¥«¥ë¥ § -

ç¥¨ï,   ¨¬¥®:

�0 = 4� � 10�7 �

¬
; "0 =

10�9

36�
� 0:884 � 10�11 �

¬
:

�¥«¨ç¨ 

� =

r
�0

"0
= 120� �¬ � 377 �¬

¨¬¥¥â à §¬¥à®áâì á®¯à®â¨¢«¥¨ï. �¥  §ë¢ îâ ¢®«®¢ë¬ á®¯à®â¨¢«¥-

¨¥¬ ¢ ªãã¬ ; ä¨§¨ç¥áª¨© á¬ëá« íâ®£®  §¢ ¨ï ¡ã¤¥â ïá¥ ¨§ ¤ «ì¥©-

è¥£®.

�àã£¨¥ ¥¤¨¨æë ¢ á¨áâ¥¬¥ �� (¯à®¨§¢®¤ë¥) á«¥¤ãîé¨¥: à §®áâì

¯®â¥æ¨ «®¢ { ¢®«ìâ, § àï¤ { ªã«®, á®¯à®â¨¢«¥¨¥ { ®¬, á¨«  { ìîâ®,

í¥à£¨ï { ¤¦®ã«ì, ¬®é®áâì { ¢ ââ. �¤¨¨æë ¬ £¨â®£® ¯®«ï: ¯®-

â®ª { ¢¥¡¥à, à ¢ë© 108 ¬ ªá¢¥««, ¨¤ãªæ¨ï { â¥á« , à ¢ë© 104 £ ãáá.

� ¯àï¦¥®áâì í«¥ªâà¨ç¥áª®£® ¯®«ï { �/¬, ¬ £¨â®£® ¯®«ï { �/¬

(0:4� � 10�2 íàáâ¥¤).

1.3. �à ¨çë¥ ãá«®¢¨ï

�à ¨çë¥ ãá«®¢¨ï, â.¥. ãá«®¢¨ï ¤«ï ¢¥ªâ®à®¢ ¯®«ï   £à ¨æ¥ ¤¢ãå

áà¥¤ á à §«¨çë¬¨ å à ªâ¥à¨áâ¨ª ¬¨, ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:
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1: ( ~B2 � ~B1) � ~n = 0;

£¤¥ ~B1 ¨ ~B2 { ¢¥ªâ®àë ¨¤ãªæ¨¨ ¬ £¨â®£® ¯®«ï ¢ áà¥¤ å 1 ¨ 2, ~n {

¥¤¨¨çë© ¢¥ªâ®à ®à¬ «¨ ª £à ¨æ¥ áà¥¤. �â® ãá«®¢¨¥ ¬®¦® áä®à-

¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬: ®à¬ «ì ï ª®¬¯®¥â  ~B ¥¯à¥àë¢ 

¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ £à ¨æã.

2: ( ~D2 � ~D1) � ~n = �¯®¢;

£¤¥ �¯®¢ { ¯®¢¥àå®áâ ï ¯«®â®áâì § àï¤ , â.¥. § àï¤, ®â¥á¥ë© ª

¥¤¨¨æ¥ ¯«®é ¤¨ ¯®¢¥àå®áâ¨, ¯à¨ç¥¬ ¢¥ªâ®à ®à¬ «¨  ¯à ¢«¥ ¨§

áà¥¤ë 1 ¢ áà¥¤ã 2. �á«¨   ¯®¢¥àå®áâ¨ ¥â § àï¤ , â® ®à¬ «ì ï

ª®¬¯®¥â  ~D ¥¯à¥àë¢ .

�®¢¥¤¥¨¥ â £¥æ¨ «ìëå ª®¬¯®¥â ®¯à¥¤¥«ï¥âáï ãá«®¢¨ï¬¨:

3: ~n� ( ~E2 � ~E1) = 0;

â.¥. â £¥æ¨ «ì ï ª®¬¯®¥â  ~E ¥¯à¥àë¢  ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ £à -

¨æã.

4: ~n� ( ~H2 � ~H1) = ~K;

£¤¥ ~K { ¯®¢¥àå®áâ ï ¯«®â®áâì â®ª , ~n { ®à¬ «ì ¨§ áà¥¤ë 1 ¢ áà¥-

¤ã 2. �¥«¨ç¨  ~K ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì â®ª¨ ¯à®¢®-

¤¨¬®áâ¨ á®áà¥¤®â®ç¥ë ¢ â®ª®¬ á«®¥ â®«é¨®© �l ®ª®«® ¯®¢¥àå®áâ¨

à §àë¢ . �®£¤  â®ª   ¥¤¨¨æã ¤«¨ë «¨¨¨, ®àâ®£® «ì®© «¨¨ï¬

¢¥ªâ®à  ~K, à ¢¥ ~J ��l.
�¥à¥©¤¥¬ ª ¯à¥¤¥«ã �l ! 0. �á«¨ ~J ! 1, â® ¯à®¨§¢¥¤¥¨¥ ~J � �l

¬®¦¥â áâà¥¬¨âìáï ª ª®¥ç®¬ã ¯à¥¤¥«ã

~K = lim
�l!0

~J ��l:

�ç¥¢¨¤®, çâ® ¤«ï íâ®£® ¯à®¢®¤¨¬®áâì ®¤®© ¨§ áà¥¤ ¤®«¦  ¡ëâì

¡¥áª®¥ç® ¡®«ìè®©. � á«ãç ¥ ª®¥ç®© ¯à®¢®¤¨¬®áâ¨ ®¡¥¨å áà¥¤

~n� ( ~H2 � ~H1) = 0;

â.¥. â £¥æ¨ «ì ï ª®¬¯®¥â  ~H ¥¯à¥àë¢ .
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1.4. �¥à£¨ï í«¥ªâà®¬ £¨â®£® ¯®«ï

� ª ¨§¢¥áâ®, í¥à£¨ï í«¥ªâà®¬ £¨â®£® ¯®«ï áª« ¤ë¢ ¥âáï ¨§ í¥à£¨¨

í«¥ªâà¨ç¥áª®£® ¯®«ï ¨ í¥à£¨¨ ¬ £¨â®£® ¯®«ï

W =

Z �
"E2

2
+

�H2

2

�
dV

¯à¨ ãá«®¢¨¨, çâ® � ¨ " { ¢¥é¥áâ¢¥ë¥ ¢¥«¨ç¨ë, ¥ § ¢¨áïé¨¥ ®â ç -

áâ®âë.

�§ ãà ¢¥¨© � ªá¢¥««  ¬®¦® ¯®«ãç¨âì â¥®à¥¬ã �®©â¨£ :

@

@t

Z
V

�
"E2

2
+

�H2

2

�
dV +

Z
V

~E � ~J dV = �
I
S

( ~E � ~H) � ~ndS;

£¤¥ V { ¥ª®â®àë© ®¡ê¥¬ í«¥ªâà®¬ £¨â®£® ¯®«ï, ~n { ¥¤¨¨çë© ¢¥ªâ®à

®à¬ «¨,  ¯à ¢«¥ë©  àã¦ã § ¬ªãâ®© ¯®¢¥àå®áâ¨ S, ®£à ¨ç¨¢ -

îé¥© ®¡ê¥¬.

�¥ªâ®à ~S = ~E� ~H  §ë¢ îâ ¢¥ªâ®à®¬ �®©â¨£ . �£® á¬ëá« á«¥¤ã¥â

¨§ â¥®à¥¬ë �®©â¨£ : íâ® ¯«®â®áâì ¯®â®ª  í¥à£¨¨ ç¥à¥§ ¯®¢¥àå®áâì.

� «®£¨ç®¥ á®®â®è¥¨¥ ¬®¦¥â ¡ëâì ¯®«ãç¥® ¤«ï ª®¬¯«¥ªáëå

 ¬¯«¨âã¤. �«ï íâ®£® ¡ã¤¥¬ ¨áå®¤¨âì ¨§ ãà ¢¥¨© � ªá¢¥««  ¢ ª®¬-

¯«¥ªá®© ä®à¬¥

rot ~E = � j!� ~H; rot ~H = j!" ~E + ~J:

�«ï ¢ë¢®¤  ¨á¯®«ì§ã¥¬ ¨§¢¥áâ®¥ ¢¥ªâ®à®¥ â®¦¤¥áâ¢®

div ( ~E � ~H�) = ~H� � rot ~E � ~E � rot ~H�;

£¤¥ ~H� { ª®¬¯«¥ªá®-á®¯àï¦¥ ï  ¬¯«¨âã¤ . �®¤áâ ¢«ïï áî¤  rot ~E ¨

rot ~H� ¨§ ãà ¢¥¨© � ªá¢¥«« , ¯®«ãç¨¬

div ( ~E � ~H�) = ~H� � (�j!� ~H) � ~E � (�j!" ~E� + ~J�) =

= j!"j ~Ej2 � j!�j ~Hj2 � ~E � ~J�

¢ ¯à¥¤¯®«®¦¥¨¨, çâ® " ¨ � { ¢¥é¥áâ¢¥ë¥ ¢¥«¨ç¨ë.

�à®¨â¥£à¨àã¥¬ ¯®«ãç¥®¥ à ¢¥áâ¢® ¯® ®¡ê¥¬ã V , ®£à ¨ç¥®¬ã

¯®¢¥àå®áâìî S:
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I
S

( ~E � ~H�) � ~ndS = 2j!

Z
V

 
�j ~H j2
2

� "j ~Ej2
2

!
dV +

Z
V

~E � ~J� dV;

£¤¥ ~n { ¥¤¨¨çë© ¢¥ªâ®à ¢ãâà¥¥© ®à¬ «¨.

�à¥¤¯®«®¦¨¬, çâ® ¢ãâà¨ ®¡ê¥¬  V ®âáãâáâ¢ãîâ áâ®à®¨¥ â®ª¨.

�®£¤  ~J = � ~E. �®¤áâ ¢«ïï ¢ ¯à¨¢¥¤¥®¥ ¢ëè¥ à ¢¥áâ¢®, ¯®á«¥ ¤¥«¥-

¨ï   2 ¯®«ãç¨¬

1

2

I
S

( ~E � ~H�) � ~n dS =
1

2

Z
V

�j ~Ej2 dV + j!

Z
V

 
�j ~H j2
2

� "j ~Ej2
2

!
dV:

�ëïá¨¬ á¬ëá« á« £ ¥¬ëå ¢ ¯à ¢®© ç áâ¨. �ç¥¢¨¤®, çâ® ¨â¥£à «

P =
1

2

Z
V

�j ~Ej2 dV

¯à¥¤áâ ¢«ï¥â á®¡®© áà¥¤îî ¬®é®áâì, à áá¥¨¢ ¥¬ãî ¢ãâà¨ ®¡ê¥¬  V

¢á«¥¤áâ¢¨¥  «¨ç¨ï â®ª®¢ ¯à®¢®¤¨¬®áâ¨. �â®à®© ¨â¥£à « ¢ëà ¦ ¥âáï

ç¥à¥§ áà¥¤¨¥ § ç¥¨ï § ¯ á¥®© í¥à£¨¨ í«¥ªâà¨ç¥áª®£® ¨ ¬ £¨â®-

£® ¯®«¥© Z
V

�j ~H j2
2

dV = 2WH ;

Z
V

"j ~Ej2
2

dV = 2WE ;

£¤¥ WH ¨ WE { áà¥¤¨¥ § ç¥¨ï § ¯ á®¢ ¬ £¨â®© ¨ í«¥ªâà¨ç¥áª®©

í¥à£¨¨. �â ª,

1

2

I
( ~E � ~H�) � ~n dS = P + 2j! (WH � WE):

�¥ªâ®à ~Sk =
1
2
( ~E � ~H�)  §ë¢ îâ ª®¬¯«¥ªáë¬ ¢¥ªâ®à®¬ �®©â¨-

£ . �£® ¢¥é¥áâ¢¥ ï ç áâì ¯à¥¤áâ ¢«ï¥â á®¡®© áà¥¤îî ¯«®â®áâì ¯®-

â®ª  í¥à£¨¨ ç¥à¥§ ¯®¢¥àå®áâì; ¬¨¬ãî ç áâì íâ®£® ¢¥ªâ®à   §ë¢ îâ

¯«®â®áâìî à¥ ªâ¨¢®© ¬®é®áâ¨.
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1.5. �¥®à¥¬  ¥¤¨áâ¢¥®áâ¨

� ¤ ç¨, à¥è ¥¬ë¥ ¢ í«¥ªâà®¤¨ ¬¨ª¥ ���, ¤¥«ïâáï   ¤¢  ®á®¢ëå

ª« áá : ¢ãâà¥¨¥ ¨ ¢¥è¨¥.

�® ¢ãâà¥¨å § ¤ ç å à áá¬ âà¨¢ ¥âáï ¯®«¥ ¢ ¥ª®â®à®© ®¡« áâ¨

¯à®áâà áâ¢ , ®£à ¨ç¥®© § ¤ ®© ¯®¢¥àå®áâìî S. �ãâà¨ S § -

¤ ë áâ®à®¨¥ â®ª¨,     á ¬®© ¯®¢¥àå®áâ¨ { «¨¡® â £¥æ¨ «ì ï

ª®¬¯®¥â  í«¥ªâà¨ç¥áª®£® ¯®«ï Et ( ¯à¨¬¥à,   S1), «¨¡® â £¥æ¨-

 «ì ï ª®¬¯®¥â  ¬ £¨â®£® ¯®«ï Ht (  S2).

�®ª ¦¥¬ â¥®à¥¬ã ¥¤¨áâ¢¥®áâ¨ ¤«ï ¢ãâà¥¥© § ¤ ç¨. �à¥¤¯®-

«®¦¨¬ ®¡à â®¥: ¯ãáâì ¯à¨ ®¤¨ ª®¢ëå â®ª å ¨ ®¤¨ ª®¢ëå § ç¥¨ïå

â £¥æ¨ «ìëå ª®¬¯®¥â ¯®«¥©   ¯®¢¥àå®áâ¨ S ~E1; ~H1 { ®¤® à¥è¥-

¨¥,   ~E2; ~H2 { ¤àã£®¥. �®£¤  ~E = ~E2� ~E1 ¨ ~H = ~H2� ~H1 ã¤®¢«¥â¢®àïîâ

®¤®à®¤®© á¨áâ¥¬¥ ãà ¢¥¨© � ªá¢¥«« . � ¯®¬¨¬, çâ®   S1 § ¤ ®

Et,     S2 { Ht. �«¥¤®¢ â¥«ì®, ~E1 ¨ ~E2 ¨¬¥îâ á®¢¯ ¤ îé¨¥ â £¥-

æ¨ «ìë¥ ª®¬¯®¥âë   S1,   ~H1 ¨ ~H2 {   S2. �à¨ íâ¨å ãá«®¢¨ïå  

S1 à ¢  ã«î â £¥æ¨ «ì ï ª®¬¯®¥â  ~E,     S2 { â £¥æ¨ «ì ï

ª®¬¯®¥â  ~H . �®íâ®¬ã ¤«ï ®¡ê¥¬  V ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

P + 2j! (WH � WE) = 0;

â ª ª ª   ¢á¥© ¯®¢¥àå®áâ¨ S «¨¡® Et = 0, «¨¡® Ht = 0. �§ ¯®«ãç¥®£®

à ¢¥áâ¢  á«¥¤ã¥â, çâ®

P = 0; WH � WE = 0:

�¥à¢®¥ à ¢¥áâ¢® ¤ ¥â Z
V

�j ~E2 � ~E1j2 dV = 0:

� ª ª ª ¯®¤ëâ¥£à «ì®¥ ¢ëà ¦¥¨¥ ¥®âà¨æ â¥«ì®, ¨§ íâ®£® à ¢¥-

áâ¢  á«¥¤ã¥â, çâ® ¢ «î¡®© â®çª¥ ¢ãâà¨ V

� � j ~E2 � ~E1j2 = 0:

�á«¨ � 6= 0, â® ¨§ íâ®£® á«¥¤ã¥â

~E2 � ~E1 = 0:

� «¥¥
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WH � WE = 0:

�® â ª ª ª WE = 0, â® ¨ WH = 0, ®âªã¤  á«¥¤ã¥â, çâ®

~H2 � ~H1 = 0:

�¥®à¥¬  ¥¤¨áâ¢¥®áâ¨ á¯à ¢¥¤«¨¢  â ª¦¥ ¢ ¯à¥¤¯®«®¦¥¨¨, çâ®

¯®â¥à¨ ®â«¨çë ®â ã«ï «¨èì ¢ ¥ª®â®à®© ç áâ¨ ®¡ê¥¬  V .

1.6. �¥è¥¨ï ãà ¢¥¨© � ªá¢¥«« 

�à ¢¥¨ï � ªá¢¥«« 

rot ~E = � j!� ~H ; rot ~H = j!" ~E + ~J

à¥è îâáï ¯ãâ¥¬ ¨áª«îç¥¨ï ~E ¨«¨ ~H.

� ¯à¨¬¥à, ¨§ ¯¥à¢®£® ãà ¢¥¨ï  ©¤¥¬ ~H :

~H = � 1

j!�
rot ~E

¨ ¯®¤áâ ¢¨¬ ¢® ¢â®à®¥ ãà ¢¥¨¥ (¯à¨ � = const):

�rot rot ~E = � !2"� ~E + j!� ~J:

�¡ëç® ®¡®§ ç îâ

k2 = !2"� :

�«ï á®áâ ¢«ïîé¨å ~E ¢ ¤¥ª àâ®¢ëå ª®®à¤¨ â å ¨¬¥¥â ¬¥áâ® â®¦¤¥-

áâ¢®

rot rot ~E = graddiv ~E � � ~E;

£¤¥ � ~E { ¢¥ªâ®à, ¤¥ª àâ®¢ë á®áâ ¢«ïîé¨¥ ª®â®à®£® à ¢ë�Ex; �Ey ; �Ez .

�®¤áâ ¢«ïï ¨ ãç¨âë¢ ï, çâ® ¯à¨ " = const; div ~E =
�
"
, ¯®«ãç¨¬

� ~E + k2 ~E = grad
�

"
+ j!� ~J:
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�§ ãà ¢¥¨ï ¥¯à¥àë¢®áâ¨

j!� + div ~J = 0

á«¥¤ã¥â

� = � 1

j!
div ~J:

�®¤áâ ¢«ïï ¢ ¯à¨¢¥¤¥®¥ ¢ëè¥ ãà ¢¥¨¥ ¤«ï ~E, ¯®«ãç¨¬ ãà ¢¥¨¥

� ~E + k2 ~E = � 1

j!�
(graddiv + k2) ~J:

�¥è¥¨¥ ãà ¢¥¨ï á ¯à ¢®© ç áâìî § âàã¤¨â¥«ì®, ¯®íâ®¬ã â ª¨¬

ãà ¢¥¨¥¬ ¯®«ì§ãîâáï «¨èì ¤«ï ®¡« áâ¥©, £¤¥ ~J = 0. � íâ®© ®¡« áâ¨

ãà ¢¥¨¥ ¯à¨®¡à¥â ¥â ¢¨¤

� ~E + k2 ~E = 0:

� ®¥ ãà ¢¥¨¥  §ë¢ îâ ãà ¢¥¨¥¬ �¥«ì¬£®«ìæ .

�®á«¥ â®£® ª ª  ©¤¥® ¯®«¥ ~E, ¬ £¨â®¥ ¯®«¥ ~H ¬®¦¥â ¡ëâì  ©-

¤¥® á ¯®¬®éìî ãà ¢¥¨© � ªá¢¥«« .

� «®£¨ç®,  å®¤ï ~E ¨§ ¢â®à®£® ãà ¢¥¨ï � ªá¢¥««  ¨ ¯®¤áâ ¢«ïï

¢ ¯¥à¢®¥, ¯®«ãç¨¬ (¯à¨ " = const)

~E =
1

j!"
rot ~H � 1

j!"
~J

¨

rot rot ~H = !2�" ~H + rot ~J:

�ç¨âë¢ ï, çâ®

rot rot ~H = graddiv ~H � � ~H = �� ~H (div ~H = 0);

¯®«ãç¨¬

� ~H + k2 ~H = � rot ~J:

� ®¡« áâ¨, £¤¥ ~J � 0, ãà ¢¥¨¥ ¨¬¥¥â â®â ¦¥ ¢¨¤, çâ® ¨ ãà ¢¥¨¥

¤«ï ~E:
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� ~H + k2 ~H = 0:

�®£¤  ¤«ï à¥è¥¨ï ãà ¢¥¨© � ªá¢¥««  ¨á¯®«ì§ãîâ ¢á¯®¬®£ -

â¥«ìë¥ äãªæ¨¨ { ¢¥ªâ®àë© ¨ áª «ïàë© ¯®â¥æ¨ «ë. � ¯à¨¬¥à,

¢¢¥¤¥¬ ¢¥ªâ®à ~A â ª¨¬ ®¡à §®¬, çâ®¡ë

~B = rot ~A ¨«¨ ~H =
1

�
rot ~A:

�®¤áâ ¢¨¬ íâ® ¢ ¯¥à¢®¥ ãà ¢¥¨¥ � ªá¢¥«« :

rot ~E = � j! rot ~A ¨«¨ rot ( ~E + j! � ~A) = 0;

®âªã¤ 

~E + j! � ~A = � grad';

£¤¥ ' { áª «ïàë© ¯®â¥æ¨ «.

�§ íâ®£® à ¢¥áâ¢  ¨¬¥¥¬

~E = � grad' � j! ~A:

�«ï  å®¦¤¥¨ï ~A ¯®¤áâ ¢¨¬ ~H ¨ ~E ¢® ¢â®à®¥ ãà ¢¥¨¥:

rot rot ~A = � j!"� � grad' + !2"� ~A + � ~J:

� ª ª ª

rot rot ~A = graddiv ~A � � ~A;

â® ¨§ ¯à¥¤ë¤ãé¥£® ãà ¢¥¨ï ¯®«ãç ¥¬

� ~A + k2 ~A = � � ~J + graddiv ~A + j!"� grad':

�®®â®è¥¨¥¬ ~H =
1
�
rot ~A ¢¥ªâ®àë© ¯®â¥æ¨ « ~A ¥é¥ ¥ ®¯à¥¤¥-

«¥ ®¤®§ ç®, â ª ª ª ª ¥¬ã ¬®¦® ¯à¨¡ ¢¨âì £à ¤¨¥â ¯à®¨§¢®«ì-

®£® áª «ïà . � ç áâ®áâ¨, ¬®¦® ¢ë¡à âì ~A â ª (ª «¨¡à®¢ª ), çâ®¡ë

div ~A + j!"�' = 0:
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�®£¤  ãà ¢¥¨¥ ¤«ï A ¯à¨¬¥â ¢¨¤

� ~A + k2 ~A = � � ~J:

� ª®¥ ã¯à®é¥¨¥ ¨¬¥¥â ¬¥áâ® â®«ìª® ¢ ¤¥ª àâ®¢ëå ª®®à¤¨ â å. �á®-

¡¥® ã¯à®é ¥âáï à¥è¥¨¥ § ¤ ç¨ ¢ â®¬ á«ãç ¥, ª®£¤  ¯® ª ª¨¬-«¨¡®

á®®¡à ¦¥¨ï¬ § à ¥¥ ïá®, çâ® ~A ¨¬¥¥â «¨èì ®¤ã ª®¬¯®¥âã (¤¥ª à-

â®¢ã).

�®®â®è¥¨¥ ª «¨¡à®¢ª¨ ¯®§¢®«ï¥â ¢ëà §¨âì ' ç¥à¥§ ~A:

' =
j

!"�
div ~A:

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï ~E, ¯®«ãç¨¬

~E =
1

j!"�
(graddiv + k2) ~A;

¨ë¬¨ á«®¢ ¬¨, ª ª ~E, â ª ¨ ~H ¬®£ãâ ¡ëâì ¢ëà ¦¥ë ç¥à¥§ ¢¥ªâ®àë©

¯®â¥æ¨ « ~A.

�¥£ª® ¯®ª § âì, çâ® áª «ïàë© ¯®â¥æ¨ « ' ã¤®¢«¥â¢®àï¥â ãà ¢¥-

¨î

�' + k2' = � �

"
:

� ¥ª®â®àëå á«ãç ïå ¯à¨¬¥ï¥âáï ªã«®®¢áª ï ª «¨¡à®¢ª 

div ~A = 0:

�®£¤  ~A ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

� ~A + k2 ~A = � � ~J + j!"� � grad';

  ' ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î �ã áá® , â.¥. íâ® { áâ â¨ç¥áª¨© ¯®â¥æ¨-

 «.

�®«®¦¨¬

~A = j!"� ~� ;

£¤¥ ~� { ¢¥ªâ®à �¥àæ , äãªæ¨ï, ¤«ï á¨ãá®¨¤ «ìëå ¯®«¥© ®â«¨ç îé -

ïáï ®â ¢¥ªâ®à®£® ¯®â¥æ¨ «  ~A «¨èì ç¨á«¥ë¬ ¬®¦¨â¥«¥¬. �®£¤ 

¨§ á®®â®è¥¨ï ª «¨¡à®¢ª¨ ¯®«ãç¨¬
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' = � div ~�:

� â®çª å, £¤¥ ~J 6= 0, ~� ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

�~� + k2~� = �
~J

j!"
:

� ¬¥â¨¬, çâ®
~J
j!

¨¬¥¥â à §¬¥à®áâì ¯®«ïà¨§ æ¨¨. �¥©áâ¢¨â¥«ì®,

~D = " � ~E + ~Páâ®à;

®âªã¤ , ¯®¤áâ ¢«ïï íâ® ¢® ¢â®à®¥ ãà ¢¥¨¥ � ªá¢¥«« , ¯®«ãç¨¬

rot ~H = j!" � ~E + j! (~Páâ®à +
~J

j!
);

£¤¥ ~Páâ®à { áâ®à®ïï ¯®«ïà¨§ æ¨ï.

�®¤áâ ¢«ïï ¢ëà ¦¥¨¥ ¢ áª®¡ª å ¢ ãà ¢¥¨¥ ¤«ï ~�, ¯®«ãç¨¬

�~� + k2~� = �
 
~Páâ®à

"
+

~J

j!"

!
:

� ª¨¬ ®¡à §®¬, ¨áâ®ç¨ª®¬ ~� ï¢«ï¥âáï ¯®«ïà¨§ æ¨ï. �âáî¤  ¤àã£®¥

 §¢ ¨¥ ¢¥ªâ®à  ~� { ¯®«ïà¨§ æ¨®ë© ¯®â¥æ¨ «.

�«¥ªâà¨ç¥áª®¥ ¨ ¬ £¨â®¥ ¯®«ï ¬®£ãâ ¡ëâì ¢ëà ¦¥ë ç¥à¥§ ¢¥ªâ®à
~� (í«¥ªâà¨ç¥áª¨© ¢¥ªâ®à �¥àæ ):

~E = !2�" ~� + graddiv ~�;

~H = j!" � rot ~�:

�¤®à®¤ ï á¨áâ¥¬  ãà ¢¥¨© � ªá¢¥««  á¨¬¬¥âà¨ç  á â®ç®áâìî

¤® § ª  ®â®á¨â¥«ì® ~E ¨ ~H . �®íâ®¬ã ¬®¦® ¯®«ãç¨âì à¥è¥¨¥ ®¤®-

à®¤®© á¨áâ¥¬ë, ¯®« £ ï (â ª ª ª div ~D = 0 ¯à¨ ~J = 0)

~D = � rot ~A0:

� «®£¨ç® ¯à¥¤ë¤ãé¥¬ã ¬®¦® ¯®«ãç¨âì
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~H = � j! ~A0 � grad'0; ~E = � 1

"
rot ~A0;

¯à¨ç¥¬ ~A0 ¨ '0 ã¤®¢«¥â¢®àïîâ ãà ¢¥¨ï¬

� ~A0 + k2 ~A0 = 0;

�'0 + k2'0 = 0;

div ~A0 + j!�" � '0 = 0:

�®   «®£¨¨ á ~� ¬®¦® ¢¢¥áâ¨ ¬ £¨âë© ¢¥ªâ®à �¥àæ  á ¯®¬®éìî

á®®â®è¥¨©

~A0 = j!�" ~�0; '0 = div ~�0;

¯à¨ç¥¬ ~�0 ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

�~�0 + k2 ~�0 = 0 :

�¥à¥§ ¢¥ªâ®àë �¥àæ  ®¡é¥¥ à¥è¥¨¥ ãà ¢¥¨© � ªá¢¥««  § ¯¨áë-

¢ ¥âáï ¢ ¢¨¤¥ áã¬¬ë

~E = � j!� � rot ~�0 + (graddiv + k2) ~�;

~H = j!" � rot ~� + (graddiv + k2) ~�0:

� ¬¥â¨¬, çâ® ¯®â¥æ¨ «ë ¨ ¢¥ªâ®àë �¥àæ  ã¤®¢«¥â¢®àïîâ ãà ¢¥¨-

ï¬, ªã¤  ¢å®¤¨â « ¯« á¨ . �ë¯¨è¥¬ ¥£® ¢ëà ¦¥¨ï ¢ ¤¥ª àâ®¢ëå ¨

æ¨«¨¤à¨ç¥áª¨å ª®®à¤¨ â å:

� =
@2

@x2
+

@2

@y2
+

@2

@z2
;

� =
1

r

@

@r

�
r
@

@r

�
+

1

r2
@2

@�2
+

@2

@z2
:
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1.7. �ª¨-íää¥ªâ ¨ £à ¨çë¥ ãá«®¢¨ï

E

H
y

x

z

�à®áâ¥©è¨¬ à¥è¥¨¥¬ ãà ¢¥¨©

� ªá¢¥««  ¢ ®¤®à®¤®© ¨§®âà®¯-

®© áà¥¤¥ ï¢«ï¥âáï ¯«®áª ï ¢®« .

� ¯à¨¬¥à, ¯«®áª ï ¢®« , à á¯à®-

áâà ïîé ïáï ¢ ¯®«®¦¨â¥«ì®¬

 ¯à ¢«¥¨¨ ®á¨ z, ¯®«ïà¨§®¢ -

 ï ¢ ¯«®áª®áâ¨ x0z (á¬. à¨á.), ¬®-

¦¥â ¡ëâì § ¯¨á   ¢ ¢¨¤¥

Ex = A � e�jkz + B � e jkz ;
Ey = 0;

Ez = 0;

Hx = 0;

Hy = A

r
"

�
� e�jkz � B

r
"

�
� e jkz ;

Hz = 0;

£¤¥ k = !
p
�"; Hy = � 1

j!�
@Ex

@z
.

�¥è¥¨¥ §¤¥áì § ¯¨á ® ¢ ¢¨¤¥ áã¬¬ë ¤¢ãå ¢®«, à á¯à®áâà ïî-

é¨åáï ¢ ¯à®â¨¢®¯®«®¦ëå  ¯à ¢«¥¨ïå á® áª®à®áâìî v = 1=
p
�".

� áá¬®âà¨¬ ¢®«ã, à á¯à®áâà ïîéãîáï ¢ ®¤®¬  ¯à ¢«¥¨¨. �«ï

¥¥

Ex = A � e�jkz ;
Hy = A

r
"

�
� e�jkz :

�â®è¥¨¥

� =
Ex

Hy

=

r
�

"

§ ¢¨á¨â â®«ìª® ®â ¯ à ¬¥âà®¢ áà¥¤ë. �âã ¢¥«¨ç¨ã  §ë¢ îâ ¢®«®-

¢ë¬ á®¯à®â¨¢«¥¨¥¬ áà¥¤ë. �«ï ¢¥é¥áâ¢¥ëå " ¨ �  ¬¯«¨âã¤  ¯®«ï
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¯à¨ à á¯à®áâà ¥¨¨ ®áâ ¥âáï ¥¨§¬¥®©. �á«¨ " ¨«¨ � ¨¬¥îâ ¬¨-

¬ãî á®áâ ¢«ïîéãî, â® ¢á«¥¤áâ¢¨¥ ¯®â¥àì ¢®«  § âãå ¥â ¢  ¯à ¢«¥¨¨

à á¯à®áâà ¥¨ï.

� áá¬®âà¨¬ á«ãç © ®à¬ «ì®£® ¯ ¤¥¨ï ¢®«ë   ¯«®áªãî £à ¨æã

¬¥¦¤ã ¤¢ã¬ï áà¥¤ ¬¨.

z

1 2

0

�«¥¢    £à ¨æã ¯ ¤ ¥â ¢®«  ¥¤¨-

¨ç®©  ¬¯«¨âã¤ë (á¬. à¨á.):

E¯ ¤
x = e�jk1z;

H¯ ¤
y =

r
"1

�1
� e�jk1z =

1

�1
� e�jk1z:

�®«  ç áâ¨ç® ®âà ¦ ¥âáï, â ª çâ® ®âà ¦¥ ï ¢®«  à ¢ 

E®âà
x = R � e jk1z ; H®âà

y = �R

r
"1

�1
� e jk1z = � R

�1
� e jk1z:

�à®è¥¤è ï ¢®«  à ¢ 

Ex = T � e�jk2z ; Hy = T

r
"2

�2
� e�jk2z =

T

�2
� e�jk2z:

� íâ¨ á®®â®è¥¨ï ¢å®¤ïâ ¥¨§¢¥áâë¥ ¢¥«¨ç¨ë R ¨ T . �à ¨çë¥

ãá«®¢¨ï { ¥¯à¥àë¢®áâì Ex ¨ Hy { ¤ îâ ¢®§¬®¦®áâì  ©â¨ ¨å. �®-

¢¬¥é ï £à ¨æã á ¯«®áª®áâìî z = 0 ¨ ¯à¨à ¢¨¢ ï Ex ¨ Hy á¯à ¢  ¨

á«¥¢ , ¯®«ãç¨¬

1 + R = T;
1

�1
(1 � R) =

1

�2
T:

�§ íâ¨å ¤¢ãå ãà ¢¥¨© ¬®¦®  ©â¨ R ¨ T :

R =
�2 � �1

�2 + �1
;

T =
2 �2

�2 + �1
:
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�á«¨ �2 ! 0, â® jRj ! 1,   jT j ! 0, â.¥. ¢®«  ¯®«®áâìî ®âà ¦ ¥â-

áï. �â®â á«ãç © ï¢«ï¥âáï ¯à¥¤¥«ìë¬, ¢ ç áâ®áâ¨, ¥á«¨ ¢â®à ï áà¥¤ 

¯à¥¤áâ ¢«ï¥â á®¡®© ¬¥â «« á ®ç¥ì ¡®«ìè®© ¯à®¢®¤¨¬®áâìî. � ¯®á«¥¤-

¥¬ á«ãç ¥ ¬®¦® áç¨â âì, çâ® �1 = �0; "1 = "0,   "2 � �j �
!
, â ª ª ª

¯à®¢®¤¨¬®áâì ¬¥â ««  ¬®£® ¡®«ìè¥ "0. �®£¤ 

�2 =

r
�2

"2
=

r
j!�2

�
= (1 + j)

r
!�2

2�
:

�®áâ®ï ï à á¯à®áâà ¥¨ï à ¢ 

k2 = !
p
�2"2 =

p
�j�2!� = (1 � j)

r
!��2

2
=

(1� j)

�
:

�®«  ¯à¨ íâ¨å ãá«®¢¨ïå § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

e
�j

z

�
(1�j)

= e
�
z

� � e�j
z

� :

�¥«¨ç¨  � =

r
2

!��
å à ªâ¥à¨§ã¥â áª®à®áâì ã¡ë¢ ¨ï  ¬¯«¨âã¤ë

¢®«ë ¯® ¬¥à¥ à á¯à®áâà ¥¨ï ¥¥ ¢ áà¥¤¥ 2 (â®«é¨  áª¨-á«®ï).

�ãâà¨ ¬¥â ««  ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥ ª®¬¯®¥â ¯®«ï

Ex = �2 �Hx:

� ®¥ á®®â®è¥¨¥ á¯à ¢¥¤«¨¢® â ª¦¥   £à ¨æ¥ à §¤¥« , ¯® ®¡¥ áâ®-

à®ë ®â ¥¥, ¢á«¥¤áâ¢¨¥ ¥¯à¥àë¢®áâ¨ â £¥æ¨ «ìëå ª®¬¯®¥â ¯®-

«ï.

�¥¯¥àì ¯à¥¤¯®«®¦¨¬, çâ® ¢®«  ¢¥ ¯à®¢®¤¨ª  ¯ ¤ ¥â  ª«®®  

¯«®áª®áâì à §¤¥« . � íâ®¬ á«ãç ¥ ¯à¨ ¯¥à¥å®¤¥ ¢ ®¯â¨ç¥áª¨ ¡®«¥¥ ¯«®â-

ãî áà¥¤ã  ¯à ¢«¥¨¥ à á¯à®áâà ¥¨ï ¯à¨¡«¨¦ ¥âáï ª ®à¬ «¨. �á«¨

j"�j � "0�0, â®  ¯à ¢«¥¨¥ à á¯à®áâà ¥¨ï ®ç¥ì ¡«¨§ª® ª ®à¬ -

«¨. �®íâ®¬ã Ex ¨ Hy ¢ãâà¨ ¬¥â ««  ®ç¥ì ¡«¨§ª¨ ª â £¥æ¨ «ìë¬

ª®¬¯®¥â ¬. �®íâ®¬ã ¨ ¢ íâ®¬ á«ãç ¥   ¢¥è¥© áâ®à®¥ £à ¨æë

á¯à ¢¥¤«¨¢® á®®â®è¥¨¥

Et = � �Ht

¤«ï â £¥æ¨ «ìëå ª®¬¯®¥â ¯®«ï. � ç¥ íâ® á®®â®è¥¨¥ ¬®¦¥â

¡ëâì § ¯¨á ® á«¥¤ãîé¨¬ ®¡à §®¬:
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~Et = � � ( ~H � ~n);

£¤¥ ~n { ®à¬ «ì ¢ãâàì ¬¥â «« .

� ®¥ á®®â®è¥¨¥  §ë¢ îâ £à ¨çë¬ ãá«®¢¨¥¬ �¥®â®¢¨ç . �®

á¯à ¢¥¤«¨¢® ¯à¨ á¨«ì®¬ áª¨-íää¥ªâ¥, ª®£¤  â®«é¨  áª¨-á«®ï ¬®-

£® ¬¥ìè¥ ¢á¥å å à ªâ¥àëå à §¬¥à®¢, ¢ â®¬ ç¨á«¥ ¤«¨ë ¢®«ë ¢ á¢®-

¡®¤®¬ ¯à®áâà áâ¢¥ ¨  ¨¬¥ìè¥£® à ¤¨ãá  ªà¨¢¨§ë ¯®¢¥àå®áâ¨. �

íâ®¬ á«ãç ¥ «î¡ãî ¢®«ã ¢ ¬ «®© ®¡« áâ¨ ¬®¦® áç¨â âì ¯«®áª®©. �®«-

é¨  áª¨-á«®ï ¤®«¦  ¡ëâì â ª¦¥ ¬®£® ¬¥ìè¥ â®«é¨ë ¯« áâ¨ë

¬¥â «« .

�á«®¢¨¥ ¯à¨¬¥¨¬®áâ¨ (â.¥. á¨«ìë© áª¨-íää¥ªâ) ¨¬¥¥â ¢¨¤

�

!
� "0 :

�ëç¨á«¨¬,  ¯à¨¬¥à,
�
!
¤«ï ¬¥¤¨ ¨ ¯à¨à ¢ï¥¬ "0. �âáî¤   ©¤¥¬

¯à¥¤¥«ìãî ç áâ®âã:

� = 5:7 � 107 �¨¬

¬
; ! =

�

"0
=

5:7 � 107
10�9

� 36� = 6:4 � 1018 á�1:

f¯à � 1018 �æ, çâ® á®®â¢¥âáâ¢ã¥â � = 3 � 10�8 á¬. �¤ ª® ¯à®¢®¤¨-

¬®áâì ã¦¥ ¢ ¨äà ªà á®© ®¡« áâ¨ ¤«¨ ¢®« á¨«ì® á¨¦ ¥âáï, â ª

çâ® ãá«®¢¨¥ �¥®â®¢¨ç  á¯à ¢¥¤«¨¢® ¤«ï ¤«¨®¢®«®¢®© ¨äà ªà á-

®© ®¡« áâ¨.

�á«¨ ãáâà¥¬¨âì � ! 1, â® � ! 0,   ¯®â®¬ã Et = 0. �à¨ íâ®¬ ¯®-

«¥ ¢ãâà¨ â ª®© ¨¤¥ «ì® ¯à®¢®¤ïé¥© áà¥¤ë à ¢® ã«î. � ª ª ª Bn

¥¯à¥àë¢ , â® Bn = 0 (¨ Hn = 0)   ¢¥è¥© áâ®à®¥ £à ¨æë. � -

£¥æ¨ «ì ï ª®¬¯®¥â  Ht ¨¬¥¥â à §àë¢ ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ £à ¨æã,

â ª ª ª ¯®«¥ ¢ãâà¨ ¯à®¢®¤¨ª  à ¢® ã«î. �®íâ®¬ã ¯® ¯®¢¥àå®áâ¨

¨¤¥ «ì®£® ¯à®¢®¤¨ª  â¥ªãâ ¯®¢¥àå®áâë¥ â®ª¨, ¯«®â®áâì ª®â®àëå

à ¢  K = Ht ¯®  ¡á®«îâ®© ¢¥«¨ç¨¥. � ¯à ¢«¥¨¥ ®¯à¥¤¥«ï¥âáï á®-

®â®è¥¨¥¬

~K = ~H � ~n:

�á«¨ ¯à®¢®¤¨ª ¥ ï¢«ï¥âáï ¨¤¥ «ìë¬, â® ¯®¢¥àå®áâë¥ â®ª¨ ¥

¬®£ãâ áãé¥áâ¢®¢ âì. �® ¬®¦® ¢¢¥áâ¨ â ª  §ë¢ ¥¬ë¥ ª¢ §¨¯®¢¥àå-

®áâë¥ â®ª¨, ®¯à¥¤¥«ï¥¬ë¥ á«¥¤ãîé¨¬ ®¡à §®¬:
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~K =

1Z
0

~J � dz;

¯à¨ç¥¬ ®áì z  ¯à ¢«¥  ¯¥à¯¥¤¨ªã«ïà® ¯®¢¥àå®áâ¨ ¬¥â «« . � íâ®¬

á«ãç ¥ ¬®¦® ¯®ª § âì, çâ® Ht = K   ¯®¢¥àå®áâ¨. �¥©áâ¢¨â¥«ì®,

¢ãâà¨ ¬¥â «« 

rot ~H = j!" ~E + ~J � ~J:

�ãáâì ~H ¨¬¥¥â â®«ìª® y-î á®áâ ¢«ïîéãî. �®£¤ 

Jx = rot x ~H = � @Hy

@z
:

�®¤áâ ¢«ïï Jx ¢ ¯®¤ëâ¥£à «ì®¥ ¢ëà ¦¥¨¥,  ©¤¥¬

Kx =

1Z
0

Jx � dz =

1Z
0

�@Hy

@z
dz = �Hy

����
1

0

= Hy

����
z=0

= Ht:

� ª¨¬ ®¡à §®¬, ¨ ¢ íâ®¬ á«ãç ¥

~K = ~H � ~n:

�®£« á® ãá«®¢¨î �¥®â®¢¨ç 

~E = � � ~H � ~n = � � ~K:

�ç¨âë¢ ï íâ® á®®â®è¥¨¥, ¢¥«¨ç¨ã

� = (1 + j)

r
!�2

2�
=

1 + j

��

 §ë¢ îâ ¯®¢¥àå®áâë¬ á®¯à®â¨¢«¥¨¥¬. �á«®¢¨¥ �¥®â®¢¨ç , â ª¨¬

®¡à §®¬, á¢ï§ë¢ ¥â ¯®¢¥àå®áâë© â®ª á â £¥æ¨ «ì®© á®áâ ¢«ïîé¥©

í«¥ªâà¨ç¥áª®£® ¯®«ï   ¯®¢¥àå®áâ¨.

�ªâ¨¢ ï (¢¥é¥áâ¢¥ ï) á®áâ ¢«ïîé ï ¯®¢¥àå®áâ®£® á®¯à®â¨¢«¥-

¨ï ®¯à¥¤¥«ï¥â ¬®é®áâì ¯®â¥àì ¢ ¬¥â ««¥. �®é®áâì ¯®â¥àì ¢ ¥¤¨¨æ¥

¯®¢¥àå®áâ¨ ®¯à¥¤¥«ï¥âáï á®®â®è¥¨¥¬
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P1 =
1

2
Re ( ~E � ~H) � ~n:

� ª ª ª

~E = � � ( ~H � ~n);
â®

P1 =
1

2
Re �

h
( ~H � ~n)� ~H�

i
� ~n =

1

2
Re �jH j2

¨«¨

P1 =
1

2��
jHtj2 =

1

2��
jKj2;

���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������

K

δ

1

1

â.¥. ¬®é®áâì ¬®¦¥â ¡ëâì ¢ëà -

¦¥  ç¥à¥§ ¯«®â®áâì ¯®¢¥àå®áâ-

®£® â®ª . �¥«¨ç¨ 
1
��
, ¨¬¥î-

é ï à §¬¥à®áâì á®¯à®â¨¢«¥¨ï,

à ¢  á®¯à®â¨¢«¥¨î ¯« áâ¨ë ¢

ä®à¬¥ ª¢ ¤à â  á® áâ®à®®©, à ¢-

®© ¥¤¨¨æ¥, â®«é¨®© � (á¬.

à¨á). � ç¥ £®¢®àï, ¯®â¥à¨ â ª®-

¢ë, ª ª ¥á«¨ ¡ë â®ª K ¯à®â¥ª « ¢

á«®¥ â®«é¨®© �.

1.8. �«¥ªâà®¤¨ ¬¨ç¥áª®¥ ¯®¤®¡¨¥

� àï¤¥ á«ãç ¥¢ ¤«ï ¨áá«¥¤®¢ ¨ï í«¥ªâà®¤¨ ¬¨ç¥áª¨å á¨áâ¥¬ ¯à¨¬¥-

ï¥âáï ¬ áèâ ¡®¥ ¬®¤¥«¨à®¢ ¨¥. �«ï íâ®£® ¥®¡å®¤¨¬ë ªà¨â¥à¨¨ ¯®-

¤®¡¨ï.

�¥®¬¥âà¨ç¥áª¨ ¯®¤®¡ë¥ á¨áâ¥¬ë ¬®¦® áç¨â âì ¯®¤®¡ë¬¨ í«¥ª-

âà®¤¨ ¬¨ç¥áª¨, ¥á«¨ ¨å ¬®¦® ®¯¨áë¢ âì ®¤¨ ª®¢ë¬¨ ãà ¢¥¨ï¬¨

¯à¨ ®¤¨ ª®¢ëå £à ¨çëå ãá«®¢¨ïå. � ª ª ª £¥®¬¥âà¨ï £à ¨æ ¯®¤®¡-

 , ® á¨áâ¥¬ë ®â«¨ç îâáï à §¬¥à ¬¨, â® ãà ¢¥¨ï � ªá¢¥«« 

rot ~E = � j!� ~H ; rot ~H = j!" ~E

á«¥¤ã¥â ¯à¨¢¥áâ¨ ª ¡¥§à §¬¥à®© ä®à¬¥.
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�«ï íâ®£® ¢á¥ «¨¥©ë¥ ¢¥«¨ç¨ë § ¯¨è¥¬ ¢ ¢¨¤¥

l = l0 � L;

£¤¥ L { ¡¥§à §¬¥à®¥ ç¨á«®,   l0 { ¥ª®â®àë© å à ªâ¥àë© à §¬¥à á¨-

áâ¥¬ë. �à®¬¥ â®£®, § ¯¨è¥¬ ¯®«¥ ¢ ¢¨¤¥

~E = e0 � ~E ; ~H = h0 � ~H;

£¤¥ e0 ¨ h0 { à §¬¥àë¥ ¢¥«¨ç¨ë,   ~E ¨ ~H { ¡¥§à §¬¥àë¥ ¢¥ªâ®àë.

�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥¨ï ¢ ãà ¢¥¨ï � ªá¢¥«« , ¯®«ãç¨¬

Rot ~E = � j!�
h0

e0
l0 ~H; Rot ~H = j!"

e0

h0
l0 ~E ;

£¤¥ Rot ®§ ç ¥â ¤¨ää¥à¥æ¨à®¢ ¨¥ ¯® ¡¥§à §¬¥àë¬ ª®®à¤¨ â ¬.

�®«ãç¥ë¥ ãà ¢¥¨ï ¯®«®áâìî å à ªâ¥à¨§ãîâáï ¡¥§à §¬¥àë¬¨ ç¨-

á« ¬¨ { ªà¨â¥à¨ï¬¨ ¯®¤®¡¨ï

a1 = !�l0
h0

e0
; a2 = !"l0

e0

h0
;

ª®â®àë¥ ¤«ï ¯®¤®¡ëå á¨áâ¥¬ ¤®«¦ë ¡ëâì ®¤¨ ª®¢ë¬¨.

� ª ª ª ¢¥«¨ç¨ë e0 ¨ h0 ¯à®¨§¢®«ìë, â® ¨å ®â®è¥¨¥ ¬®¦® ¢ë-

¡à âì â ª, çâ®¡ë a2 = 1. �®£¤ 

h0

e0
= !"l0:

�®¤áâ ¢«ïï íâ® á®®â®è¥¨¥ ¢ a1, ¯®«ãç¨¬

a1 = !2�" l20 = idem:

� ª ª ª

!2�" = k2 =

�
2�

�

�2
;

â® ªà¨â¥à¨© ¯®¤®¡¨ï ¡ã¤¥â

l0

�
= idem:

�à ¨ç®¥ ãá«®¢¨¥ �¥®â®¢¨ç  ¨¬¥¥â ¢¨¤
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Et = (1 + j)

r
!�

2�
Ht; ¨«¨ Et =

1 + j

��
Ht:

�à¨¢®¤ï íâ® á®®â®è¥¨¥ ª ¡¥§à §¬¥à®© ä®à¬¥, ¯®«ãç¨¬

~Et =
1 + j

��

h0

e0
~Ht:

¨ ¯®¤áâ ¢«ïï áî¤ 
h0
e0

= !" l0, ¯®«ãç¨¬

~Et = (1 + j)
!"l0

��
~Ht:

�à¨â¥à¨© ¯®¤®¡¨ï ®âáî¤ 

!"l0

��
= idem:

�®¬®¦ ï ç¨á«¨â¥«ì ¨ § ¬¥ â¥«ì   !�¬=�, £¤¥ �¬ { ¬ £¨â ï

¯à®¨æ ¥¬®áâì ¬ â¥à¨ «  áâ¥®ª, ¯®«ãç¨¬

�¬

�

!2�"l0

�!�¬�
= !2�" l20

�

l0

�¬

�
:

� ª ª ª a1 = !2�"l20 = idem, â® ¢â®à®© ªà¨â¥à¨© ¯à¨¬¥â ¢¨¤

�

l0

�¬

�
= idem:

�á«¨
�¬
�

= 1, â® ¢â®à®© ªà¨â¥à¨© ¯®¤®¡¨ï

�

l0
= idem:

2. ������ ������� �����

2.1. �®¯¥à¥çë¥ ¢®«ë ¢ «¨¨¨ ¯¥à¥¤ ç¨

�¨¨¥© ¯¥à¥¤ ç¨ í«¥ªâà®¬ £¨âëå ¢®« ®¡ëç®  §ë¢ îâ í«¥ªâà®¤¨-

 ¬¨ç¥áªãî á¨áâ¥¬ã, ®¤®à®¤ãî ¢¤®«ì ¥ª®â®à®© ®á¨ z. � ©¤¥¬ ¯®«ï,
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ª®â®àë¥ ¬®£ãâ áãé¥áâ¢®¢ âì ¢ â ª®© á¨áâ¥¬¥. �«ï íâ®£® ¨á¯®«ì§ã¥¬

ãà ¢¥¨ï � ªá¢¥«« . �à¨ íâ®¬ ¯à¥¤¯®«®¦¨¬, çâ® § ¢¨á¨¬®áâì ®â z

®¯¨áë¢ ¥âáï ¬®¦¨â¥«¥¬ e�z, â.¥. ¬ë ¨é¥¬ à¥è¥¨¥ ¢ ¢¨¤¥ ¢®«, à á-

¯à®áâà ïîé¨åáï ¢  ¯à ¢«¥¨¨ ®á¨ z.

�à ¢¥¨ï � ªá¢¥««  ¨¬¥îâ ¢¨¤

rot ~E = �j!� ~H;
rot ~H = j!" ~E:

�ã¤¥¬ ¨áª âì ¢®«ë,   «®£¨çë¥ ¯® á¢®©áâ¢ ¬ ¯«®áª¨¬ ¢®« ¬ ¢

á¢®¡®¤®¬ ¯à®áâà áâ¢¥. � ª¨¥ ¢®«ë å à ªâ¥à¨§ãîâáï á¢®¥© ¯®¯¥à¥ç-

®áâìî, â.¥. ¤«ï ¨å Hz = 0; Ez = 0. �ç¨âë¢ ï íâ®,   â ª¦¥ â®, çâ®

@=@z = �, § ¯¨è¥¬ ãà ¢¥¨ï � ªá¢¥««  ¤«ï ®â¤¥«ìëå ª®¬¯®¥â:

�j!�Hx = Ey; j!"Ex = Hy;

�j!�Hy = � Ex; j!"Ey = � Hx;

0 =
@Ey

@x
� @Ex

@y
; 0 =

@Hy

@x
� @Hx

@y
:

�§ ¤ ëå ãà ¢¥¨© á«¥¤ãîâ â ª¨¥ ¯ àë ãà ¢¥¨©:

Ey + j!�Hx = 0; Ex � j!�Hy = 0;

j!"Ey + Hx = 0; j!"Ex � Hy = 0:

�â® | ®¤®à®¤ë¥  «£¥¡à ¨ç¥áª¨¥ ãà ¢¥¨ï, ®¯à¥¤¥«ïîé¨¥ ¯®¯¥à¥ç-

ë¥ ª®¬¯®¥âë í«¥ªâà®¬ £¨â®£® ¯®«ï. �¥âà¨¢¨ «ìë¥ à¥è¥¨ï áã-

é¥áâ¢ãîâ, ¥á«¨ ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë ãà ¢¥¨© à ¢¥ ã«î. �à¨à ¢-

¨¢ ï ®¯à¥¤¥«¨â¥«¨ ®¡¥¨å á¨áâ¥¬ ã«î, ¯®«ãç¨¬ ®¤® ¨ â® ¦¥ ãà ¢¥-

¨¥, ®¯à¥¤¥«ïîé¥¥ ¥¨§¢¥áâãî ¯®ª  ¢¥«¨ç¨ã :

2 + !2�" = 0 :

�§ íâ®£® ãà ¢¥¨ï  å®¤¨¬ :

 = � j!
p
�" = � jk :

�á«¨ � ¨ " { ¢¥é¥áâ¢¥ë, â®  { ç¨áâ® ¬¨¬ ï ¢¥«¨ç¨ ; à á¯à®áâà -

¥¨¥ ¢®«ë ¢ íâ®¬ á«ãç ¥ ¯à®¨áå®¤¨â ¡¥§ § âãå ¨ï.
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� ¬¥â¨¬, çâ® ¢ ¤ ®¬ á«ãç ¥ ¬®£ãâ ¡ëâì ®¯à¥¤¥«¥ë «¨èì ®â®è¥-

¨ï ¯®¯¥à¥çëå ª®¬¯®¥â ¯®«ï:

Ex

Hy

=

r
�

"
;

Ey

Hx

= �
r
�

"
:

� ¬¥ïï ¢ ãà ¢¥¨¨ @Hy=@x� @Hx=@y = 0 Hx ¨ Hy ç¥à¥§ Ex ¨ Ey

¨§ íâ¨å á®®â®è¥¨©, ¯®«ãç¨¬

@Ex

@x
+

@Ey

@y
= 0;

@Ey

@x
� @Ex

@y
= 0:

�â®à®¥ ãà ¢¥¨¥ ¬®¦¥â ¡ëâì ã¤®¢«¥â¢®à¥®, ¥á«¨ ¯®«®¦¨âì

Ex = � @ 

@x
� e�z; Ey = � @ 

@y
� e�z;

£¤¥  { ¥ª®â®à ï áª «ïà ï äãªæ¨ï ¯¥à¥¬¥ëå x ¨ y. �®¤áâ ¢«ïï

íâ¨ ¢ëà ¦¥¨ï ¢ ¯¥à¢®¥ ãà ¢¥¨¥, ¯®«ãç¨¬ ãà ¢¥¨¥ ¤«ï  

@2 

@x2
+

@2 

@y2
= 0:

�â ª, ¤«ï ~E ¬ë ¯®«ãç ¥¬ á®®â®è¥¨¥

~E = � e�z � grad ;
¯à¨ç¥¬  ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

� = 0;

£¤¥ � { « ¯« á¨ .

�à ¨çë¥ ãá«®¢¨ï ¤«ï ~E ¨¬¥îâ ®¡ëçë© ¢¨¤ (Et = 0   ¯®¢¥àå®-

áâ¨,  = const).

� ª¨¬ ®¡à §®¬, ¬®¦® á¤¥« âì ¢ë¢®¤, çâ®  ã¤®¢«¥â¢®àï¥â ¢ ¯®¯¥-

à¥ç®¬ á¥ç¥¨¨ ãà ¢¥¨î � ¯« á , ¨, á«¥¤®¢ â¥«ì®, í«¥ªâà¨ç¥áª®¥

¯®«¥ á®¢¯ ¤ ¥â ¯® ª®ä¨£ãà æ¨¨ á í«¥ªâà®áâ â¨ç¥áª¨¬ ¯®«¥¬. � áá¬®-

âà¨¬ â¥¯¥àì á¥ç¥¨¥ «¨¨¨. �® ¬®¦¥â ¡ëâì ®¤®-, ¤¢ã- ¨«¨ ¬®£®á¢ï§-

ë¬. �«ï ®¤®á¢ï§®£® á¥ç¥¨ï í«¥ªâà®áâ â¨ç¥áª®¥ ¯®«¥ ¡¥§ ¯à®¤®«ì-

®© á®áâ ¢«ïîé¥© áãé¥áâ¢®¢ âì ¥ ¬®¦¥â. � â¥¬ â¨ç¥áª¨ íâ® á¢ï§ ®

á â¥¬, çâ® äãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨î � ¯« á  (£ à¬®¨ç¥-

áª ï äãªæ¨ï), ¯®áâ®ï ï   £à ¨æ¥, ¯®áâ®ï  ¢ãâà¨ ¢á¥© ¤¢ã¬¥à-

®© ®¡« áâ¨. �®íâ®¬ã ¢ «¨¨ïå á ®¤®á¢ï§ë¬ á¥ç¥¨¥¬ ¯®¯¥à¥çë¥
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¢®«ë áãé¥áâ¢®¢ âì ¥ ¬®£ãâ, ¢ â® ¢à¥¬ï ª ª ¢ ¬®£®á¢ï§ëå | ¬®£ãâ,

â ª ª ª ¯®â¥æ¨ «  à §«¨çëå ¯à®¢®¤¨ª®¢ ¬®¦¥â à §«¨ç âìáï.

�®áâ®ï ï à á¯à®áâà ¥¨ï ¯®¯¥à¥çëå ¢®« (¢®« TEM) á®¢¯ ¤ -

¥â á ¯®áâ®ï®© à á¯à®áâà ¥¨ï ¯«®áª¨å ¢®« ¢ á¢®¡®¤®¬ ¯à®áâà -

áâ¢¥. � §®¢ ï áª®à®áâì ¢®« TEM ¥ § ¢¨á¨â ®â ç áâ®âë: vä = 1=
p
�".

� á¯à®áâà ¥¨¥ ¢®§¬®¦® ¤«ï «î¡ëå ç áâ®â ®â 0 ¤® 1.

�®á«¥ â®£® ª ª  ©¤¥® í«¥ªâà¨ç¥áª®¥ ¯®«¥, ¬ £¨â®¥ ¯®«¥ ¬®¦¥â

¡ëâì ¯®«ãç¥® ¨§ ¯¥à¢®£® ãà ¢¥¨ï � ªá¢¥«« :

~H = � 1

j!�
rot ~E:

�®¤áâ ¢«ïï áî¤  ~E, ¢ëà ¦¥®¥ ç¥à¥§ ¯®â¥æ¨ « ¨ ãç¨âë¢ ï ¨§¢¥áâ®¥

á®®â®è¥¨¥ ¢¥ªâ®à®£®   «¨§  rot (� � ~F ) = � � rot ~F + grad� � ~F ,

¯®«ãç¨¬

~E = � grad � e�z; ~H = �
r
"

�
� e�z � ~z0 � grad :

�¤¥áì ~z0 { ¥¤¨¨çë© ¢¥ªâ®à ¢  ¯à ¢«¥¨¨ ®á¨ z.

�§ ¯®«ãç¥®£® á®®â®è¥¨ï á«¥¤ã¥â, ¢ ç áâ®áâ¨, çâ® ¢¥ªâ®àë ~E ¨
~H ¢ «î¡®© â®çª¥ ¯¥à¯¥¤¨ªã«ïàë ¤àã£ ¤àã£ã.

2.2. � ¯àï¦¥¨¥, â®ª ¨ ¬®é®áâì ¢ TEM-«¨¨¨

� ª ª ª ¢ ¯®¯¥à¥ç®¬ á¥ç¥¨¨ ¤¢ãá¢ï§®© «¨¨¨ TEM ¯®«¥ | áâ â¨ç¥-

áª®¥, â® ¢¥«¨ç¨  ¨â¥£à « 

U = �
2Z

1

~E � d~l;

£¤¥ â®çª¨ 1 ¨ 2 à á¯®«®¦¥ë   ®¤®¬ ¨ ¤àã£®¬ ¯à®¢®¤¨ª å ¢ ®¤®¬

á¥ç¥¨¨, ¥ § ¢¨á¨â ®â ¯ãâ¨ ¨â¥£à¨à®¢ ¨ï ¯à¨ ãá«®¢¨¨, çâ® íâ®â ¯ãâì

«¥¦¨â æ¥«¨ª®¬ ¢ ¯«®áª®áâ¨ ¯®¯¥à¥ç®£® á¥ç¥¨ï. �áâ¥áâ¢¥®  §¢ âì

íâã ¢¥«¨ç¨ã  ¯àï¦¥¨¥¬ ¢ «¨¨¨.

� «¥¥, â ª ª ª ¬ £¨â®¥ ¯®«¥ ¯®¯¥à¥ç®, â®ª¨ ¢ ¯à®¢®¤¨ª å ç¨áâ®

¯à®¤®«ìë. �¥âàã¤® ¯®ª § âì, çâ® ¨â¥£à «

I =

I
~H � d~l
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¯® ª®âãàã, ®å¢ âë¢ îé¥¬ã ¢ãâà¥¨© ¯à®¢®¤¨ª ¨ «¥¦ é¥¬ã ¢ ¯«®á-

ª®áâ¨ ¯®¯¥à¥ç®£® á¥ç¥¨ï, à ¢¥ ¯®«®¬ã â®ªã ¢® ¢ãâà¥¥¬ ¯à®¢®¤-

¨ª¥ ¨ ¥ § ¢¨á¨â ®â ¢ë¡®à  íâ®£® ª®âãà . �¥âàã¤® â ª¦¥ ¯®ª § âì,

çâ® â®ª ¢® ¢¥è¥¬ ¯à®¢®¤¨ª¥ à ¢¥ â®ªã ¢® ¢ãâà¥¥¬ ¯à®¢®¤¨ª¥ á

®¡à âë¬ § ª®¬; ¯®íâ®¬ã ¬®¦® ®¤®§ ç® ¢¢¥áâ¨ â®ª I ¢ «¨¨¨.

�â ª, ¢ TEM-«¨¨¨ ¬®¦® ®¤®§ ç® ¢¢¥áâ¨ â ª¨¥ ¯®ïâ¨ï, ª ª

 ¯àï¦¥¨¥ ¨ â®ª, ª®â®àë¥ ¨¬¥îâ, ª®¥ç®, ¡®«¥¥ ã§ª¨© á¬ëá«, ç¥¬ ¢

â¥®à¨¨ æ¥¯¥©, â ª ª ª ¨â¥£à « ¡¥à¥âáï ®¡ï§ â¥«ì® ¯® ª®âãàã, «¥¦ -

é¥¬ã ¢ ¯®¯¥à¥ç®¬ á¥ç¥¨¨. � ¯àï¦¥¨ï ¨ â®ª¨ ¢ à §«¨çëå á¥ç¥¨ïå

¤«ï ¡¥£ãé¥© ¢®«ë ¯à¨ ®âáãâáâ¢¨¨ ¯®â¥àì ®â«¨ç îâáï â®«ìª® ä §®©:

U = U0 � e�jkz ;

I = I0 � e�jkz :
�¥«¨ç¨  ®â®è¥¨ï

Z0 =
U

I
=

U0

I0

¯®áâ®ï  ¢® ¢á¥å á¥ç¥¨ïå.

�®ª ¦¥¬, çâ® ¯à¨ ®âáãâáâ¢¨¨ ¯®â¥àì ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥ TEM-

«¨¨¨ Z0 { ¢¥é¥áâ¢¥ ï ¢¥«¨ç¨ , â.¥. U ¨ I ¨¬¥îâ ®¤¨ ª®¢ãî ä §ã.

�ãáâì ¯®â¥æ¨ «

 =  1 + j 2

| ª®¬¯«¥ªá ï äãªæ¨ï. �®£¤   1 ¨  2 ¤®«¦ë ¯® ®â¤¥«ì®áâ¨ ã¤®-

¢«¥â¢®àïâì ãà ¢¥¨î

� = 0

¨ £à ¨çë¬ ãá«®¢¨ï¬

 = const

  ¯¥à¨¬¥âà¥ ¯®¯¥à¥ç®£® á¥ç¥¨ï. �®íâ®¬ã ®â  ®¨ ®â«¨ç îâáï «¨èì

¬®¦¨â¥«¥¬, ¨ ¢ ª ç¥áâ¢¥ à¥è¥¨ï ¬®¦® ¯à¨ïâì,  ¯à¨¬¥à, ¢¥é¥-

áâ¢¥ãî äãªæ¨î  1 ¨«¨  2. �âáî¤  á«¥¤ã¥â, çâ® ¢® ¢á¥å â®çª å ¤ -

®£® á¥ç¥¨ï z ¢¥ªâ®à ~E = �grad � e�jkz ¨¬¥¥â ®¤ã ¨ âã ¦¥ ä §ã. � ª
ª ª
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Ex

Hy

=

r
�

"
¨

Ey

Hx

= �
r
�

"
;

â® ¢¥ªâ®à ~H â ª¦¥ ¢® ¢á¥å â®çª å á¥ç¥¨ï z ¨¬¥¥â âã ¦¥ ä §ã, çâ® ¨

¢¥ªâ®à ~E. � ª ª ª  ¯àï¦¥¨¥ U ¨ â®ª I ¢ëà ¦ îâáï ç¥à¥§ ¨â¥£à «ë

®â ãª § ëå ¢¥ªâ®à®¢, â® U ¨ I  å®¤ïâáï ¢ á¥ç¥¨¨ ¢ ®¤®© ä §¥.

�®íâ®¬ã U=I = Z0 { ¢¥é¥áâ¢¥ ï ¢¥«¨ç¨ .

� ©¤¥¬ ¥ª®â®àë¥ í¥à£¥â¨ç¥áª¨¥ á®®â®è¥¨ï ¤«ï ¢®« ¢ «¨¨¨

TEM. �«ï íâ®£® ¢á¯®¬¨¬, çâ®

Hx = �
r
"

�
Ey; Hy =

r
"

�
Ex:

�âáî¤ 

H2
x + H2

y =
"

�
(E2

x + E2
y) =

"

�
� E2:

�«¥¤®¢ â¥«ì®,

�H2

2
=

"E2

2
;

â® ¥áâì ¯«®â®áâ¨ í¥à£¨¨ í«¥ªâà¨ç¥áª®£® ¨ ¬ £¨â®£® ¯®«¥© ¢ ¡¥£ãé¥©

TEM-¢®«¥ à ¢ë ¢ «î¡®© â®çª¥. � ¯ áë í«¥ªâà¨ç¥áª®© ¨ ¬ £¨â®©

í¥à£¨¨ ¢ ¡¥£ãé¥© ¢®«¥   ¥¤¨¨æã ¤«¨ë «¨¨¨ â ª¦¥ à ¢ë.

�«ï TEM-«¨¨¨ ¬®¦® ¢¢¥áâ¨ ¯®ïâ¨ï ¯®£®ëå ¥¬ª®áâ¨ C1 ¨ ¨-

¤ãªâ¨¢®áâ¨ L1 á ¯®¬®éìî á®®â®è¥¨©

2We =
1

2
C1jU j2;

2Wh =
1

2
L1jI j2;

£¤¥ We ¨ Wh { áà¥¤¨¥ § ¯ áë í«¥ªâà¨ç¥áª®© ¨ ¬ £¨â®© í¥à£¨©  

¥¤¨¨æã ¤«¨ë «¨¨¨. �ç¨âë¢ ï, çâ® Wh =We, ¯®«ãç¨¬

C1jU j2 = L1jI j2;

®âªã¤ 

32



U

I
= Z0 =

r
L1

C1

:

� ©¤¥¬ â¥¯¥àì ¬®é®áâì ¢®«ë, à á¯à®áâà ïîé¥©áï ¢ TEM-«¨¨¨:

P =
1

2
Re

Z
S

( ~E � ~H�) � ~z0 dS;

â.¥. ¨â¥£à « ¢¥ªâ®à  �®©â¨£  ¯® á¥ç¥¨î «¨¨¨ S. �¬¥¥¬

( ~E � ~H�) � ~z0 =

r
"

�
~Ex
~E�x +

r
"

�
~Ey
~E�y =

r
"

�
j ~Ej2:

�®¤áâ ¢«ïï íâ® ¢ ¯®¤ëâ¥£à «ì®¥ ¢ëà ¦¥¨¥, ¯®«ãç¨¬

P =
1

2

r
"

�

Z
S

jEj2 dS =
1p
"�

Z
S

"E2

2
dS =

= 2vWe = 2vWh = v (We + Wh) = vW;

£¤¥ W { áà¥¤¨© § ¯ á í¥à£¨¨   ¥¤¨¨æã ¤«¨ë «¨¨¨, v { áª®à®áâì

à á¯à®áâà ¥¨ï ¢®« ¢ «¨¨¨.

� «¥¥ ¡ã¤¥â ¯®ª § ®, çâ® áª®à®áâì à á¯à®áâà ¥¨ï ¬®¦¥â ¡ëâì ¢ë-

à ¦¥  ç¥à¥§ ¯®£®ë¥ ¯ à ¬¥âàë:

v =
1p
L1 C1

:

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï ¬®é®áâ¨, ¯®«ãç¨¬

P =
1p
L1C1

� 1
2
C1jU j2 =

1

2

r
C1

L1
jU j2 =

1

2

jU j2
Z0

;

¨«¨

P =
1p
L1C1

� 1
2
L1jI j2 =

1

2

r
L1

C1

jI j2 =
1

2
jI j2Z0:

�à¥âì¥ ¢ëà ¦¥¨¥ ¤«ï ¬®é®áâ¨ ¡¥£ãé¥© ¢®«ë ¨¬¥¥â ¢¨¤

P =
1

2
ReU �I�:
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2.3. �® ªá¨ «ì ï «¨¨ï

�¤®© ¨§  ¨¡®«¥¥ à á¯à®áâà ¥ëå «¨¨© TEM ï¢«ï¥âáï ª® ªá¨ «ì-

 ï «¨¨ï, ¯à¥¤áâ ¢«ïîé ï á®¡®© ¤¢  ª® ªá¨ «ì® à á¯®«®¦¥ëå ¯à®-

¢®¤ïé¨å æ¨«¨¤à  (á¬. à¨á.).

����
����
����
����
����

����
����
����
����
����

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

2

1

r2

r1

�¥è¥¨¥ í«¥ªâà®áâ â¨ç¥áª®© § -

¤ ç¨ ¤«ï â ª®© á¨áâ¥¬ë ¨§¢¥áâ®:

 =
U

ln
r1
r2

ln
r

r2
;

£¤¥ U { à §®áâì ¯®â¥æ¨ «®¢

¬¥¦¤ã æ¨«¨¤à ¬¨. �âáî¤ 

Er = � @ 

@r
= � U

ln
r1
r2

1

r
=

U=r

ln
r2
r1

;

H' =

r
"

�
Er =

r
"

�

U=r

ln
r2
r1

:

�®ª ¢ ¯à®¢®¤¨ª¥ à ¢¥

I = 2�r1 �Hr=r1 = 2�

r
"

�

U

ln
r2
r1

:

�âáî¤  ¬®¦®  ©â¨ ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥:

Z0 =
U

I
=

1

2�

r
�

"
ln
r2

r1
�¬:

�á«¨ «¨¨ï ¨ç¥¬ ¥ § ¯®«¥ , â®

Z0 =
1

2�

r
�0

"0
� ln r2

r1
= 60 ln

r2

r1
= 138 lg

r2

r1
�¬:
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�«ï ®¯à¥¤¥«¥¨ï ¯®£®®© ¥¬ª®áâ¨ ¨ ¨¤ãªâ¨¢®áâ¨ ¬®¦® ¨á¯®«ì-

§®¢ âì á«¥¤ãîé¨© ¯à¨¥¬. �¬¥¥¬:

Z0 =

r
L1

C1

�¬; v =
1p
L1C1

:

�§ íâ¨å á®®â®è¥¨© ¯®«ãç ¥¬

C1 =
1

vZ0

�

¬
; L1 =

Z0

v

�

¬
:

�á«¨ áî¤  ¯®¤áâ ¢¨âì ¢ëà ¦¥¨ï ¤«ï v ¨ Z0, â® ¯®«ãç¨¬

C1 =
2�"

ln
r2
r1

�

¬
; L1 =

�

2�
ln
r2

r1

�

¬
:

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯®¯¥à¥ç ï ¢®« , áâà®£® £®¢®àï, áãé¥áâ¢ã¥â

¢ ª® ªá¨ «ì®© «¨¨¨ «¨èì ¯à¨ ãá«®¢¨¨, çâ® «¨¨ï ¢ á¥ç¥¨¨ ®¤®à®¤®

§ ¯®«¥ . �à¨ ç áâ¨ç®¬ § ¯®«¥¨¨ ¯®ï¢«ïîâáï ¯à®¤®«ìë¥ ª®¬¯®-

¥âë ¯®«¥©, ¢ á¢ï§¨ á ç¥¬ ¯®ï¢«ï¥âáï ¤¨á¯¥àá¨ï ¨ ¤àã£¨¥ ï¢«¥¨ï.

2.4. �¢ãå¯« áâ¨ç â ï «¨¨ï

�¢ãå¯« áâ¨ç â ï «¨¨ï ¨¬¥¥â á¥ç¥¨¥, ¯à¥¤áâ ¢«¥®¥   à¨á.

������������������������

������������������������
x

y

a

bE H

�á«¨ à §¬¥àë «¨¨¨ ¢ á¥ç¥¨¨ ¬ -

«ë ¯® áà ¢¥¨î á ¤«¨®© ¢®«-

ë, â® ¢ «¨¨¨ ¬®¦¥â à á¯à®áâà -

ïâìáï â®«ìª® TEM-¢®« . �ãáâì

a � b. �®£¤  ¯®«¥ ¬¥¦¤ã ¯« áâ¨-

 ¬¨ ¬®¦® ¯à¨¡«¨¦¥® áç¨â âì

®¤®à®¤ë¬. � ¯àï¦¥¨¥ ¬¥¦¤ã

¯« áâ¨ ¬¨ à ¢®

U = b �Ex;

â®ª à ¢¥

I = a �Hy;

â ª ª ª ¯®«¥ ¢¥ ¯« áâ¨ ¢¥áì¬  ¬ «®.
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�âáî¤  ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥ «¨¨¨

Z0 =
U

I
=

b

a

Ex

Hy

=
b

a

r
�

"
�¬:

�¬ª®áâì ¨ ¨¤ãªâ¨¢®áâì   ¥¤¨¨æã ¤«¨ë à ¢ë

C1 =
1

vZ0
= "0

a

b

�

¬
; L1 =

Z0

v
= �0

b

a

�

¬
:

2.5. �¢ãå¯à®¢®¤ ï «¨¨ï

��
��
��

��
��
��

��
��
��

��
��
��

b

a

�¥ç¥¨¥ ¤¢ãå¯à®¢®¤®© «¨¨¨

¨¬¥¥â ¢¨¤, ¯à¥¤áâ ¢«¥ë©  

à¨á. �«ï íâ®© «¨¨¨ í«¥ªâà®-

áâ â¨ª  ¤ ¥â ¢¥«¨ç¨ã ¯®£®®©

¥¬ª®áâ¨ ¢ ¢¨¤¥

C1 =
�"

ln

2
4 b
2a

+

s�
b
2a

�2
� 1

3
5
:

�  ï ä®à¬ã«  ¯à¨ b � a ã¯à®-

é ¥âáï:

C1 � �"

ln b=a
:

� ï ¥¬ª®áâì, ¬®¦®  ©â¨ â ª¦¥ ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥:

Z0 =
1

vC1

=
1

�

r
�

"
ln
b

a
�¬:

2.6. �¥«¥£à äë¥ ãà ¢¥¨ï

�à ¢¥¨ï à á¯à®áâà ¥¨ï ¢®« ¢ «¨¨ïå TEM ¬®¦® ¯®«ãç¨âì ª¢ -

§¨áâ â¨ç¥áª¨¬ ¬¥â®¤®¬ á ãç¥â®¬ â®£®, çâ® ¢ â ª¨å «¨¨ïå ¬®£ãâ ¡ëâì

¢¢¥¤¥ë ¯®ïâ¨ï â®ª  ¨  ¯àï¦¥¨ï. �¨¨ï ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥ 

¢ ¢¨¤¥ æ¥¯®çª¨, à §¬¥àë ïç¥¥ª ª®â®à®© § â¥¬ ãáâà¥¬«ïîâáï ª ã«î (á¬.

à¨á.).
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Z dz

dz

dzY

1

1

I I+dI

U+dUU

�«ï â ª®© æ¥¯®çª¨ ¬®£ãâ ¡ëâì á®áâ ¢«¥ë á«¥¤ãîé¨¥ ãà ¢¥¨ï:

dU = � I Z1dz; dI = � U Y1dz;

®âªã¤ 

dU

dz
= � I Z1;

dI

dz
= � U Y1:

�áª«îç¨¬ ¨§ íâ¨å ãà ¢¥¨©,  ¯à¨¬¥à, â®ª I :

d2U

dz2
� Z1Y1U = 0:

�¡®§ ç ï 2 = Z1Y1, ¯®«ãç¨¬

d2U

dz2
� 2U = 0:

�¥è¥¨¥ íâ®£® ãà ¢¥¨ï ¨¬¥¥â ¢¨¤

U = Ae�z + Bez ;

â.¥. ¯à¥¤áâ ¢«ï¥â á®¡®© áã¬¬ã ¢®«, à á¯à®áâà ïîé¨åáï ¢ ¯à®â¨¢®¯®-

«®¦ëå  ¯à ¢«¥¨ïå. �®ª ¬®¦¥â ¡ëâì ¯®«ãç¥ ¨§ íâ®£® ¢ëà ¦¥¨ï á

¯®¬®éìî â¥«¥£à ä®£® ãà ¢¥¨ï:

I = � 1

Z1

dU

dz
= A



Z1
e�z � B



Z1
ez:

�¥«¨ç¨ 

Z0 =
Z1


=

Z1p
Z1Y1

=

r
Z1

Y1
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ï¢«ï¥âáï ¢®«®¢ë¬ á®¯à®â¨¢«¥¨¥¬, â ª ª ª à ¢  ®â®è¥¨î  ¯àï-

¦¥¨ï ª â®ªã ¢ ¡¥£ãé¥© ¢®«¥. �á«¨ «¨¨ï ¥ ¨¬¥¥â ¯®â¥àì, â®

Z1 = j!L1 ; Y1 = j!C1;

®âªã¤  á«¥¤ã¥â, çâ®

 =
p
�!2L1C1 = j!

p
L1C1 = jk:

�ª®à®áâì à á¯à®áâà ¥¨ï

v =
!

k
=

1p
L1C1

;

  ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥ ¢¥é¥áâ¢¥®:

Z0 =

r
L1

C1

:

� ¯àï¦¥¨¥ ¨ â®ª ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥ë á®®â¢¥âáâ¢¥® ¢ ¢¨¤¥

áã¬¬ë ¨ à §®áâ¨ ¯àï¬®© ¨ ®¡à â®© ¢®«

U = U¯à + U®¡à;

I = I¯à � I®¡à =
1

Z0
(U¯à � U®¡à);

¯à¨ç¥¬ ¢ «¨¨¨ ¡¥§ ¯®â¥àì Z0 { ¢¥é¥áâ¢¥ ï ¢¥«¨ç¨ . �®«ì§ãïáì

íâ¨¬, ¬®¦®  ©â¨ ¬®é®áâì, à á¯à®áâà ïîéãîáï ¢ ¯®«®¦¨â¥«ì®¬

 ¯à ¢«¥¨¨:

P =
1

2
Re (U I�) =

1

2
Re

1

Z0
(U¯à + U®¡à) (U

�
¯à � U�®¡à) =

=
1

2

1

Z0
Re (U¯àU

�
¯à � U®¡àU

�
®¡à + U¯àU

�
®¡à � U�¯àU®¡à) =

=
1

2

jU¯àj2
Z0

� 1

2

jU®¡àj2
Z0

= P¯à � P®¡à;

â.¥. ¬®é®áâì à ¢  à §®áâ¨ ¬®é®áâ¥© ¯àï¬®© ¨ ®¡à â®© ¢®«. �â®

¤ ¥â ®á®¢ ¨¥ ¯à¨¯¨á âì ª ¦¤®© ¨§ ¢®« ¬®é®áâì

P =
1

2

jU j2
Z0

¨ à áá¬ âà¨¢ âì ¤ ë¥ ¢®«ë ª ª áãé¥áâ¢ãîé¨¥ ¥§ ¢¨á¨¬®. �â®

á¯à ¢¥¤«¨¢®, «¨èì ¥á«¨ Z0 { ¢¥é¥áâ¢¥ ï ¢¥«¨ç¨  ( ¯à¨¬¥à, ¢ «¨¨¨

¡¥§ ¯®â¥àì ¨«¨ á ¬ «ë¬¨ ¯®â¥àï¬¨).
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2.7. �âà ¦¥¨¥ ®â  £àã§ª¨

�®®â®è¥¨¥ ¬¥¦¤ã ¯àï¬®© ¨ ®¡à â®© ¢®« ¬¨ ®¯à¥¤¥«ï¥âáï £à ¨ç-

ë¬¨ ãá«®¢¨ï¬¨. �ãáâì ¢  ç «¥ «¨¨¨ ¯à¨á®¥¤¨¥ £¥¥à â®à, ¢®§¡ã-

¦¤ îé¨© ¯àï¬ãî ¢®«ã (á¬. à¨á.).

U

I

Z

�á«¨ «¨¨î ®£à ¨ç¨âì ¨  £àã-

§¨âì ¢®«®¢ë¬ á®¯à®â¨¢«¥¨¥¬,

â® ®ç¥¢¨¤®, çâ® ¢ «¨¨¨ ¡ã¤¥â

áãé¥áâ¢®¢ âì â®«ìª® ¡¥£ãé ï ¢®«-

 . �á«¨ ¦¥  £àã§ª  ®â«¨ç  ®â

Z0, â® ¢®§¨ª ¥â ®âà ¦¥ ï ¢®«-

 , â ª ª ª ¨ ç¥ ¥¢®§¬®¦® ã¤®-

¢«¥â¢®à¨âì £à ¨çë¬ ãá«®¢¨ï¬.

�¥©áâ¢¨â¥«ì®, U=I = Z   £à ¨æ¥. �®¤áâ ¢«ïï U = U¯à + U®¡à ¨

I =
1
Z0

(U¯à � U®¡à), ¯®«ãç¨¬:

Z0 � U¯à + U®¡à

U¯à � U®¡à
= Z

¨«¨

U¯à + U®¡à

U¯à � U®¡à
=

Z

Z0
:

�âáî¤ , ®¡®§ ç ï
U®¡à
U¯à

= � (� { ª®íää¨æ¨¥â ®âà ¦¥¨ï), ¯®«ãç¨¬

1 + �

1 � �
=

Z

Z0

¨«¨, à¥è ï ®â®á¨â¥«ì® ª®íää¨æ¨¥â  ®âà ¦¥¨ï �,

� =
Z � Z0

Z + Z0
:

� áá¬®âà¨¬ à á¯à¥¤¥«¥¨¥  ¯àï¦¥¨ï ¨ â®ª  ¢¤®«ì «¨¨¨ ¯à¨  -

«¨ç¨¨ ®âà ¦¥®© ¢®«ë:

U = U¯àe
�jkz + U®¡à e

jkz ;

£¤¥ U¯à ¨ U®¡à {  ¯àï¦¥¨ï ¢  ç «¥ «¨¨¨ (ã £¥¥à â®à ) (á¬. à¨á.).

� ®¥ á®®â®è¥¨¥ ¬®¦® ¯à¥®¡à §®¢ âì:
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U = e�jkz(U¯à + U®¡à e
2jkz) :

U

U

�à¨ ¯¥à¥¬¥é¥¨¨ ¢¤®«ì «¨¨¨ ®â £¥¥à â®à  ¢¥ª-

â®à U®¡à e
2jkz ¬¥ï¥â á¢®î ä §ã. �à¨ íâ®¬ ¢ ¥-

ª®â®àëå â®çª å ä §ë U¯à ¨ U®¡à á®¢¯ ¤ îâ, ¨ ®¨

áª« ¤ë¢ îâáï. � íâ¨å â®çª å  ¯àï¦¥¨¥ ¬ ªá¨-

¬ «ì®:

U¬ ªá = jU¯àj + jU®¡àj :

�¥à¥§ ç¥â¢¥àâì ¢®«ë, â.¥. ç¥à¥§ z = �=4,  ¯àï-

¦¥¨ï ¢ëç¨â îâáï:

U¬¨ = jU¯àj � jU®¡àj:

λ 2

U

z

� ª¨¥ ¢®«ë  §ë¢ îâ áâ®ïç¨¬¨ (á¬. à¨á.). �¥«¨ç¨ 

� =
jU¯àj + jU®¡àj
jU¯àj � jU®¡àj =

1 + j�j
1 � j�j

 §ë¢ ¥âáï ª®íää¨æ¨¥â®¬ áâ®ïç¥© ¢®«ë  ¯àï¦¥¨ï (����), å à ª-

â¥à¨§ãé¨¬ áâ®ïç¥áâì ¢®«ë. �à¨ ç¨áâ® ¡¥£ãé¥© ¢®«¥ � = 1,   ¯à¨

áâ®ïç¥© ¢®«¥ � = 1. �¥âàã¤® ¢¨¤¥âì, çâ® â®ª ¢ «¨¨¨ á® áâ®ïç¥©

¢®«®©  ¯àï¦¥¨ï â ª¦¥ ®¡à §ã¥â áâ®ïçãî ¢®«ã, ® ¬ ªá¨¬ã¬ â®ª 

á®®â¢¥âáâ¢ã¥â ¬¨¨¬ã¬ã  ¯àï¦¥¨ï, ¨  ®¡®à®â.
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2.8. �à áä®à¬ æ¨ï á®¯à®â¨¢«¥¨© ¨ ¯à®¢®¤¨¬®áâ¥©

�à¥¤¯®«®¦¨¬, çâ® ¬ë ¨¬¥¥¬ ®âà¥§®ª «¨¨¨ ¤«¨®© l,  £àã¦¥ë©  

ª®æ¥ «¨¨¨ ¥ª®â®àë¬ á®¯à®â¨¢«¥¨¥¬ Z. � ¯à®¨§¢®«ì®¬ á¥ç¥¨¨ z

â®ª ¨  ¯àï¦¥¨¥ ¬®£ãâ ¡ëâì § ¯¨á ë ¢ ¢¨¤¥

U(z) = Ae�jkz + Be jkz ;

I(z) =
1

Z0
� (Ae�jkz � Be jkz):

�«ï ®¯à¥¤¥«¥¨ï A ¨ B ¢®á¯®«ì§ã¥¬áï ãá«®¢¨ï¬¨   ª®æ¥ «¨¨¨

(¯à¨ z = l)

U(l) = Ae�jkl + Be jkl;

I(l) =
1

Z0
� (Ae�jkl � Be jkl):

�¥è ï íâ¨ ãà ¢¥¨ï ®â®á¨â¥«ì® A ¨ B, ¯®«ãç¨¬:

A =
U(l) + Z0 � I(l)

2
� e jkl;

B =
U(l) � Z0 � I(l)

2
� e�jkl:

�®«ãç¥ë¬¨ à¥§ã«ìâ â ¬¨ ¬®¦® ¢®á¯®«ì§®¢ âìáï ¤«ï ®¯à¥¤¥«¥¨ï

 ¯àï¦¥¨ï ¨ â®ª  ¢  ç «¥ «¨¨¨ (z = 0):

U(0) = A + B = U(l) cos kl + jZ0 �I(l) sin kl;
I(0) =

1

Z0
� (A � B) =

j

Z0
U(l) sin kl + I(l) cos kl:

� ë¥ á®®â®è¥¨ï ¯®§¢®«ïîâ à¥è¨âì § ¤ çã ® ¢å®¤®¬ á®¯à®â¨-

¢«¥¨¨ ®âà¥§ª  «¨¨¨,  £àã¦¥®£® á®¯à®â¨¢«¥¨¥¬ Z(l):

Z(0) =
U(0)

I(0)
=

U(l) coskl + jZ0 � I(l) sin kl
j
Z0
U(l) sin kl + I(l) cos kl

=

= Z0 � Z(l) + jZ0 tg kl

Z0 + jZ(l) tg kl
:
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�â ª,

Z(0) = Z0
Z(l) + jZ0 tg kl

Z0 + jZ(l) tg kl
:

2.8.1. �®à®âª®§ ¬ªãâ ï «¨¨ï

�à¨ ª®à®âª®¬ § ¬ëª ¨¨ «¨¨¨ Z(l) = Z = 0. �®£« á® ä®à¬ã«¥

âà áä®à¬ æ¨¨ ¢å®¤®¥ á®¯à®â¨¢«¥¨¥ ®âà¥§ª  à ¢®

Z¢å = jZ0 � tg kl = jX¢å; �0 = � 1:

�§¬¥¥¨¥ ¢å®¤®£® á®¯à®â¨¢«¥¨ï ¯à¥¤áâ ¢«¥®   à¨á.

Z
=

0
H

|I||U|

3λ λ
2

λ
44

l

l

X

� § ¢¨á¨¬®áâ¨ ®â ¤«¨ë ®âà¥§ª  ¥£® á®¯à®â¨¢«¥¨¥ ¬¥ï¥âáï ®â 0

¤® 1. �®íâ®¬ã ¢¡«¨§¨ ¤«¨ë (2n + 1)�=4 ® ¬®¦¥â ¡ëâì ã¯®¤®¡«¥

¯ à ««¥«ì®¬ã à¥§® á®¬ã ª®âãàã. � ªá¨¬ã¬ë  ¯àï¦¥¨ï ¨ â®ª 

á¤¢¨ãâë   �=4.

�  ®âà¥§ª¥ ¤«¨®© n�=4 § ¯ áë í«¥ªâà¨ç¥áª®© ¨ ¬ £¨â®© í¥à£¨©

à ¢ë ¤àã£ ¤àã£ã. �âà¥§ª¨ «¨¨¨ ¤«¨®© �=4, § ¬ªãâë¥   ª®æ¥,

¯à¨¬¥ïîâáï ¢ ª ç¥áâ¢¥ ç¥â¢¥àâì¢®«®¢ëå ¨§®«ïâ®à®¢.
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2.8.2. � §®¬ªãâ ï «¨¨ï

�«ï à §®¬ªãâ®© «¨¨¨ Z = 1 (á¬. à¨á.). �å®¤®¥ á®¯à®â¨¢«¥¨¥

®âà¥§ª  à ¢®

Z¢å = � jZ0 ctg kl; �1 = + 1:

=
HZ

8

3λ λ
2

λ
44

X

|U||I|

l

l

2.8.3. �¨¨ï, § ¬ªãâ ï    ªâ¨¢®¥ á®¯à®â¨¢«¥¨¥

� íâ®¬ á«ãç ¥ Z = R (á¬. à¨á.   á«¥¤. áâà.):

Z¢å = Z0 � R + jZ0 tg kl

Z0 + jR tg kl
:

�¤¥áì ¯à¨ l = 2n�=4 Z¢å = R; ¯à¨ l = (2n+ 1)�=4 Z¢å = Z2
0=R.

� àâ¨  áâ®ïç¨å ¢®« § ¢¨á¨â ®â â®£®, ¡®«ìè¥ R ç¥¬ Z0 ¨«¨ ¬¥ì-

è¥. � â®çª å ¬ ªá¨¬ã¬®¢ ¨ ¬¨¨¬ã¬®¢ ¢å®¤®¥ á®¯à®â¨¢«¥¨¥ ï¢«ï¥âáï

ç¨áâ®  ªâ¨¢ë¬ ¨ ¢ § ¢¨á¨¬®áâ¨ ®â à ááâ®ï¨ï ®â  £àã§ª¨ à ¢® R

¨«¨ Z2
0=R.
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Z
0

R

Z
0

R

Z
0
2

R

Z
0
2

R

Γ > 0

R < Z
0

 R > Z0

Γ < 0

R R

R R

|U|

|I|

|I|

|U|

2.8.4. �¨¨ï, § ¬ªãâ ï   à¥ ªâ¨¢®¥ á®¯à®â¨¢«¥¨¥

� íâ®¬ á«ãç ¥ Z = jX (á¬. à¨á.   á«¥¤. áâà.). �®£« á® âà áä®à-

¬ æ¨®®© ä®à¬ã«¥ ¢å®¤®¥ á®¯à®â¨¢«¥¨¥ à ¢®

Z¢å = jZ0 � X + Z0 tg kl

Z0 � X tg kl
:

�â® ¢ëà ¦¥¨¥ ¬®¦¥â ¡ëâì ¯à¥®¡à §®¢ ® á«¥¤ãîé¨¬ ®¡à §®¬:

Z¢å = jZ0 �
X

Z0
+ tg kl

1 � X

Z0
� tg kl

= jZ0 tg(kl + ') ;

£¤¥ ' = arctg
X

Z0
,

�
��
2
� ' � �

2

�
.

� ª¨¬ ®¡à §®¬, à¥§ã«ìâ â ¯®«ãç ¥âáï ¯ãâ¥¬ á¬¥é¥¨ï ¢á¥© ª àâ¨ë

¯à¨ ª®à®âª®¬ § ¬ëª ¨¨   ã£®« '. �¥âàã¤® ¢¨¤¥âì, çâ® ¢ íâ®¬ á«ãç ¥

¢å®¤®¥ á®¯à®â¨¢«¥¨¥ ®¡à é ¥âáï ¢1 ¨ 0 ¢ â®çª å, ®âáâ®ïé¨å ¤àã£ ®â

¤àã£    �=4. �®«®¦¥¨¥ ¡«¨¦ ©è¥£® ª  £àã§ª¥ ¬¨¨¬ã¬  § ¢¨á¨â ®â

§ ª  X. �á«¨ X { ¯®«®¦¨â¥«ì ï ¢¥«¨ç¨ , â® ¡«¨¦ ©è¨© ¬¨¨¬ã¬

®âáâ®¨â ®â  £àã§ª¨   à ááâ®ï¨¥, ¡®«ìè¥¥ �=4, ® ¬¥ìè¥¥ �=2; ¥á«¨
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¦¥ X ®âà¨æ â¥«ì®, â® ¬¨¨¬ã¬ ®âáâ®¨â ®â  £àã§ª¨   à ááâ®ï¨¥,

¬¥ìè¥¥ �=4.

X > 0
|Γ| = 1

X < 0
|Γ| = 1

l

|I|

|U|

|I|

|U|l

2.9. �à áä®à¬ æ¨ï á®¯à®â¨¢«¥¨© ®âà¥§ª ¬¨ «¨¨¨

� â®çª¨ §à¥¨ï âà áä®à¬ æ¨¨ á®¯à®â¨¢«¥¨ï  ¨¡®«ìè¨© ¨â¥à¥á ¯à¥¤-

áâ ¢«ïîâ ¯®«ã¢®«®¢ë© ¨ ç¥â¢¥àâì¢®«®¢ë© ®âà¥§ª¨ «¨¨¨.

2.9.1. �®«ã¢®«®¢ë© ®âà¥§®ª

�«ï ¯®«ã¢®«®¢®£® ®âà¥§ª  kl = �, tg kl = 0. �®íâ®¬ã

Z¢å = Z:

�«¥¤®¢ â¥«ì®, ¯®«ã¢®«®¢ë© ®âà¥§®ª ¯à¥®¡à §ã¥â á®¯à®â¨¢«¥¨¥ á

ª®íää¨æ¨¥â®¬ âà áä®à¬ æ¨¨ 1. �â® á¢®©áâ¢® ç áâ® ¨á¯®«ì§ã¥âáï ¢

â¥å¨ª¥.

2.9.2. �¥â¢¥àâì¢®«®¢ë© ®âà¥§®ª

� íâ®¬ á«ãç ¥ kl =
�
2
, tg kl =1. �®íâ®¬ã

Z¢å =
Z2
0

Z
:

45



�¥â¢¥àâì¢®«®¢ë© ®â¥§®ª ¯à¥®¡à §ã¥â ¨¤ãªâ¨¢®áâì ¢ ¥¬ª®áâì ¨  -

®¡®à®â, à¥§® á { ¢  â¨à¥§® á ¨ ®¡à â®.

�¥â¢¥àâì¢®«®¢ë© ®âà¥§®ª ¨á¯®«ì§ã¥âáï ¤«ï á®£« á®¢ ¨ï «¨¨© á

à §«¨çë¬ ¢®«®¢ë¬ á®¯à®â¨¢«¥¨¥¬. � ª®¥ ¯à¨¬¥¥¨¥ ®á®¢ ®  

â®¬, çâ® ¥á«¨ ¢ª«îç¨âì   ª®æ¥ ç¥â¢¥àâì¢®«®¢®£® ®âà¥§ª   ªâ¨¢®¥

á®¯à®â¨¢«¥¨¥, â® ¢å®¤®¥ á®¯à®â¨¢«¥¨¥ â ª¦¥ ¡ã¤¥â  ªâ¨¢ë¬. � á-

á¬®âà¨¬ â ª®© ¯à¨¬¥à.

/λ 4

01 03
Z

02
ZZ

�¥®¡å®¤¨¬® á®£« á®¢ âì «¨¨¨ á

¢®«®¢ë¬¨ á®¯à®â¨¢«¥¨ï¬¨ Z01
¨ Z02 (á¬. à¨á.). � ©¤¥¬ ¢®«®¢®¥

á®¯à®â¨¢«¥¨¥ ç¥â¢¥àâì¢®«®¢®£®

®âà¥§ª  Z03, á®£« áãîé¥£® íâ¨ «¨-

¨¨ ¨§ ãá«®¢¨ï

Z2
03

Z02
= Z01:

�âáî¤ 

Z03 =
p
Z01 � Z02 :

λ / 4

����������������������������

����������������������������

�¨§¨ç¥áª¨ á®£« á®¢ ¨¥ ¬®¦®

®¡êïá¨âì â¥¬, çâ® ¢®«ë, ®âà -

¦¥ë¥ ®â ¤¢ãå áâëª®¢ (á¬. à¨á.),

¢® ¢å®¤®© «¨¨¨ ®ª §ë¢ îâáï ¢

¯à®â¨¢®ä §¥, ¨ ¥á«¨  ¬¯«¨âã¤ë

¨å à ¢ë, â® ®¨ ã¨çâ®¦ îâ

¤àã£ ¤àã£ . �â¬¥â¨¬, çâ® â -

ª®¥ á®£« á®¢ ¨¥ ¡ã¤¥â ¨¬¥âì ¬¥-

áâ® «¨èì ¢ áà ¢¨â¥«ì® ã§ª®©

¯®«®á¥ ç áâ®â. �«ï è¨à®ª®¯®«®á®£® á®£« á®¢ ¨ï ¯à¨¬¥ïîâ ¬®£®-

áâã¯¥ç âë¥ ¯¥à¥å®¤ë, á®áâ ¢«¥ë¥ ¨§ ç¥â¢¥àâì¢®«®¢ëå ®âà¥§ª®¢.
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2.10. �à¥¤áâ ¢«¥¨¥ ®âà¥§ª  «¨¨¨ T-®¡à §ë¬

ç¥âëà¥å¯®«îá¨ª®¬

1 1

H2

Z Z

ZZ

�âà¥§®ª «¨¨¨ ¯à¥¤áâ ¢«ï¥â á®-

¡®© ç¥âëà¥å¯®«îá¨ª. �«ï à áç¥-

â®¢ ç áâ® ¡ë¢ ¥â ã¤®¡® ¥£® § ¬¥-

¨âì T-®¡à §ë¬ ç¥âëà¥å¯®«îá-

¨ª®¬ á á®áà¥¤®â®ç¥ë¬¨ ¯ à -

¬¥âà ¬¨ (á¬. à¨á.). �«ï íâ®£® ¢ë-

ç¨á«¨¬ ¢å®¤®¥ á®¯à®â¨¢«¥¨¥ â -

ª®£® ç¥âëà¥å¯®«îá¨ª :

Z¢å = Z1 +
Z2(Z1 + Z)

Z1 + Z2 + Z
=

Z + Z1
Z1 + 2Z2
Z1 + Z2

1 +
Z

Z1 + Z2

:

�à ¢¨¬ íâ® ¢ëà ¦¥¨¥ á ä®à¬ã«®© ¤«ï ¢å®¤®£® á®¯à®â¨¢«¥¨ï ®âà¥§-

ª  «¨¨¨,  £àã¦¥®£®   á®¯à®â¨¢«¥¨¥ Z:

Z¢å =
Z + jZ0 tg kl

1 +
j
Z0
� Z tg kl

:

� ë¥ ¢ëà ¦¥¨ï á®¢¯ ¤ îâ, ¥á«¨

jZ0 tg kl = Z1
Z1 + 2Z2

Z1 + Z2
;

j

Z0
tg kl =

1

Z1 + Z2
:

�®«ãç¥ë¥ ãà ¢¥¨ï ¬®£ãâ ¡ëâì à¥è¥ë ®â®á¨â¥«ì® Z1 ¨ Z2
(à¥è¥¨¥ ¤¢ã§ ç®):

Z1 = jZ0 tg kl

¯à¨ kl 6= (2n+ 1)�;

Z2 = � jZ0 csc kl
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Z1 = � jZ0 ctg kl

¯à¨ kl 6= 2n�:

Z2 = jZ0 csc kl

�«¥¤ã¥â ¨¬¥âì ¢ ¢¨¤ã, çâ® íâ¨ á®®â®è¥¨ï ®¡¥á¯¥ç¨¢ îâ íª¢¨¢ -

«¥â®áâì «¨èì   ®¤®© ç áâ®â¥, â ª ª ª à¥ «ìë¥ á®áà¥¤®â®ç¥ë¥

á®¯à®â¨¢«¥¨ï ¥ ¬®£ãâ ¨§¬¥ïâìáï ¢ § ¢¨á¨¬®áâ¨ ®â ç áâ®âë ¯® ãª -

§ ®¬ã § ª®ã.

2.11. �®¬®£à ¬¬  ¯®«ëå á®¯à®â¨¢«¥¨©

(¤¨ £à ¬¬  �¬¨â )

2.11.1. �à¥®¡à §®¢ ¨¥ ª®íää¨æ¨¥â  ®âà ¦¥¨ï

®âà¥§ª®¬ «¨¨¨

�®íää¨æ¨¥â ®âà ¦¥¨ï à ¢¥

� =
U®âà

U¯ ¤
:

�á«¨ ¯¥à¥©â¨   à ááâ®ï¨¥ l ¡«¨¦¥ ª £¥¥à â®àã, â® ¢ íâ®¬ á¥ç¥¨¨

¡ã¤¥¬ ¨¬¥âì

U®âà(l) = U®âà e
�jkl;

U¯ ¤(l) = U¯ ¤ e
jkl;

¯®íâ®¬ã

�(l) =
U®âà

U¯ ¤
e�2jkl = �e�2jkl:

�âáî¤  ¢¨¤®, çâ® j�j = const, â.¥. ¥ § ¢¨á¨â ®â ¤«¨ë ®âà¥§ª ,  

ä §  ®âáâ ¥â   2kl.

2.11.2. �®¬®£à ¬¬  ¯®«ëå á®¯à®â¨¢«¥¨©

�«ï ¯ áá¨¢ëå æ¥¯¥© «î¡®¥ ª®¬¯«¥ªá®¥ á®¯à®â¨¢«¥¨¥ ¬®¦¥â ¡ëâì

¯à¥¤áâ ¢«¥® â®çª®©, «¥¦ é¥© ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨ (á¬. à¨á.  

á«¥¤. áâà.).
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�ª«îç¥¨¥ ®âà¥§ª  «¨¨¨ ¯à¥®¡à §ã¥â á®¯à®â¨¢«¥¨¥  £àã§ª¨ ¢ á®-

¯à®â¨¢«¥¨¥ ¢å®¤  ¯® ¯à¨¢¥¤¥®© à ¥¥ ä®à¬ã«¥, ª®â®à ï ¤®áâ â®ç®

á«®¦ . � ¤àã£®© áâ®à®ë, ¯à¨ § ¤ ®¬ ¢®«®¢®¬ á®¯à®â¨¢«¥¨¨ ®â-

à¥§ª  «¨¨¨ ª ¦¤®¬ã á®¯à®â¨¢«¥¨î Z á®®â¢¥âáâ¢ã¥â ®¯à¥¤¥«¥ë©

ª®íää¨æ¨¥â ®âà ¦¥¨ï �:

� =
Z � Z0

Z + Z0
=

Z
Z0

� 1

Z
Z0

+ 1

=
z � 1

z + 1
:

�à¥®¡à §®¢ ¨î á®¯à®â¨¢«¥¨ï á®®â¢¥âáâ¢ã¥â ¯à¥®¡à §®¢ ¨¥ ª®íä-

ä¨æ¨¥â  ®âà ¦¥¨ï. �¤ ª® ¯à¥®¡à §®¢ ¨¥ ª®íää¨æ¨¥â  ®âà ¦¥-

¨ï ¯à®¨§¢®¤¨âáï ¯® ¡®«¥¥ ¯à®áâë¬ ä®à¬ã« ¬. �®íâ®¬ã ¤«ï £à ä¨-

ç¥áª¨å ¯®áâà®¥¨© ¢ë£®¤® ¯¥à¥©â¨ ¢ ¯«®áª®áâì ª®íää¨æ¨¥â®¢ ®âà -

¦¥¨ï ¯® ¯à¨¢¥¤¥®© ¢ëè¥ ä®à¬ã«¥. � ª ª ª j�j � 1, â® ª®íää¨æ¨-

¥â ®âà ¦¥¨ï «î¡®©  £àã§ª¨ ¬®¦¥â ¡ëâì ¨§®¡à ¦¥ â®çª®© ¢ãâà¨

®ªàã¦®áâ¨ ¥¤¨¨ç®£® à ¤¨ãá . �®®â®è¥¨¥ ¬¥¦¤ã � ¨ Z ¯à¥¤áâ -

¢«ï¥â á®¡®© ¤à®¡®-«¨¥©®¥ ¯à¥®¡à §®¢ ¨¥ ¯®«ã¯«®áª®áâ¨ R � 0  

ªàã£ ¥¤¨¨ç®£® à ¤¨ãá . �â® ¯à¥®¡à §®¢ ¨¥ ï¢«ï¥âáï ª®ä®à¬ë¬ ¨

¯à¥®¡à §ã¥â ¯àï¬ë¥ «¨¨¨ ¢ ®ªàã¦®áâ¨. �â¨ á®®¡à ¦¥¨ï ¯®§¢®«ïîâ

¯®áâà®¨âì «¨¨¨ X = const ¨ R = const ¢ ¯«®áª®áâ¨ ª®íää¨æ¨¥â®¢

®âà ¦¥¨ï.
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+1

R=0

X=0

X = const

-1

Z=0 Z=

8

X < 0

R = const

X > 0

 s
ou

rc
e

to

to
 load

�  ¯à¨¢¥¤¥®© ®¬®£à ¬¬¥  ¥á¥  á¥âª  «¨¨© X = const ¨ R =

const. �¥à¥á¥ç¥¨¥ ¤¢ãå â ª¨å «¨¨© ®¯à¥¤¥«ï¥â á®¯à®â¨¢«¥¨¥  £àã§-

ª¨, ®â¥á¥®¥ ª Z0. � â® ¦¥ ¢à¥¬ï ª®íää¨æ¨¥â ®âà ¦¥¨ï ¯® ¬®¤ã«î

¨ ä §¥ ®¯à¥¤¥«ï¥âáï à ¤¨ãá-¢¥ªâ®à®¬ â®çª¨ ¯¥à¥á¥ç¥¨ï. �à¨ ¯¥à¥å®¤¥

¢ ¤àã£®¥ á¥ç¥¨¥ à ¤¨ãá-¢¥ªâ®à ¯®¢®à ç¨¢ ¥âáï   ã£®«

' = 2kl = 4�
l

�
:

�£® ª®¥æ ®¯à¥¤¥«ï¥â ¯à¥®¡à §®¢ ®¥ á®¯à®â¨¢«¥¨¥.

� ª ï ®¬®£à ¬¬  ¨«¨, ª ª ¥¥  §ë¢ îâ, ¤¨ £à ¬¬  �¬¨â  (¨«¨ ªàã-

£®¢ ï ¤¨ £à ¬¬ ) è¨à®ª® ¯à¨¬¥ï¥âáï ¯à¨ à áç¥â å á ¤«¨ë¬¨ «¨¨-

ï¬¨. �â¬¥â¨¬, çâ® íâ  ¦¥ ¤¨ £à ¬¬  ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢   ¤«ï à á-

ç¥â  ¯à®¢®¤¨¬®áâ¥©, ® ¤«ï íâ®£® ¤¨ £à ¬¬ã ã¦® ¯®¢¥àãâì   180o,

§ ¬¥¨¢ X   B ¨ R   G. �¥§ã«ìâ â ¯®«ãç ¥âáï ¢ ¢¨¤¥ ¯à®¢®¤¨¬®áâ¨,

®â¥á¥®© ª ¢®«®¢®© ¯®¢®¤¨¬®áâ¨ Y0.

2.12. �®£®¯à®¢®¤ë¥ «¨¨¨ TEM

�à®¬¥ «¨¨©, á®áâ®ïé¨å ¨§ ¤¢ãå ¯à®¢®¤¨ª®¢, ¯à¨¬¥ïîâ â ª¦¥ «¨¨¨,

á®áâ®ïé¨¥ ¨§ ¡®«ìè¥£® ç¨á«  ¯à®¢®¤¨ª®¢ { ¬®£®¯à®¢®¤ë¥ «¨¨¨. �

ç áâ®áâ¨, â ª¨¥ «¨¨¨ ¯à¨¬¥ïîâ ¢  ¯à ¢«¥ëå ®â¢¥â¢¨â¥«ïå. �¥®-

à¨ï ¬®£®¯à®¢®¤ëå «¨¨© ¨á¯®«ì§ã¥âáï â ª¦¥ ¯à¨ à áç¥â¥ ¥ª®â®àëå
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â¨¯®¢ § ¬¥¤«ïîé¨å á¨áâ¥¬. �à¨¬¥à á¥ç¥¨ï ¬®£®¯à®¢®¤®© «¨¨¨

¯à¨¢¥¤¥   à¨á.

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

���
���
���

���
���
���

� á¯à®áâà ¥¨¥ ¢®« ¢ ¬®£®¯à®-

¢®¤®© «¨¨¨ ¬®¦¥â ¡ëâì ®¯¨á ®

á ¯®¬®éìî â¥«¥£à äëå ãà ¢¥-

¨©. �«ï íâ®£® ¢¢®¤ïâáï ¯®£®ë¥

¯ à ¬¥âàë á ¯®¬®éìî á®®â®è¥-

¨© (¢ áâ â¨ç¥áª®¬ ¯à¨¡«¨¦¥¨¨)

Qi =
X
k

Cik � Uk; Us =
X
m

Psm �Qm;

£¤¥ Qi { «¨¥© ï ¯«®â®áâì § àï¤    i-¬ ¯à®¢®¤¨ª¥, Us { ¯®â¥æ¨ «

s-£® ¯à®¢®¤¨ª , Cik { ¯®£®ë¥ ç áâ¨çë¥ ¥¬ª®áâ¨ (®âà¨æ â¥«ìë¥ ¯à¨

i 6= k), Psm { ¯®£®ë¥ ¯®â¥æ¨ «ìë¥ ª®íää¨æ¨¥âë. �à¨¢¥¤¥ë¥

á®®â®è¥¨ï ¬®£ãâ ¡ëâì § ¯¨á ë ¢ ¬ âà¨ç®© ä®à¬¥:

Q = C �U ; U = P �Q ;

£¤¥ Q = fQig; U = fUsg; C = fCikg; P = fPsmg { á®®â¢¥âáâ¢ãîé¨¥
¬ âà¨æë.

� âà¨æë C ¨ P á¢ï§ ë á®®â®è¥¨¥¬

C � P = 1 ;

£¤¥ 1 { ¥¤¨¨ç ï ¬ âà¨æ , â.¥. C ¨ P { ¢§ ¨¬® ®¡à âë¥ ¬ âà¨æë:

P = C�1.

� ¤àã£®© áâ®à®ë, ¬®¦® ¢¢¥áâ¨ â ª¦¥ ¬ âà¨æã ¯®£®ëå ¨¤ãª-

â¨¢®áâ¥© á ¯®¬®éìî á®®â®è¥¨ï

�i =
X
k

Lik � Ik ;

£¤¥ �i { ¬ £¨âë© ¯®â®ª   ¥¤¨¨æã ¤«¨ë «¨¨¨, áæ¥¯«¥ë© á i-¬

¯à®¢®¤¨ª®¬, Lik { ¯®£®ë¥ ¢§ ¨¬ë¥ ¨¤ãªâ¨¢®áâ¨. � âà¨ç ï § -

¯¨áì íâ®£® á®®â®è¥¨ï ¨¬¥¥â ¢¨¤

� = L � I :
�¥«¥£à äë¥ ãà ¢¥¨ï á®áâ ¢«ïîâáï â ª ¦¥, ª ª ¨ ¢ á«ãç ¥ ¤¢ãå-

¯à®¢®¤®© «¨¨¨:
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dU

dz
= � j!L � I ;

dI

dz
= � j!C �U

(§ ¯¨áì ¢ ¬ âà¨ç®© ä®à¬¥).

�«ï à¥è¥¨ï ¨áª«îç ¥¬ â®ª ¨§ ¯¥à¢®£® ãà ¢¥¨ï:

d2U

dz2
= � j!L � dI

dz
= � !2LC �U ;

£¤¥ LC { ¬ âà¨æ  (¯à®¨§¢¥¤¥¨¥ ¬ âà¨æ L ¨ C).

���
���
���
���

���
���
���
���

������������
������������
������������

������������
������������
�������������������������������������

�
�

�
�
�

i k

a

y

x �ëç¨á«¨¬ ¬ âà¨æã LC,  ©¤ï

á¢ï§ì ¬¥¦¤ã ¬ âà¨æ ¬¨ L ¨ P .

�«ï íâ®£® à áá¬®âà¨¬ ¤¢  ¯à®¢®¤-

¨ª  á ®¬¥à ¬¨ i ¨ k ¯à¨ i 6= k

(á¬. à¨á.).

� ©¤¥¬ ¯®â¥æ¨ « k-£® ¯à®¢®¤¨-

ª , ¥á«¨ ¯®â¥æ¨ « i-£® ¯à®¢®¤¨-

ª  à ¢¥ Ui:

U i
k = �

aZ
0

Eix � dx;

£¤¥ Eix { x-ï ª®¬¯®¥â  í«¥ªâà¨ç¥áª®£® ¯®«ï, á®§¤ ¢ ¥¬®£® i-¬ ¯à®¢®¤-

¨ª®¬. �¥«¨ç¨ã Eix ¬®¦® ®¯à¥¤¥«¨âì ¨§ ãà ¢¥¨ï � ªá¢¥«« 

Eix =
1

j!"
rot x ~Hi;

£¤¥ ~Hi { ¬ £¨â®¥ ¯®«¥, á®§¤ ¢ ¥¬®¥ i-¬ ¯à®¢®¤¨ª®¬. � ª ª ª Hz = 0,

â®

rot x ~Hi = � @Hiy

@z
¨ Eix = � 1

j!"

@Hiy

@z
:

� ª¨¬ ®¡à §®¬,
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U i
k =

aZ
0

1

j!"

@Hiy

@z
dx =

1

j!"

@

@z

aZ
0

Hiy dx:

�® ��RHiy dx = �ik { ¯®â®ª, á®§¤ ¢ ¥¬ë© i-¬ ¯à®¢®¤¨ª®¬, ®å¢ âë¢ î-

é¨© k-© ¯à®¢®¤¨ª. �â®â ¯®â®ª �ik = LkiIi, ¯®íâ®¬ã

U i
k = � 1

j!"�
Lki

@Ii

@z
:

�à®¨§¢®¤ãî
@Ii
@z

¬®¦® ¢ëç¨á«¨âì á ¯®¬®éìî ãà ¢¥¨ï ¥¯à¥àë¢-

®áâ¨, ª®â®à®¥ ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

@Q

@t
+

@I

@z
= 0:

�âáî¤ 

@Ii

@z
= � j!Qi :

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï U i
k, ¯®«ãç¨¬

U i
k = � 1

j!"�
Lki � (�j!Qi) =

Lki

"�
�Qi:

�¥«¨ç¨  "� =
1

v2
, £¤¥ v { áª®à®áâì à á¯à®áâà ¥¨ï ¯®¯¥à¥çëå

¢®« ¢ «¨¨¨. �â ª, ¨¬¥¥¬

U i
k = v2 � Lki �Qi:

�à ¢¨¢ ï á ®¯à¥¤¥«¥¨¥¬ í«¥¬¥â®¢ ¬ âà¨æë P ,  å®¤¨¬

Pki = v2 � Lki ¯à¨ i 6= k:

� «®£¨çë¥ à ááã¦¤¥¨ï ¯à¨¢®¤ïâ ª â ª®¬ã ¦¥ á®®â®è¥¨î ¯à¨

i = k. �®íâ®¬ã

P = v2L ; L =
P

v2
:
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�®¤áâ ¢«ïï íâ® ¢ëà ¦¥¨¥ ¢ ¯®«ãç¥®¥ ¢ëè¥ ¤¨ää¥à¥æ¨ «ì®¥

ãà ¢¥¨¥,  å®¤¨¬

d2U

dz2
= �

�!
v

�2
PC �U = � k2U :

�à ¢¥¨¥ ¯à¨®¡à¥â ¥â ¢¨¤

d2U

dz2
+ k2U = 0:

�â® ãà ¢¥¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ªà âªãî § ¯¨áì ¯®á«¥¤®¢ â¥«ì®áâ¨

ãà ¢¥¨© ¤«ï Ui, ¯à¨ç¥¬ ¢ ª ¦¤®¥ ãà ¢¥¨¥ ¢å®¤¨â «¨èì ®¤¨ ¯®â¥-

æ¨ « Ui, â.¥. ¯¥à¥¬¥ë¥ à §¤¥«ïîâáï. �¥è¥¨¥ íâ¨å ãà ¢¥¨© ¬®¦¥â

¡ëâì § ¯¨á ® ¢ ¬ âà¨ç®© ä®à¬¥

U = Ae�jkz + Be jkz ;

£¤¥ U , A, B { á®®â¢¥âáâ¢ãîé¨¥ ¬ âà¨æë. �«ï â®ª  ¨§ ¯à¥¤ë¤ãé¨å

ãà ¢¥¨© ¨¬¥¥¬

I = � 1

j!
L�1

dU

dz
= Z0

�1
�
Ae�jkz � Be jkz

�
¨«¨

Z0I = Ae�jkz � Be jkz :

�¤¥áì ¢¢¥¤¥® ®¡®§ ç¥¨¥
!
k
� L = Z0 (Z0 { ¢¥é¥áâ¢¥ ï ¬ âà¨æ ,

¨¬¥îé ï á¬ëá« ¬ âà¨æë ¢®«®¢®£® á®¯à®â¨¢«¥¨ï).

�®á¯®«ì§ã¥¬áï ¯®«ãç¥ë¬¨ á®®â®è¥¨ï¬¨ ¤«ï ¢ëïá¥¨ï, ª ª ¯à¥-

®¡à §ãîâáï  ¯àï¦¥¨¥ ¨ â®ª ¢ ¬®£®¯à®¢®¤®© «¨¨¨.

�®« £ ï z = 0,  ©¤¥¬  ¯àï¦¥¨ï ¨ â®ª ¢  ç «¥ «¨¨¨:

U (0) = A + B;

Z0I(0) = A � B:

�«ï ®¯à¥¤¥«¥¨ï A ¨ B § ¯¨è¥¬ ãá«®¢¨ï ¢ ª®æ¥ «¨¨¨, â.¥. ¯à¨

z = l:
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U (l) = Ae�jkl + Be jkl;

Z0I(l) = Ae�jkl � Be jkl;

®âªã¤ 

A = e jkl
U (l) + Z0I(l)

2
;

B = e�jkl
U (l) � Z0I(l)

2
:

�®¤áâ ¢«ïï A ¨ B ¢ ¢ëà ¦¥¨ï ¤«ï U (0) ¨ I(0),  å®¤¨¬:

U(0) = U (l) cos kl + jZ0I(l) sin kl;

I(0) = jZ0

�1U (l) sin kl + I(l) coskl:

� ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç¨«¨ ãà ¢¥¨ï,   «®£¨çë¥ ãà ¢¥¨ï¬

¤«ï ¤¢ãå¯à®¢®¤®© «¨¨¨, § ¯¨á ë¥ ¢ ¬ âà¨ç®© ä®à¬¥. �â¬¥â¨¬,

çâ® ¢ íâ¨å ãà ¢¥¨ïå à §¤¥«¥¨¥ ¯¥à¥¬¥ëå ã¦¥ ¥ ¨¬¥¥â ¬¥áâ  ¢

®â«¨ç¨¥ ®â ¨áå®¤®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï.

� £àã§ª  ¬®£®¯à®¢®¤®© «¨¨¨ ®¯à¥¤¥«ï¥âáï ¬ âà¨æ¥©  £àã§®ç-

®£® á®¯à®â¨¢«¥¨ï, á¢ï§ë¢ îé¥£® ¬¥¦¤ã á®¡®© ¯®â¥æ¨ «ë ¯à®¢®¤®¢

  ¢ëå®¤¥ ¨ â®ª¨, ¯à®â¥ª îé¨¥ ¢ íâ¨å ¯à®¢®¤ å.

2.13. �¨¨ï á ¬ «ë¬¨ ¯®â¥àï¬¨

� ¨¡®«¥¥ ¯à®áâ® ¢ëïá¨âì ¢«¨ï¨¥ ¬ «ëå ¯®â¥àì   à á¯à®áâà ¥¨¥

¢®« á ¯®¬®éìî â¥«¥£à äëå ãà ¢¥¨©. �®áâ®ï ï à á¯à®áâà ¥¨ï

¢ íâ®¬ á«ãç ¥ ¡ã¤¥â à ¢ 

 =
p
Z1 � Y1 =

p
(j!L1 + R1)(j!C1 + G1) =

=

s
�!2L1C1 �

�
1 +

R1

j!L1

��
1 +

G1

j!C1

�
=

= j!
p
L1C1

s�
1 +

R1

j!L1

��
1 +

G1

j!C1

�
:
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�á«¨ R1 � !L1 ¨ G1 � !C1, â® ¯à¨¡«¨¦¥®

 � j!
p
L1C1

(
1 +

1

2j!

�
R1

L1
+

G1

C1

�
+

1

8!2

�
R1

L1
� G1

C1

�2)
=

= jk

(
1 +

1

8!2

�
R1

L1
� G1

C1

�2)
+

1

2

�
R1

Z0
+

G1

Y0

�
= jk0 + �;

£¤¥ Z0 =

r
L1
C1

, Y0 =

r
C1

L1
{ ¢®«®¢ë¥ á®¯à®â¨¢«¥¨¥ ¨ ¯à®¢®¤¨¬®áâì

«¨¨¨ ¡¥§ ¯®â¥àì.

�¤¥áì áª®à®áâì à á¯à®áâà ¥¨ï (v = !=k0) § ¢¨á¨â ®â ç áâ®âë, â.¥.

¨¬¥¥â ¬¥áâ® ¤¨á¯¥àá¨ï. �à®¬¥ â®£®, ¯®ï¢«ï¥âáï § âãå ¨¥, á®®â¢¥âáâ¢ã-

îé¥¥ ¢¥é¥áâ¢¥®© ç áâ¨ ¯®áâ®ï®© à á¯à®áâà ¥¨ï :

U = U0 e
��z � e�jk0z; � =

1

2

�
R1

Z0
+

G1

Y0

�
:

� «¨ç¨¥ ¤¨á¯¥àá¨¨ ¯à¨¢®¤¨â ª ¯®ï¢«¥¨î ¨áª ¦¥¨© ¨¬¯ã«ìá®¢ ¢

«¨¨¨. �â¨ ¨áª ¦¥¨ï ¬®£ãâ ¡ëâì ®á®¡¥® á¨«ìë¬¨ ¢ ¤«¨ëå «¨¨-

ïå. �áª ¦¥¨© ¥â ¢ ç áâ®¬ á«ãç ¥, ª®£¤ 

R1

L1
=

G1

C1

:

� íâ®¬ á«ãç ¥

 = j!
p
L1C1

�
1 +

R1

j!L1

�
= jk +

R1

Z0
:

� ª ª ª ¢ â¥«¥£à äëå ª ¡¥«ïå ¯à¥®¡« ¤ îâ ¯®â¥à¨ §  áç¥â á®¯à®â¨-

¢«¥¨ï ¯à®¢®¤®¢ (R1), â® ¤«ï ã¬¥ìè¥¨ï ¨áª ¦¥¨©   ¨§ª¨å ç áâ®-

â å ã¢¥«¨ç¨¢ îâ ¨¤ãªâ¨¢®áâì, ¢ª«îç ï ç¥à¥§ ¥ª®â®àë¥ ¨â¥à¢ «ë

ª âãèª¨ (ª âãèª¨ �ã¯¯¨ ). �á«¨ ¯®â¥à¨ ®¡ãá«®¢«¥ë â®«ìª® á®¯à®-

â¨¢«¥¨¥¬ ¯à®¢®¤®¢, â® ¯à¨ R1 � !L1 § âãå ¨¥ à ¢®

� =
R1

2Z0
:

�¥«¨ç¨ R1 ®¯à¥¤¥«ï¥âáï ª ª áã¬¬  á®¯à®â¨¢«¥¨ï ¯àï¬®£® ¨ ®¡à â-

®£® ¯à®¢®¤®¢ á ãç¥â®¬ â®«é¨ë áª¨-á«®ï, ¯® ª®â®à®¬ã ¯à®â¥ª ¥â â®ª.
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� «¨ç¨¥ ¯®â¥àì ¯à¨¢®¤¨â ª â®¬ã, çâ® ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥ áâ ®-

¢¨âáï ª®¬¯«¥ªáë¬. �áª«îç¥¨¥ á®áâ ¢«ï¥â «¨èì «¨¨ï ¡¥§ ¨áª ¦¥¨©,

¤«ï ª®â®à®© ¢ë¯®«ï¥âáï á®®â®è¥¨¥
R1

L1
=
G1

C1
. �¥âàã¤® ¢¨¤¥âì, çâ®

¢ íâ®¬ á«ãç ¥ ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥ à ¢®
p
L1=C1, â.¥. ¢®«®¢®¬ã

á®¯à®â¨¢«¥¨î «¨¨¨ ¡¥§ ¯®â¥àì.

�à¨¬¥à. � áç¥â § âãå ¨ï ª® ªá¨ «ì®£® ª ¡¥«ï.

�¨ ¬¥âàë ¯à®¢®¤¨ª®¢: d1=0.6 ¬¬, d2=4.0 ¬¬;

�®«®¢®¥ á®¯à®â¨¢«¥¨¥ Z0=75 �¬;

� áâ®â  f=1000 ��æ.

�âáî¤  á®¯à®â¨¢«¥¨¥ ¢ãâà¥¥£® ¯à®¢®¤¨ª  R01 = 0:0175 � l
S
, £¤¥

l { ¤«¨  (1 ¬); S { ¯«®é ¤ì á¥ç¥¨ï ¢ãâà¥¥£® ¯à®¢®¤¨ª , ¬¬2 (S =

�d1 � �, � { â®«é¨  áª¨-á«®ï).
�®«é¨  áª¨-á«®ï ¢ ¬¥¤¨ ¤«ï ç áâ®âë f=1000��æ à ¢  2:1 � 10�3 ¬¬.
� à¥§ã«ìâ â¥ ¯®«ãç ¥¬: R01 � 4:46 �¬/¬, ¨   «®£¨ç® á®¯à®â¨¢«¥-

¨¥  àã¦®£® ¯à®¢®¤¨ª  R001 � 0:65 �¬/¬, ¨â®£® R1 � 5:1 �¬/¬.

�âáî¤  � =
5:1
2 � 75 = 0:031 ¥¯¥à/¬ = 0:031 � 8:69 = 0:29 ¤�/¬.

3. ���������

3.1. �ëà ¦¥¨¥ ¢¥ªâ®à®¢ ¯®«ï ç¥à¥§

¯®â¥æ¨ «ìë¥ äãªæ¨¨. E- ¨ H-¬®¤ë

z
y

x
�à®¬¥ à áá¬®âà¥ëå à ¥¥ ç¨áâ® ¯®-

¯¥à¥çëå ¢®« ¢ «¨¨ïå ¯¥à¥¤ ç¨ ¬®-

£ãâ ¯à¨ ¥ª®â®àëå ãá«®¢¨ïå à á¯à®-

áâà ïâìáï ¢®«ë, ¨¬¥îé¨¥ ¯à®¤®«ì-

ãî á®áâ ¢«ïîéãî í«¥ªâà¨ç¥áª®£® ¨«¨

¬ £¨â®£® ¯®«¥©. � ç áâ®áâ¨, ¢ «¨¨-

ïå á ®¤®á¢ï§ë¬ á¥ç¥¨¥¬ (á¬. à¨á.)

¬®£ãâ áãé¥áâ¢®¢ âì â®«ìª® â ª¨¥ ¢®«-

ë.

� «¨¨ïå á ¤¢ã- ¨«¨ ¬®£®á¢ï§ë¬ á¥ç¥¨¥¬ ªà®¬¥ ¯®¯¥à¥çëå ¢®«

¬®£ãâ à á¯à®áâà ïâìáï â ª¦¥ ¢®«ë á ¯à®¤®«ìë¬¨ á®áâ ¢«ïîé¨¬¨

¯®«ï, ¥á«¨ ç áâ®â  ¯à¥¢®áå®¤¨â ¥ª®â®à®¥ ªà¨â¨ç¥áª®¥ § ç¥¨¥.
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�«¥ªâà®¬ £¨â®¥ ¯®«¥ ¢ ¢®«®¢®¤¥ ã¤®¢«¥â¢®àï¥â ®¤®à®¤ë¬ ãà ¢-

¥¨ï¬ � ªá¢¥«« 

rot ~E = � j!� ~H; rot ~H = j!" ~E:

�áª«îç ï ¯®®ç¥à¥¤® í«¥ªâà¨ç¥áª®¥ ¨ ¬ £¨â®¥ ¯®«ï, ¬®¦® ¯¥-

à¥©â¨ ª ãà ¢¥¨ï¬ �¥«ì¬£®«ìæ  ¤«ï ª ¦¤®£® ¨§ ¯®«¥©:

� ~E + k2 ~E = 0; � ~H + k2 ~H = 0:

� ª ª ª Ez ¨ Hz { ¤¥ª àâ®¢ë á®áâ ¢«ïîé¨¥, â® ¤«ï ¨å ãà ¢¥¨ï

�¥«ì¬£®«ìæ  ¤ îâ

�?Ez +
@2Ez

@z2
+ k2Ez = 0;

�?Hz +
@2Hz

@z2
+ k2Hz = 0;

£¤¥ �? { « ¯« á¨ , ¤¥©áâ¢ãîé¨© «¨èì   ¯®¯¥à¥çë¥ ª®®à¤¨ âë.

�à ¢¥¨ï ¬®¦® à¥è âì à §¤¥«¥¨¥¬ ¯¥à¥¬¥ëå:

Ez = E?(x; y) �Ek(z); Hz = H?(x; y) �Hk(z):

�®¤áâ ¢«ïï ¨ à §¤¥«ïï ¯¥à¥¬¥ë¥, ¯®«ãç¨¬

d2Ek

dz2
� 2Ek = 0; �?E? + (k2 + 2)E? = 0;

d2Hk

dz2
� 2Hk = 0; �?H? + (k2 + 2)H? = 0;

£¤¥  { ¯®áâ®ï ï à §¤¥«¥¨ï.

�§ íâ¨å ãà ¢¥¨© á«¥¤ã¥â, çâ® § ¢¨á¨¬®áâì ¯®«ï ®â z íªá¯®¥æ¨-

 «ì : e�z. �à¨ íâ®¬  6= jk, â ª ª ª ¢ á«ãç ¥ à ¢¥áâ¢  ¯®¯¥à¥ç®¥

¯®«¥ ¤®«¦® ¡ëâì áâ â¨ç¥áª¨¬, ª ª íâ® á«¥¤ã¥â ¨§ ¯®«ãç¥ëå ãà ¢¥-

¨©.

�à®¬¥ ãà ¢¥¨© � ªá¢¥«« , ¯®«ï ã¤®¢«¥â¢®àïîâ £à ¨çë¬ ãá«®-

¢¨ï¬, ª®â®àë¥ ¤«ï ¨¤¥ «ì® ¯à®¢®¤ïé¨å áâ¥®ª ¨¬¥îâ ¢¨¤

~Et = 0; Hn = 0;
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£¤¥ Et { â £¥æ¨ «ì ï á®áâ ¢«ïîé ï í«¥ªâà¨ç¥áª®£® ¯®«ï   ¯®¢¥àå-

®áâ¨ ¬¥â «« , Hn { ®à¬ «ì ï á®áâ ¢«ïîé ï ¬ £¨â®£® ¯®«ï   íâ®©

¯®¢¥àå®áâ¨.

� ©¤¥¬ à¥è¥¨ï ãà ¢¥¨© � ªá¢¥«« . �«ï íâ®£® § ¯¨è¥¬ ¨å ¤«ï

¤¥ª àâ®¢ëå á®áâ ¢«ïîé¨å ¢¥ªâ®à®¢ ¯®«ï, ãç¨âë¢ ï íªá¯®¥æ¨ «ìãî

§ ¢¨á¨¬®áâì ¨å ®â z (¤¨ää¥à¥æ¨à®¢ ¨î ¯® z á®®â¢¥âáâ¢ã¥â ã¬®¦¥¨¥

  �):

�j!�Hx =
@Ez

@y
+ Ey;

�j!�Hy = �Ex � @Ez

@x
;

�j!�Hz =
@Ey

@x
� @Ex

@y
;

j!"Ex =
@Hz

@y
+ Hy;

j!"Ey = �Hx � @Hz

@x
;

j!"Ez =
@Hy

@x
� @Hx

@y
:

� ¯¨á ë¥ ãà ¢¥¨ï ¯®§¢®«ïîâ ¢ëà §¨âì ¯®¯¥à¥çë¥ ª®¬¯®¥âë

Ex, Ey, Hx, Hy ç¥à¥§ ¯à®¤®«ìë¥ Ez, Hz. �«ï íâ®£® ¯®¤áâ ¢¨¬ ¢ ¯¥à¢®¥

ãà ¢¥¨¥ Ey , ¢§ïâ®¥ ¨§ ¯ïâ®£®. �®£¤  ¯®«ãç¨¬

(!2�" + 2)Hx = j!"
@Ez

@y
� 

@Hz

@x

¨«¨ (®¡®§ ç ï !2�" = k2)

Hx =
j!"

k2 + 2
@Ez

@y
� 

k2 + 2
@Hz

@x
:

� «®£¨ç®

Hy = � j!"

k2 + 2
@Ez

@x
� 

k2 + 2
@Hz

@y
;

Ex = � j!�

k2 + 2
@Hz

@y
� 

k2 + 2
@Ez

@x
;
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Ey =
j!�

k2 + 2
@Hz

@x
� 

k2 + 2
@Ez

@y
:

�®áâ ¢«ïîé¨¥ Ez ¨ Hz ¤®«¦ë ã¤®¢«¥â¢®àïâì ãà ¢¥¨ï¬ �¥«ì¬-

£®«ìæ :

�Ez + k2Ez = 0;

�Hz + k2Hz = 0;

¨«¨, ãç¨âë¢ ï, çâ®
@
@z

= �, ¯®«ãç ¥¬

d2Ez

dx2
+

d2Ez

dy2
+ (k2 + 2)Ez = 0;

d2Hz

dx2
+

d2Hz

dy2
+ (k2 + 2)Hz = 0:

� ë¥ ãà ¢¥¨ï ¬®£ãâ ¡ëâì ¯®«ãç¥ë ¨ ¥¯®áà¥¤áâ¢¥® ¨§ âà¥-

âì¥£® ¨ è¥áâ®£® ¨§ ¢ëè¥ ¯¨á ëå ãà ¢¥¨©, ¥á«¨ ¯®¤áâ ¢¨âì ¢ ¨å

Ex, Ey , Hx ¨ Hy.

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:

Ez = (k2 + 2) � �(x; y) � e�z;
Hz = (k2 + 2) �  (x; y) � e�z;

£¤¥ �(x; y),  (x; y) { ¥ª®â®àë¥ áª «ïàë¥ äãªæ¨¨ ¯®¯¥à¥çëå ¯¥à¥-

¬¥ëå. �â¨ äãªæ¨¨ ¤®«¦ë, ®ç¥¢¨¤®, ã¤®¢«¥â¢®àïâì ãà ¢¥¨ï¬

�x;y� + (k2 + 2)� = 0;

�x;y + (k2 + 2) = 0;

¨«¨, ®¡®§ ç ï k2 + 2 = g2,

�x;y� + g2� = 0;

�x;y + g2 = 0:

�®áâ ¢«ïîé¨¥ ¯®«¥© ¢ëà ¦ îâáï ç¥à¥§ äãªæ¨¨ � ¨  :
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Hx =

�
j!"

@�

@y
� 

@ 

@x

�
� e�z;

Hy =

�
�j!"@�

@x
� 

@ 

@y

�
� e�z;

Ex =

�
�j!�@ 

@y
� 

@�

@x

�
� e�z;

Ey =

�
j!�

@ 

@x
� 

@�

@y

�
� e�z;

�¥âàã¤® ¯à®¢¥à¨âì, çâ® íâ¨ á®®â®è¥¨ï ¬®£ãâ ¡ëâì § ¯¨á ë ¢

¢¨¤¥

~H = j!" � rot (� � ~z0 � e�z) + graddiv ( � ~z0 � e�z) + k2 � e�z � ~z0;
~E = � j!� � rot ( � ~z0 � e�z) + graddiv (� � ~z0 � e�z) + k2� � e�z � ~z0;
£¤¥ ~z0 { ¥¤¨¨çë© ¢¥ªâ®à ¢  ¯à ¢«¥¨¨ ®á¨ z.

�¥©áâ¢¨â¥«ì®, ¥á«¨ ¨áå®¤¨âì ¨§ ¨§¢¥áâëå ¢¥ªâ®àëå â®¦¤¥áâ¢

grad (	 � �) = � � grad	 + 	 � grad�;
rot (� � ~F ) = � � rot ~F + grad�� ~F ;

div (� � ~F ) = � � div ~F + grad� � ~F ;

¬®¦® ¯®«ãç¨âì

rot (� � ~z0 � e�z) = e�z � grad�� ~z0;
graddiv ( � ~z0 � e�z) = � e�zgrad + 2 � ~z0e�z:

�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥¨ï, ¯®«ãç¨¬

~H = j!" � e�zgrad�� ~z0 + (k2 + 2)e�z � ~z0 � e�zgrad ;

~E = � j!� � e�zgrad � ~z0 + (k2 + 2)e�z� � ~z0 � e�zgrad�:

� ë¥ á®®â®è¥¨ï, ¥á«¨ ¨å § ¯¨á âì ¢ ¤¥ª àâ®¢ëå á®áâ ¢«ïîé¨å,

¯à¨¢®¤ïâáï ª ¯®«ãç¥ë¬ ¢ëè¥.
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�¥ªâ®àë

~� = � � ~z0 � e�z ¨ ~�0 =  � ~z0 � e�z |

íâ® ¢¥ªâ®àë �¥àæ .

� ª¨¬ ®¡à §®¬, ¢¥ªâ®àë ¯®«ï ¢ëà ¦ îâáï ç¥à¥§ í«¥ªâà¨ç¥áª¨© ¨

¬ £¨âë© ¢¥ªâ®àë �¥àæ , ¨¬¥îé¨¥ ¢ ¤ ®¬ á«ãç ¥ â®«ìª® ¯à®¤®«ì-

ë¥ (z) á®áâ ¢«ïîé¨¥.

� ©¤¥¬ £à ¨çë¥ ãá«®¢¨ï   ¯®¢¥àå®áâ¨ ¤«ï ¯®â¥æ¨ «ìëå äãª-

æ¨© � ¨  . �«ï íâ®£® ¥®¡å®¤¨¬® ¢ëà §¨âì â £¥æ¨ «ìãî ª®¬¯®¥âã

í«¥ªâà¨ç¥áª®£® ¯®«ï ~Et ¨ ®à¬ «ìãî ¬ £¨â®£® ¯®«ï Hn   ¯®¢¥àå-

®áâ¨ ç¥à¥§ � ¨  .

� £¥æ¨ «ìãî ª®¬¯®¥âã ~Et ¬®¦® à §«®¦¨âì   á®áâ ¢«ïîéãî

¢  ¯à ¢«¥¨¨ ®á¨ z ¨ á®áâ ¢«ïîéãî, «¥¦ éãî ¢ ¯«®áª®áâ¨ á¥ç¥¨ï, â.¥.

ª á â¥«ìãî ª ª®âãàã ¯®¯¥à¥ç®£® á¥ç¥¨ï. �¡¥ á®áâ ¢«ïîé¨¥ ¤®«¦-

ë ¡ëâì à ¢ë ã«î. �§ à ¢¥áâ¢  Ez = 0   ¯®¢¥àå®áâ¨ ¯®«ãç ¥¬

� = 0   ª®âãà¥ á¥ç¥¨ï C.

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

(x)n

s (y)

�â®¡ë  ©â¨ ª á â¥«ìãî ª ª®-

âãàã á¥ç¥¨ï á®áâ ¢«ïîéãî ~Es,

¢¢¥¤¥¬ ¢ ¯à®¨§¢®«ì®© â®çª¥ ª®-

âãà  ¤¢  ®àâ  ~s ¨ ~n, ¯à¨ç¥¬ ~n

 ¯à ¢«¥ ¢ãâàì ¢®«®¢®¤  (á¬.

à¨á.). �®£¤  ¯®   «®£¨¨ á ¢ëà -

¦¥¨¥¬ ¤«ï Ey (®â®¦¤¥áâ¢«ïï  -

¯à ¢«¥¨¥ y á s,    ¯à ¢«¥¨¥ x {

á n) ¯®«ãç¨¬

Es = j!�
@ 

@n
� 

@�

@s
:

� ª ª ª � = 0   C, â® ¤«ï â®£®, çâ®¡ë Es = 0, ¥®¡å®¤¨¬® ¨ ¤®áâ -

â®ç®, çâ®¡ë @ =@n = 0   ª®âãà¥ C.

�®ª ¦¥¬, çâ® íâ¨ ãá«®¢¨ï ®¡¥á¯¥ç¨¢ îâ â ª¦¥ à ¢¥áâ¢® Hn = 0  

C. �«ï íâ®£® § ¯¨è¥¬ ¢ëà ¦¥¨¥ ¤«ï Hn ¯®   «®£¨¨ á ¢ëà ¦¥¨¥¬

¤«ï Hx:

Hn = � j!"
@�

@s
� 

@ 

@n
:

�â ª, £à ¨çë¥ ãá«®¢¨ï ¤«ï äãªæ¨© � ¨  ¨¬¥îâ ¢¨¤
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� = 0   C;

@ 

@n
= 0   C;

  á ¬¨ äãªæ¨¨ ã¤®¢«¥â¢®àïîâ ãà ¢¥¨ï¬

�x;y� + g2� = 0;

�x;y + g2 = 0;

£¤¥ g2 = k2 + 2.

� ¤ ç  à á¯ ¤ ¥âáï   ¤¢¥: ®â¤¥«ì® ¤«ï � ¨  . � ¨â®£¥ ¨¬¥¥¬ ¤¢¥

á¨áâ¥¬ë à¥è¥¨©. �«ï ®¤®© ¯®«¥ ¢ëà ¦ ¥âáï â®«ìª® ç¥à¥§ äãªæ¨î �,

¯à¨ íâ®¬ ®â«¨ç  ®â ã«ï z-ª®¬¯®¥â  í«¥ªâà¨ç¥áª®£® ¯®«ï, ¤«ï ¤àã-

£®© ¯®«¥ ¢ëà ¦ ¥âáï ç¥à¥§  -äãªæ¨î, ®â«¨ç  ®â ã«ï z-ª®¬¯®¥â 

¬ £¨â®£® ¯®«ï.

�§¢¥áâ®, çâ® â ª¨¥ § ¤ ç¨ ¨¬¥îâ ¥âà¨¢¨ «ìë¥ à¥è¥¨ï ¯à¨ ®¯à¥-

¤¥«¥ëå § ç¥¨ïå g2 { á®¡áâ¢¥ëå § ç¥¨ïå § ¤ ç¨. � ®¡é¥¬ á«ãç ¥

íâ¨ § ç¥¨ï à §«¨çë ¤«ï � ¨  äãªæ¨©. �ãªæ¨¨ � ¨  , ¯à¥¤áâ ¢«ï-

îé¨¥ á®¡®© ¥âà¨¢¨ «ìë¥ à¥è¥¨ï ãª § ®© ¢ëè¥ § ¤ ç¨,  §ë¢ îâ

á®¡áâ¢¥ë¬¨ äãªæ¨ï¬¨.

�®¦® ¯®ª § âì, çâ® á®¡áâ¢¥ë¥ § ç¥¨ï ¢¥é¥áâ¢¥ë ¨ ¯®«®¦¨-

â¥«ìë. �«ï íâ®£® ¬®¦® ¨áå®¤¨âì ¨§ ä®à¬ã«ë �à¨  ¤«ï ¯à®¨§¢®«ì-

ëå äãªæ¨© � ¨  Z
S

(� �� + grad� � grad ) dS =

I
C

� � @ 
@n

dC;

£¤¥ S { ®¡« áâì   ¯«®áª®áâ¨, C { ª®âãà, ®£à ¨ç¨¢ îé¨© íâã ®¡« áâì.

� ¬¥¨¬ �    �. �®£¤ Z
S

( � �� + jgrad j2) dS =

I
C

 � � @ 
@n

dC = 0

¢á«¥¤áâ¢¨¥ £à ¨çëå ãá«®¢¨©. �à®¬¥ â®£®, � = �g2 ¨§ ãà ¢¥¨ï.

�®¤áâ ¢«ïï íâ® ¢ à ¢¥áâ¢®, ¯®«ãç¥®¥ ¨§ ä®à¬ã«ë �à¨ ,  å®¤¨¬
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g2 =

R
S

jgrad j2 dSR
S

j j2 dS ;

®âªã¤  á«¥¤ã¥â, çâ® g2 > 0. �®«ãç¥ ï ä®à¬ã«  ¯®§¢®«ï¥â  ©â¨ á®¡-

áâ¢¥®¥ § ç¥¨¥, ¥á«¨ ¨§¢¥áâ  á®®â¢¥âáâ¢ãîé ï á®¡áâ¢¥ ï äãª-

æ¨ï.

�®¡áâ¢¥ë¥ § ç¥¨ï ®¡à §ãîâ ¢®§à áâ îéãî áç¥âãî ¯®á«¥¤®¢ -

â¥«ì®áâì ¯®«®¦¨â¥«ìëå ç¨á¥«, áà¥¤¨ ª®â®àëå ¨¬¥¥âáï ®â«¨ç®¥ ®â

ã«ï  ¨¬¥ìè¥¥ ç¨á«®: g21; g
2
2 ; : : : ; g2n; : : :. �â  ¯®á«¥¤®¢ â¥«ì®áâì

¥ ¨¬¥¥â â®ç¥ª á£ãé¥¨ï, §  ¨áª«îç¥¨¥¬ 1. � ¦¤®¬ã á®¡áâ¢¥®¬ã

§ ç¥¨î á®®â¢¥âáâ¢ã¥â ®¤  ¨«¨ ¡®«ìè¥ á®¡áâ¢¥ëå äãªæ¨©.

�®¦® ¯®ª § âì, çâ® á®¡áâ¢¥ë¥ äãªæ¨¨, á®®â¢¥âáâ¢ãîé¨¥ à §-

«¨çë¬ á®¡áâ¢¥ë¬ § ç¥¨ï¬, ®àâ®£® «ìë   á¥ç¥¨¨ ¢®«®¢®¤ 

S: Z
S

 n �  m dS = 0;

Z
S

�n � �m dS = 0; ¥á«¨ g2n 6= g2m:

�«ï ¤®ª § â¥«ìáâ¢  ¢®á¯®«ì§ã¥¬áï ¢â®à®© ä®à¬ã«®© �à¨ :Z
S

(�n ���m � �m ���n) dS =

I
C

(�n � @�m
@n

� �m � @�n
@n

) dC:

�à ¢ ï ç áâì íâ®£® à ¢¥áâ¢  ®¡à é ¥âáï ¢ ã«ì ¢ á¨«ã £à ¨çëå ãá«®-

¢¨©   ª®âãà¥ á¥ç¥¨ï ¢®«®¢®¤ Z
S

(�n ���m � �m ���n) dS = 0:

�®¤áâ ¢«ïï áî¤  ¨§ ãà ¢¥¨© ��n = �g2n��n, ��m = �g2m��m, ¯®«ãç¨¬

(g2n � g2m)

Z
S

�n � �m dS = 0:

� ª ª ª ¯® ¯à¥¤¯®«®¦¥¨î g2n 6= g2m, â®Z
S

�n � �m dS = 0:
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� «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ®Z
S

 n �  m dS = 0:

� á«ãç ¥ ¢ëà®¦¤¥¨ï, â.¥. ª®£¤  �n ¨ �m á®®â¢¥âáâ¢ãîâ ®¤®¬ã ¨

â®¬ã ¦¥ á®¡áâ¢¥®¬ã § ç¥¨î, ®¨ ¬®£ãâ ¨ ¥ ¡ëâì ®àâ®£® «ìë.

�§¢¥áâ®, çâ® ¢ íâ®¬ á«ãç ¥ ¢®§¬®¦¥ ¯à®æ¥áá ®àâ®£® «¨§ æ¨¨, â.¥.

¬®¦® ¯®¤®¡à âì â ª¨¥ «¨¥©ë¥ ª®¬¡¨ æ¨¨ ¨§ íâ¨å äãªæ¨©, ª®â®-

àë¥ ¡ã¤ãâ ®àâ®£® «ìë ¤àã£ ª ¤àã£ã, ®áâ ¢ ïáì ¯à¨ íâ®¬ á®¡áâ¢¥ë¬¨

äãªæ¨ï¬¨ (á®®â¢¥âáâ¢ãîé¨¬¨ ®¤®¬ã á®¡áâ¢¥®¬ã § ç¥¨î).

�®áâ®ï ï à á¯à®áâà ¥¨ï ¤«ï ¤ ®© ¬®¤ë n ¬®¦¥â ¡ëâì ®¯à¥-

¤¥«¥ , ¥á«¨ ¨§¢¥áâ® á®¡áâ¢¥®¥ § ç¥¨¥ g2n:

2n = g2n � k2 ; n = �
p
g2n � k2:

� á¯à®áâà ¥¨¥ ¡¥§ § âãå ¨ï ¨¬¥¥â ¬¥áâ®, ¥á«¨ n { ¬¨¬ ï ¢¥«¨-

ç¨ , â.¥. ¥á«¨ ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

k2 > g2n:

�â® ãá«®¢¨¥ ¬®¦® § ¯¨á âì ¨ ç¥:

!2�" > g2n

¨«¨

! >
gnp
�"

= !n |

ªà¨â¨ç¥áª ï ç áâ®â  ¤«ï n-© ¬®¤ë. �á«¨ íâ® ãá«®¢¨¥ ¢ë¯®«ï¥âáï, â®

¯®áâ®ï ï à á¯à®áâà ¥¨ï à ¢ 

n = j�n = j
p
k2 � g2n:

�âáî¤  ¬®¦®  ©â¨ ¤«¨ã ¢®«ë ¢ ¢®«®¢®¤¥ ¨ ä §®¢ãî áª®à®áâì.

�¥©áâ¢¨â¥«ì®,

�n =
2�

�n
; k =

2�

�
;

£¤¥ �n { ¤«¨  ¢®«ë ¢ ¢®«®¢®¤¥, � { ¤«¨  ¢®«ë ¢ ¥®£à ¨ç¥®¬

¯à®áâà áâ¢¥ á ¯ à ¬¥âà ¬¨ �, ".
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�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï n, ¯®«ãç¨¬ (gn =
2�
�n

):

1

�n
=

s
1

�2
� 1

�2n
;

®âªã¤ 

�n =
�r

1 � �2

�2n

:

� §®¢ ï áª®à®áâì ¬®¦¥â ¡ëâì  ©¤¥  ¯® ¨§¢¥áâ®© ¤«¨¥ ¢®«ë:

vä =
!

�n
=

!�n

2�
=

cr
1 � �2

�2n

> c:

�â ª, ¢®«ë, à á¯à®áâà ïîé¨¥áï ¢ ¢®«®¢®¤¥, ¬®£ãâ ¡ëâì ¯à¥¤áâ -

¢«¥ë ¢ ¢¨¤¥ áã¬¬ë í«¥ªâà¨ç¥áª¨å (E ¨«¨ TM,  � 0) ¨ ¬ £¨âëå

(H ¨«¨ TE, � � 0) ¢®«. �¬ á®®â¢¥âáâ¢ãîâ ¤¢¥ á¨áâ¥¬ë ¢¥ªâ®àëå

äãªæ¨©, í«¥ªâà¨ç¥áª¨¥ { ~E
(e)
n ; ~H

(e)
n ¨ ¬ £¨âë¥ { ~E

(h)
n ; ~H

(h)
n .

�â¬¥â¨¬, çâ® ¢¥ªâ®àë¥ äãªæ¨¨ ¢§ ¨¬® ®àâ®£® «ìë ¢ â®¬ á¬ë-

«¥, çâ®Z
S

~En � ~Em dS = 0;

Z
S

~Hn � ~Hm dS = 0;

Z
S

( ~En � ~Hm) � ~z0 dS = 0

¯à¨ g2n 6= g2m. �â¥£à «ë ¡¥àãâáï ¯® á¥ç¥¨î ¢®«®¢®¤ .

� ®¥ á¢®©áâ¢® ¯®§¢®«ï¥â à áá¬ âà¨¢ âì ¢®«ë à §«¨çëå ¬®¤ ª ª

¥§ ¢¨á¨¬ë¥, â ª ª ª ¡« £®¤ àï ®àâ®£® «ì®áâ¨ í¥à£¨ï ¨ ¬®é®áâì

áª« ¤ë¢ îâáï ¨§ í¥à£¨¨ ¨ ¬®é®áâ¨ ®â¤¥«ìëå ¬®¤.

� ¯¨è¥¬ ¢ëà ¦¥¨¥ ¤«ï H-¢®« ç¥à¥§ ¯®â¥æ¨ «ìãî äãªæ¨î  :

~E = � j!� � e�zgrad � ~z0;
~H = �  � e�zgrad + (k2 + 2) e�z � ~z0:

�®¯¥à¥çë¥ á®áâ ¢«ïîé¨¥ í«¥ªâà¨ç¥áª®£® ¨ ¬ £¨â®£® ¢¥ªâ®à®¢

¯¥à¯¥¤¨ªã«ïàë, çâ® á«¥¤ã¥â ¨§ à ¢¥áâ¢  ã«î ¨å áª «ïà®£® ¯à®-

¨§¢¥¤¥¨ï
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~E¯®¯ � ~H¯®¯ = grad � (grad � ~z0) = 0:

�§ ¯à¨¢¥¤¥ëå ¢ëè¥ ä®à¬ã« á«¥¤ã¥â, çâ® ¯®¯¥à¥çë¥ á®áâ ¢«ïî-

é¨¥ ¯®«ï á¢ï§ ë ¬¥¦¤ã á®¡®© á®®â®è¥¨¥¬ (¤«ï ª ¦¤®© ¬®¤ë)

~E¯®¯ = Zh � ~H¯®¯ � ~z0 ;

£¤¥ Zh = j!�=. �«ï à á¯à®áâà ïîé¨åáï ¬®¤ Zh ¢¥é¥áâ¢¥®:

Zh =
!�

�
= �vä =

p
�="p

1 � �2=�2n
:

�«ï E-¢®« ¯®«¥ ¬®¦¥â ¡ëâì § ¯¨á ® ¢ ¢¨¤¥

~E = � e�zgrad� + (k2 + 2) e�z� � ~z0;
~H = j!" � e�zgrad�� ~z0:

�¤¥áì ~E¯®¯ ¨ ~H¯®¯ â ª¦¥ ¯¥à¯¥¤¨ªã«ïàë. �à®¬¥ â®£®,

~E¯®¯ = Ze � ~H¯®¯ � ~z0 ;

¯à¨ç¥¬ Ze = =j!". �«ï à á¯à®áâà ïîé¨åáï ¢®« Ze ¢¥é¥áâ¢¥®:

Ze =
�

!"
=

1

vä � " =

r
�

"

s
1 � �2

�2n
:

� ¥¥ ¡ë«® ¯®ª § ®, çâ® ¢®«  ¢ ¢®«®¢®¤¥ ¬®¦¥â à á¯à®áâà ïâì-

áï, ¥á«¨ ¢ë¯®«ï¥âáï ãá«®¢¨¥

! > !n =
gnp
�"
;

¯à¨ç¥¬ áà¥¤¨ gn ¨¬¥¥âáï  ¨¬¥ìè¥¥,  ¯à¨¬¥à g1. �âáî¤  á«¥¤ã¥â,

çâ® ¯® ¤ ®¬ã ¢®«®¢®¤ã ¯à¨ § ¤ ®© ç áâ®â¥ ¬®¦¥â à á¯à®áâà ïâì-

áï «¨èì ª®¥ç®¥ ç¨á«® ¬®¤; íâ® ç¨á«® à áâ¥â á à®áâ®¬ ç áâ®âë. �

ç áâ®áâ¨, áãé¥áâ¢ã¥â ¨â¥à¢ « ç áâ®â, ¢ ª®â®à®¬ ¢ ¢®«®¢®¤¥ ¬®¦¥â

à á¯à®áâà ïâìáï «¨èì ®¤  ¬®¤ .
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3.2. �àï¬®ã£®«ìë¥ ¢®«®¢®¤ë

3.2.1. �®«ë H-â¨¯ 

y

a b

x
b

a

�«ï H-¢®« ¢ ¯àï¬®ã£®«ì®¬ ¢®«-

®¢®¤¥ (á¬. à¨á.) ¨¬¥¥â ¬¥áâ®

ãà ¢¥¨¥

@2 

@x2
+

@2 

@y2
+ g2 = 0

¯à¨ ãá«®¢¨¨   £à ¨æ å
@ 
@n

= 0.

�¥è¥¨¥  ©¤¥¬ ¯® ¬¥â®¤ã �ãàì¥

¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï

 (x; y) = X(x) � Y (y) :
�®£¤  ãà ¢¥¨¥ ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥

1

X

@2X

@x2
+

1

Y

@2Y

@y2
= � g2

¨ ¯¥à¥¬¥ë¥ à §¤¥«ïîâáï, â.¥. ãà ¢¥¨¥ à á¯ ¤ ¥âáï   ¤¢ :

@2X

@x2
+ g2xX = 0 ¨

@2Y

@y2
+ g2y Y = 0;

¯à¨ç¥¬ g2x + g2y = g2.

�®«ãç¥ë¥ ãà ¢¥¨ï ¨¬¥îâ à¥è¥¨ï

X = A cos gxx + B sin gxx; Y = C cos gyy + D sin gyy:

�  £à ¨æ å ¨¬¥¥¬: ¯à¨ x = 0
dX
dx

= 0, ®âªã¤  á«¥¤ã¥â, çâ®

B = 0; X = cos gxx;

¯à¨ y = 0
dY
dy

= 0, ®âªã¤  á«¥¤ã¥â, çâ®

D = 0; Y = cos gyy;
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¯à¨ x = a
dX
dx

= 0, â.¥. sin gxa = 0, ®âªã¤ 

gxa = n� ¨ gx =
n�

a
; n = 0; 1; 2; : : : ;

¯à¨ y = b
dY
dy

= 0, â.¥. sin gyb = 0, ®âªã¤ 

gyb = m� ¨ gy =
m�

b
; m = 0; 1; 2; : : : :

�¥¯¥àì  å®¤¨¬  (x; y):

 (x; y) = cos
n�

a
x � cos m�

b
y

á â®ç®áâìî ¤® ¯à®¨§¢®«ì®£® ¬®¦¨â¥«ï.

�®¡áâ¢¥ë¥ § ç¥¨ï g2nm à ¢ë

g2nm =
�n�
a

�2
+
�m�
b

�2
n = 0; 1; 2; : : : ; m = 0; 1; 2; : : : :

� ¬¥â¨¬, çâ® ¨¤¥ªáë n ¨ m ¥ ¬®£ãâ ®¤®¢à¥¬¥® ®¡à é âìáï ¢

ã«ì, â ª ª ª ¢ íâ®¬ á«ãç ¥  = const ¨ ¢á¥ ª®¬¯®¥âë ¯®«ï ®¡à é îâáï

¢ ã«ì.

�âáî¤  ¬®£ãâ ¡ëâì  ©¤¥ë ªà¨â¨ç¥áª¨¥ ¤«¨ë ¢®« (¤«ï ¢ ªãã¬ ):

�nm =
2�

gnm
=

2�s�
n�
a

�2
+

�
m�
b

�2 =
2s�

n
a

�2

+

�
m
b

�2 ;

â.¥. ªà¨â¨ç¥áª ï ¤«¨  ¢®«ë ®¯à¥¤¥«ï¥âáï à §¬¥à ¬¨ ¢®«®¢®¤  ¨ ®-

¬¥à®¬ ¬®¤ë.

�®á«¥ â®£® ª ª  ©¤¥  äãªæ¨ï  (x; y), ¬®¦®  ©â¨ ¢á¥ á®áâ ¢«ï-

îé¨¥ ¯®«ï (¡¥§ íªá¯®¥âë e�z):

Hz = (k2 + g2) (x; y) =

��n�
a

�2
+
�m�
b

�2�
cos

n�

a
x cos

m�

b
y;

Hx = � 
@ 

@x
=

n�

a
 sin

n�

a
x cos

m�

b
y = j�

n�

a
sin

n�

a
x cos

m�

b
y;

Hy = � 
@ 

@y
=

m�

b
 cos

n�

a
x sin

m�

b
y = j�

m�

b
cos

n�

a
x sin

m�

b
y;
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Ex = � j!�
@ 

@y
= j!�

m�

b
cos

n�

a
x sin

m�

b
y;

Ey = j!�
@ 

@x
= � j!�

n�

a
sin

n�

a
x cos

m�

b
y:

� ¤ «ì¥©è¥¬ ¤«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® a > b.

� áá¬®âà¨¬ áâàãªâãàã ¯®«¥© à §«¨çëå ¬®¤. �à¥¦¤¥ ¢á¥£®, ¥é¥

à §  ¯®¬¨¬, çâ® n ¨ m ¥ ¬®£ãâ ®¤®¢à¥¬¥® ¯à¨¨¬ âì ã«¥¢ë¥

§ ç¥¨ï. �® ®¤® ¨§ íâ¨å ç¨á¥« ¬®¦¥â ¡ëâì à ¢® ã«î. �¥âàã¤®

¢¨¤¥âì, çâ® ¥á«¨ a > b, â®  ¨¡®«ìèãî ªà¨â¨ç¥áªãî ¢®«ã ¨¬¥¥â ¬®¤ 

H10:

�10 = 2a:

�®¤ã á  ¨¡®«ìè¥© ªà¨â¨ç¥áª®© ¢®«®©  §ë¢ îâ ®á®¢®© ¤«ï ¤ ®£®

¢®«®¢®¤ . �ãé¥áâ¢ã¥â ¤¨ ¯ §® ç áâ®â, ¢ ª®â®à®¬ ¢ ¤ ®¬ ¢®«®¢®¤¥

¬®¦¥â à á¯à®áâà ïâìáï â®«ìª® ®á®¢ ï ¬®¤ , ¢ ®â«¨ç¨¥ ®â ¢ëáè¨å

¬®¤.

�®¤¥ H10 á®®â¢¥âáâ¢ãîâ á«¥¤ãîé¨¥ § ç¥¨ï á®áâ ¢«ïîé¨å ¯®«¥©:

Hz =
��
a

�2
cos

�

a
x;

Hx = j�
�

a
sin

�

a
x;

Hy = 0;

Ex = 0;

Ey = �j!� �
a
sin

�

a
x:

�®«ï §¤¥áì ®¯à¥¤¥«¥ë á â®ç®áâìî ¤® ¬®¦¨â¥«ï, ®¤¨ ª®¢®£® ¤«ï

¢á¥å ª®¬¯®¥â. �â®â ¬®¦¨â¥«ì ®¯à¥¤¥«ï¥âáï, ¥á«¨ § ¤   ¬®é®áâì

¢®«ë, à á¯à®áâà ïîé¥©áï ¯® ¢®«®¢®¤ã.

�âàãªâãà  ¢®«ë H10 ¬®¦¥â ¡ëâì ¢ëïá¥  á ¯®¬®éìî £à ä¨ª®¢
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(á¬. à¨á.):

���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������

���
���
���
���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���
���
���
���

x

y E y

E y ���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������

�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������

��������������
��������������
��������������

��������������
��������������
��������������

H

H

x

z

x

y

�«ï ãïá¥¨ï áâàãªâãàë ¯®«ï á«¥¤ã¥â â ª¦¥ ãç¨âë¢ âì, çâ® Hz ¨

Hx á¤¢¨ãâë ¢® ¢à¥¬¥¨ ¯® ä §¥   90o. � àâ¨  á¨«®¢ëå «¨¨© ¬ £-

¨â®£® ¯®«ï ¯à¥¤áâ ¢«¥    à¨á.

�âàãªâãà  ¯®«ï ¬®¤ë Hn0 ¬®¦¥â ¡ëâì ¯®«ãç¥  ¯ãâ¥¬ n-ªà â®£®

¯®¢â®à¥¨ï áâàãªâãàë ¬®¤ë H10 ¢  ¯à ¢«¥¨¨ ®á¨ x.

�®¤ë â¨¯  Hn0 å à ªâ¥àë â¥¬, çâ® ¯®«¥ ¥ § ¢¨á¨â ®â ª®®à¤¨ âë

y. �à®¬¥ â®£®, ªà¨â¨ç¥áª ï ¤«¨  ¢®«ë ¨, á«¥¤®¢ â¥«ì®, ¤«¨  ¢®«ë

¢ ¢®«®¢®¤¥ ¥ § ¢¨áïâ ®â ¢ëá®âë ¢®«®¢®¤  b:

�n0 = 2 a=n; n = 1; 2; : : : :
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� â¥å¨ª¥  ¨¡®«ìè¥¥ ¯à¨¬¥¥¨¥  è«¨ ¯àï¬®ã£®«ìë¥ ¢®«®¢®¤ë

á ¢®«®© H10. �à¨ íâ®¬ à §¬¥àë ¨å ®¡ëç® ¢ë¡¨à îâáï â ª, çâ®¡ë ¢

à ¡®ç¥¬ ¤¨ ¯ §®¥ ç áâ®â ¢ëáè¨¥ ¬®¤ë ¥ ¬®£«¨ à á¯à®áâà ïâìáï.

� áá¬®âà¨¬ â¥¯¥àì áâàãªâãàã ¢®«ë H11. � íâ®¬ á«ãç ¥ á®áâ ¢«ïî-

é¨¥ ¯®«ï § ¢¨áïâ â ª¦¥ ®â y (á¬. à¨á.).

�âàãªâãà  ¯®«ï §¤¥áì ¡®«¥¥ á«®¦ , â ª ª ª ®â«¨çë ®â ã«ï ¢á¥ á®áâ -

¢«ïîé¨¥, ªà®¬¥ Ez.

�âàãªâãà  ¯®«¥© â¨¯  Hnm ¬®¦¥â ¡ëâì ¯®«ãç¥  ¯ãâ¥¬ n-ªà â®£®

¯®¢â®à¥¨ï áâàãªâãàë H11 ¢  ¯à ¢«¥¨¨ x ¨ m-ªà â®£® ¯®¢â®à¥¨ï ¢

 ¯à ¢«¥¨¨ y.

�¬¥¥â á¬ëá« à áá¬®âà¥âì â ª¦¥ â®ª¨ ¢ áâ¥ª å. �«®â®áâì â®ª  ¢

áâ¥ª å ¬®¦¥â ¡ëâì  ©¤¥  ¨§ £à ¨ç®£® ãá«®¢¨ï

~K = ~H � ~n;

£¤¥ ~n { ¥¤¨¨çë© ¢¥ªâ®à ®à¬ «¨,  ¯à ¢«¥ë© ¢ ¬¥â ««. �â® § -

ç¨â, çâ® ¯®¢¥àå®áâ ï ¯«®â®áâì â®ª  ç¨á«¥® à ¢  â £¥æ¨ «ì®©

á®áâ ¢«ïîé¥©  ¯àï¦¥®áâ¨ ¬ £¨â®£® ¯®«ï ¨  ¯à ¢«¥  ¯¥à¯¥¤¨-

ªã«ïà® ¬ £¨â®¬ã ¯®«î, ¯®íâ®¬ã «¨¨¨ â®ª  ¢ áâ¥ª å ¬®£ãâ ¡ëâì

¯®áâà®¥ë ª ª «¨¨¨, ®àâ®£® «ìë¥ á¥¬¥©áâ¢ã «¨¨© ¬ £¨â®£® ¯®«ï

  ¯®¢¥àå®áâ¨ ¢®«®¢®¤ .

� ç «¥ ¯®áâà®¨¬ «¨¨¨ â®ª  ¤«ï ¢®«ëH10 (á¬. à¨á.   á«¥¤. áâà.).
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�«ï ¢®«ë H11 «¨¨¨ â®ª    è¨à®ª®© ¨ ã§ª®© áâ¥ª å   «®£¨çë

«¨¨ï¬ â®ª    è¨à®ª®© áâ¥ª¥ ¤«ï ¢®«ë H10. �¨¨¨ â®ª  ¤«ï ¢®«

Hnm ¯®«ãç îâáï ¯ãâ¥¬ ¯®¢â®à¥¨ï ª àâ¨ë, ¯®«ãç¥®© ¤«ï ¢®«ë H11,

n ¨ m à §   à §«¨çëå áâ¥ª å.

�ëç¨á«¨¬ â ª¦¥ ¬®é®áâì, à á¯à®áâà ïîéãîáï ç¥à¥§ ¢®«®¢®¤ á

¢®«®© H10. �â® ¯®§¢®«¨â  ©â¨ ®à¬¨àãîé¨© ¬®¦¨â¥«ì. �®é®áâì

®¯à¥¤¥«ï¥âáï ¯®â®ª®¬ ¢¥ªâ®à  �®©â¨£  ç¥à¥§ á¥ç¥¨¥ ¢®«®¢®¤ :

P =
1

2
Re

Z
S

( ~E � ~H�) � ~z0 dS =
1

2
Re

Z
S

(ExH
�
y � EyH

�
x) dS:

�«ï ¬®¤ë H10 ®â«¨çë ®â ã«ï «¨èì Ey ¨ Hx:

Ey = �Aj!�
�

a
sin

�

a
x;

Hx = Aj�
�

a
sin

�

a
:

�®¤áâ ¢«ïï Ey ¨ Hx ¯®¤ ¨â¥£à «, ¯®«ãç¨¬

P = A2 !��
2�

4
� b
a
;

®âªã¤  ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥ ®à¬¨àãîé¨© ¬®¦¨â¥«ì:

A =
2

�

s
P

!��
� a
b
:

�®é®áâì ¬®¦¥â ¡ëâì ¢ëà ¦¥  â ª¦¥ ç¥à¥§  ¯àï¦¥®áâì í«¥ª-

âà¨ç¥áª®£® ¯®«ï ¢ æ¥âà¥ ¢®«®¢®¤  E0:
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P =
E2
0

4�
ab

s
1 � �2

�2ªà
;

£¤¥ � =
p
�=".

3.2.2. �®«ë E-â¨¯ 

�«ï äãªæ¨¨ �, ®¯à¥¤¥«ïîé¥© í«¥ªâà¨ç¥áª¨¥ ¢®«ë, ¨¬¥¥â ¬¥áâ® ãà ¢-

¥¨¥

@2�

@x2
+

@2�

@y2
+ g2� = 0

¯à¨ ãá«®¢¨¨   £à ¨æ¥ � = 0.

�¥è¥¨¥ ãà ¢¥¨ï  ©¤¥¬ ¢ ¢¨¤¥

�(x; y) = X(x) � Y (y):

�«ï äãªæ¨© X ¨ Y   «®£¨ç® ¯à¥¤ë¤ãé¥¬ã ¬®¦® § ¯¨á âì

X = A cos gxx + B sin gxx; Y = C cos gyy + D sin gyy:

�à ¨çë¥ ãá«®¢¨ï â¥¯¥àì ¤àã£¨¥. � ¨¬¥®, ¯à¨ x = 0 X = 0,

®âªã¤  á«¥¤ã¥â, çâ®

A = 0; X = sin gxx;

¯à¨ y = 0 Y = 0, ®âªã¤ 

C = 0; Y = sin gyy;

¯à¨ x = a X = 0, â.¥. sin gxa = 0, ®âªã¤ 

gxa = n� ¨ gx =
n�

a
; n = 0; 1; 2; : : : ;

¯à¨ y = b Y = 0, â.¥. sin gyb = 0, ®âªã¤ 

gyb = m� ¨ gy =
m�

b
; m = 0; 1; 2; : : : :
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�ãªæ¨ï �(x; y) à ¢ 

�(x; y) = sin
n�

a
x � sin m�

b
y:

� ¬¥â¨¬, çâ® ¨ ®¤¨ ¨§ ¨¤¥ªá®¢ n ¨ m ¢ íâ®¬ á«ãç ¥ ¥ ¬®¦¥â

¯à¨¨¬ âì ã«¥¢®¥ § ç¥¨¥, â ª ª ª íâ® ¯à¨¢¥¤¥â ª â®¦¤¥áâ¢¥®¬ã

®¡à é¥¨î ¢ ã«ì äãªæ¨¨ �.

� ª ¨ ¤«ï ¬ £¨âëå ¬®¤, á®¡áâ¢¥ë¥ § ç¥¨ï ®¯à¥¤¥«ïîâáï á®-

®â®è¥¨¥¬

g2nm =
�n�
a

�2
+
�m�
b

�2
n = 1; 2; : : : ; m = 1; 2; : : : :

�âáî¤  ¬®£ãâ ¡ëâì  ©¤¥ë ªà¨â¨ç¥áª¨¥ ¤«¨ë ¢®« (¤«ï ¢ ªãã¬ ):

�nm =
2�

gnm
=

2�s�
n�
a

�2
+

�
m�
b

�2 =
2s�

n
a

�2

+

�
m
b

�2 :

�¥¯¥àì ¬®¦® § ¯¨á âì â ª¦¥ ¢ëà ¦¥¨ï ¤«ï á®áâ ¢«ïîé¨å ¯®«ï:

Hz = 0;

Hx = j!"
@�

@y
= j!"

m�

b
sin

n�

a
x � cos m�

b
y;

Hy = �j!"@�
@x

= � j!"
n�

a
cos

n�

a
x � sin m�

b
y;

Ez = (k2 + 2) � �(x; y) =

��n�
a

�2
+
�m�
b

�2�
� sin n�

a
x � sin m�

b
y;

Ex = � @�
@x

= � j�
n�

a
cos

n�

a
x � sin m�

b
y;

Ey = � @�
@y

= � j�
m�

b
sin

n�

a
x � cos m�

b
y:

� ª ª ª n ¨ m ¥ ¬®£ãâ ¯à¨¨¬ âì ã«¥¢ë¥ § ç¥¨ï, â® á ¬®© ¨§-

ª®ç áâ®â®© ¬®¤®© ¡ã¤¥â E11, ¤«ï ª®â®à®© ªà¨â¨ç¥áª ï ¤«¨  ¢®«ë

à ¢ 

�11 =
2s�

1
a

�2

+

�
1
b

�2 =
2abp
a2 + b2

:
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�  ï ªà¨â¨ç¥áª ï ¤«¨  ¢®«ë ¬¥ìè¥ ªà¨â¨ç¥áª®© ¤«¨ë ¢®«ë

á ¬®© ¨§ª®ç áâ®â®© ¬ £¨â®© ¬®¤ë H10, à ¢®© 2a.

�¡à â¨¬ ¢¨¬ ¨¥   â®, çâ® á®¡áâ¢¥ë¥ § ç¥¨ï g2nm ¨ á®®â¢¥â-

áâ¢¥® ªà¨â¨ç¥áª¨¥ ¤«¨ë ¢®« �nm ¤«ï ¢ëáè¨å í«¥ªâà¨ç¥áª¨å ¨ ¬ £-

¨âëå ¬®¤ á®¢¯ ¤ îâ. � ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ® ¤¢ãªà â®¥ ¢ëà®-

¦¤¥¨¥ ¤«ï ¬®¤ á ¥ã«¥¢ë¬¨ ¨¤¥ªá ¬¨.

�«ï ¢®«ë E11 ¨¬¥¥¬

Hz = 0;

Hx = j!"
�

b
sin

�

a
x � cos �

b
y;

Hy = �j!"�
a
cos

�

a
x � sin �

b
y;

Ez =

���
a

�2
+
��
b

�2�
� sin �

a
x � sin �

b
y;

Ex = �j� �
a
cos

�

a
x � sin �

b
y;

Ey = �j� �
b
sin

�

a
x � cos �

b
y:

� áá¬®âà¨¬ áâàãªâãàã ¯®«ï E11 (á¬. à¨á.).
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��������������������
��������������������

��������������������
��������������������
��������������������

x

y

x

y

E
E E

y z
x

x

y
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Λ
2

y

x
a

b

�®«ï ¢ëáè¨å ¬®¤ ¯®«ãç îâáï ¯ãâ¥¬ ¬®£®ªà â®£® ¯®¢â®à¥¨ï ª à-

â¨ë ¯®«ï E11.

� ©¤¥¬ â ª¦¥ «¨¨¨ â®ª®¢ ¢ áâ¥ª å. � ª ª ª ¬ £¨â®¥ ¯®«¥ ¤«ï

E-¬®¤ ¯®¯¥à¥ç®, â®, ®ç¥¢¨¤®, â®ª¨ ¬®£ãâ ¡ëâì â®«ìª® ¯à®¤®«ìë¬¨

(á¬. à¨á.).

��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������

��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������
��������������������������������������

77



3.3. �àã£«ë¥ ¢®«®¢®¤ë

3.3.1. � £¨âë¥ ¬®¤ë

�à¨ ¨áá«¥¤®¢ ¨¨ ªàã£«®£® ¢®«®¢®¤  « ¯« á¨  ¢ ãà ¢¥¨ïå ¤«ï äãª-

æ¨©  ¨ � ã¤®¡® § ¯¨áë¢ âì ¢ ¯®«ïà®© á¨áâ¥¬¥ ª®®à¤¨ â:

�xy =
1

r

@

@r

�
r
@

@r

�
+

1

r2
@2

@'2
:

�®¤áâ ¢«ïï íâ®â « ¯« á¨  ¢ ãà ¢¥¨¥ ¤«ï  , ¯®«ãç¨¬

@2 

@r2
+

1

r

@ 

@r
+

1

r2
@2 

@'2
+ g2 = 0:

�à ¢¥¨¥ à¥è ¥âáï ¬¥â®¤®¬ à §¤¥«¥¨ï ¯¥à¥¬¥ëå. �«ï íâ®£® ¯®-

« £ ¥¬, çâ®

 = R(r) � �('):
�®¤áâ ¢«ïï  ¢ ¯à¥¤ë¤ãé¥¥ ãà ¢¥¨¥ ¨ ¤¥«ï   R ��, ¯®«ãç¨¬

1

R

d2R

dr2
+

1

rR

dR

dr
+

1

r2�

d2�

d'2
+ g2 = 0:

� ®¥ ãà ¢¥¨¥ à á¯ ¤ ¥âáï   ¤¢ :

1

�

d2�

d'2
= � �2;

1

R

d2R

dr2
+

1

rR

dR

dr
� �2

r2
+ g2 = 0:

�¥à¢®¥ ãà ¢¥¨¥ ¯à¨¢®¤¨âáï ª ¢¨¤ã

d2�

d'2
+ �2� = 0:

�¥è¥¨¥ â ª®£® ãà ¢¥¨ï ¨¬¥¥â ¢¨¤

� =

�
sin�'

cos�'
:

� ª ª ª à¥è¥¨¥ ¯¥à¨®¤¨ç® ¯® ', â® ¤«ï ' = 2� ¤®«¦® ¢ë¯®«ïâì-

áï ãá«®¢¨¥
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2�� = 2�m; m = 0; 1; 2; : : : ;

®âªã¤ 

� = m;

£¤¥ m ¯à¨¨¬ ¥â ãª § ë¥ § ç¥¨ï.

�à ¢¥¨¥ ¤«ï R ¯à¨¨¬ ¥â ¢¨¤

d2R

dr2
+

1

R

dR

dr
+ (g2 � m2

r2
) = 0:

�â® ãà ¢¥¨¥ �¥áá¥«ï. �£® à¥è¥¨ï¬¨ ï¢«ïîâáï äãªæ¨¨ �¥áá¥«ï ¨

�¥©¬   Jm(gr) ¨ Nm(gr). �â®à®¥ à¥è¥¨¥ ¤®«¦® ¡ëâì ®â¡à®è¥®,

â ª ª ª ®¡à é ¥âáï ¢ ¡¥áª®¥ç®áâì ¢ æ¥âà¥ (¯à¨ r = 0). �®íâ®¬ã

R = Jm(gr):

�«ï  ¬ë ¨¬¥«¨ ãá«®¢¨¥
@ 
@n

= 0   £à ¨æ¥ á¥ç¥¨ï ¢®«®¢®¤ . �

¤ ®¬ á«ãç ¥
@ 
@n

=
@ 
@r

. �®íâ®¬ã £à ¨ç®¥ ãá«®¢¨¥ âà¥¡ã¥â, çâ®¡ë

J 0m(ga) = 0;

£¤¥ a { à ¤¨ãá ¢®«®¢®¤ .

�®à¨ ¯à®¨§¢®¤®© äãªæ¨¨ �¥áá¥«ï ®¡®§ ç¨¬ ç¥à¥§ t0mn:

g0mna = t0mn;

®âªã¤ 

g0mn =
t0mn

a
; n = 1; 2; : : : :

�  ï ä®à¬ã«  ¤ ¥â á®¡áâ¢¥ë¥ § ç¥¨ï § ¤ ç¨, ª®â®àë¥ § ¢¨áïâ

®â ¤¢ãå ¨¤¥ªá®¢. �®¡áâ¢¥ë¥ äãªæ¨¨  mn ¢ ¤ ®¬ á«ãç ¥ ¨¬¥îâ

¢¨¤

 mn = Jm(g
0
mnr)

cosm'

sinm'
:
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�ë ¢¨¤¨¬ §¤¥áì, çâ® ª ¦¤®¬ã § ç¥¨î g0mn á®®â¢¥âáâ¢ãîâ ¤¢¥ á®¡-

áâ¢¥ë¥ äãªæ¨¨, ªà®¬¥ á«ãç ï m = 0, â.¥. ¨¬¥¥â ¬¥áâ® ¤¢ãªà â®¥

¢ëà®¦¤¥¨¥.

�¬¥ï ¢ëà ¦¥¨¥ ¤«ï äãªæ¨¨  , ¬ë ¬®¦¥¬  ©â¨ â¥¯¥àì ¢á¥ ª®¬-

¯®¥âë ¯®«¥©. �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï ¯®«ãç¥ë¬¨ à ¥¥ á®®â®è¥-

¨ï¬¨ ¤«ï ¬ £¨âëå ¬®¤

~H = �  � grad + g2 � ~z0;
~E = � j!� � grad � ~z0:

�ç¨âë¢ ï, çâ® á®áâ ¢«ïîé¨¥ ¢ ¯®«ïà®© á¨áâ¥¬¥ ª®®à¤¨ â äãª-

æ¨© grad (
@
@r
;
1
r
@
@'

) ¨ grad � ~z0 (1r
@
@'

; � @
@r
), ¯®«ãç¨¬

Hz = g0mn
2 � Jm(g0mnr)

cosm'

sinm'
;

Hr = � @ 
@r

= � j�g0mn � J 0m(g0mnr)
cosm'

sinm'
;

H' = �
r

@ 

@'
= � j�m

r
Jm(g

0
mnr)

sinm'

cosm'
;

Er = �j!�
r

@ 

@'
= � j!�m

r
Jm(g

0
mnr)

sinm'

cosm'
;

E' = j!�
@ 

@r
= j!�g0mn � J 0m(g0mnr)

cosm'

sinm'
:

�à¨â¨ç¥áª ï ¤«¨  ¢®«ë ¬®¦¥â ¡ëâì  ©¤¥  ¯® ä®à¬ã«¥

�mn =
2�

g0mn

=
2�a

t0mn

:

�á®¢ ï ¬®¤  á®®â¢¥âáâ¢ã¥â  ¨¬¥ìè¥© ¢¥«¨ç¨¥ t0mn. � ª®© ¬®-

¤®© ï¢«ï¥âáï ¬®¤  H11, ¤«ï ª®â®à®© t
0
11 � 1:84. �â®  ¨¬¥ìè¨© ª®à¥ì

ãà ¢¥¨ï J 01(t) = 0 (â ¡«. 1).

�à¨ m = 1 ¨ n = 1 ¯®«ãç ¥âáï ¬®¤  H11, ¯® áâàãªâãà¥ ¯®«ï à®¤-

áâ¢¥ ï ¬®¤¥ H10 ¢ ¯àï¬®ã£®«ì®¬ ¢®«®¢®¤¥. �®¬¯®¥âë ¯®«ï ¤«ï

íâ®© ¬®¤ë à ¢ë
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� ¡«¨æ  1: �®à¨ ãà ¢¥¨ï J 0

m
(t) = 0.

m

n
0 1 2 3 4 5

1 3.83 1.84 3.05 4.20 5.32 6.42

2 7.016 5.33 6.71 8.01 9.286 10.52

3 10.17 8.53 9.972 11.355 12.68 13.99

Hz = g011
2 � J1(g011r)

cos'

sin'
;

Hr = �j�g011 � J 01(g011r)
cos'

sin'
;

H' = �j�
r
J1(g

0
11r)

sin'

cos'
;

Er = �j!�
r
J1(g

0
11r)

sin'

cos'
;

E' = j!�g011 � J 01(g011r)
cos'

sin'
:

�âàãªâãà  ¯®«ï H11 ¬®¤ë ¯à¥¤áâ ¢«¥    à¨á.

11H

EH

�ëè¥ ã¦¥ ®â¬¥ç «®áì, çâ® ¢ ªàã£«®¬ ¢®«®¢®¤¥ ¬®¤  H11 ï¢«ï¥âáï

¤¢ãªà â® ¢ëà®¦¤¥®©. �© á®®â¢¥âáâ¢ãîâ ¤¢¥ ¯ àë ¢¥ªâ®àëå äãª-

æ¨©, ®â«¨ç îé¨åáï ®¤  ®â ¤àã£®© ¯®«ïà¨§ æ¨¥©   90o. �®« , ¯à®-

¨§¢®«ì® ¯®«ïà¨§®¢  ï, ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥  ¢ ¢¨¤¥ «¨¥©®©

ª®¬¡¨ æ¨¨ ¤¢ãå ®á®¢ëå á®¡áâ¢¥ëå äãªæ¨©. �ëà®¦¤¥¨¥ ¯à¨¢®-

¤¨â ª àï¤ã ¥ã¤®¡áâ¢ ¯à¨ ¨á¯®«ì§®¢ ¨¨ ªàã£«ëå ¢®«®¢®¤®¢ á ¬®¤®©
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H11 ¤«ï ¯¥à¥¤ ç¨ ���-ª®«¥¡ ¨©.

�à¨  «¨ç¨¨ ¥â®ç®áâ¥© ¨ ¥®¤®à®¤®-

áâ¥© ¢ëà®¦¤¥¨¥ á¨¬ ¥âáï, ¨ ¯®áâ®ïë¥

à á¯à®áâà ¥¨ï ¤¢ãå â¨¯®¢ ¢®« áâ ®¢ïâ-

áï à §«¨çë¬¨. �â® ¯à¨¢®¤¨â ª ¨§¬¥¥-

¨î ä §®¢ëå á®®â®è¥¨© á®áâ ¢«ïîé¨å

¨ ¢ à¥§ã«ìâ â¥ ª ¨§¬¥¥¨î ¢¨¤  ¨ ¯«®áª®-

áâ¨ ¯®«ïà¨§ æ¨¨. �«ï â®£® çâ®¡ë íâ®£® ¨§-

¡¥¦ âì, ¨®£¤  ¯à¥¤ ¬¥à¥® á¨«ì® ¨á-

ª ¦ îâ ¯®¯¥à¥ç®¥ á¥ç¥¨¥ ¢®«®¢®¤  (á¬.

à¨á.), çâ®¡ë ¬ «ë¥ ¥â®ç®áâ¨ ¥ ¬®£«¨ áã-

é¥áâ¢¥® ¨áª §¨âì ª àâ¨ã.

�®«ë â¨¯  Hm1 ¬®£ãâ ¡ëâì ¯®«ãç¥ë ¨§ ¢®«ë H11 ¯ãâ¥¬  §¨¬ã-

â «ì®© ¤¥ä®à¬ æ¨¨ (á¬. à¨á.).

�®«ë H1n ¯®«ãç îâáï  à é¨¢ ¨¥¬ ¢ à ¤¨ «ì®¬  ¯à ¢«¥¨¨

(á¬. à¨á.).

�®«ë â¨¯  Hmn ¯à¨ m > 1, n > 1 ¯®«ãç -

îâáï   «®£¨çë¬ ®¡à §®¬. �á®¡ë© ¨â¥-

à¥á ¯à¥¤áâ ¢«ïîâ á¨¬¬¥âà¨çë¥ ¬®¤ë, ¨§

ª®â®àëå ¯¥à¢®© ï¢«ï¥âáï ¬®¤  H01 (n = 1).

�®¬¯®¥âë ¯®«¥© íâ®© ¬®¤ë à ¢ë
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Hz = g001
2 � J0(g001r);

Hr = �j�g001 � J 00(g001r) = j�g001J1(g
0
01r);

H' = 0;

Er = 0;

E' = �j!�g001 � J 00(g001r) = j!�g001J1(g
0
01r):

�âàãªâãà  ¯®«ï ¯à¥¤áâ ¢«¥    à¨á.

E

H

�â¬¥â¨¬, çâ®   áâ¥ª å ¢®«®¢®¤  ¬ £¨â®¥ ¯®«¥ ¨¬¥¥â â®«ìª® ¯à®-

¤®«ìãî á®áâ ¢«ïîéãî. �â® § ç¨â, çâ® â®ª¨ ¢ áâ¥ª å ¨¬¥îâ â®«ìª®

¯®¯¥à¥çãî á®áâ ¢«ïîéãî ¨ ®¡à §ãîâ § ¬ªãâë¥ «¨¨¨ (á¬. à¨á.).

Λ 2

�á®¡¥®áâìî H01 ¬®¤ë ï¢«ïîâáï

®ç¥ì ¬ «ë¥ ¯®â¥à¨ ¢ áâ¥ª å, ª®â®-

àë¥ ã¬¥ìè îâáï á à®áâ®¬ ç áâ®âë.

� á¢ï§¨ á íâ¨¬ ¬®¤  H01 ¯à¥¤áâ -

¢«ï¥â ¨â¥à¥á ¤«ï ¯¥à¥¤ ç¨ í¥à£¨¨

  ¡®«ìè¨¥ à ááâ®ï¨ï ( ¯à¨¬¥à,

¢ ¢®«®¢®¤ëå «¨¨ïå í«¥ªâà®¯¥à¥-

¤ ç¨). �¤ ª® á¨âã æ¨ï ®á«®¦ï-

¥âáï â¥¬, çâ® ¬®¤  H01 ¥ ï¢«ï¥âáï

®á®¢®© ¢ ªàã£«®¬ ¢®«®¢®¤¥.

3.3.2. �«¥ªâà¨ç¥áª¨¥ ¬®¤ë

�à ¢¥¨¥ ¤«ï äãªæ¨¨ � ¨¬¥¥â â®â ¦¥ ¢¨¤, çâ® ¨ ¤«ï äãªæ¨¨  ,

¯®íâ®¬ã à¥è¥¨¥   «®£¨ç®, â.¥.
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 = Jm(gr)
cosm'

sinm'
:

�à ¨ç®¥ ãá«®¢¨¥ ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

� = 0 ¯à¨ r = a;

â.¥.

Jm(ga) = 0;

£¤¥ a { à ¤¨ãá ¢®«®¢®¤ . �®à¨ äãªæ¨¨ �¥áá¥«ï m-£® ¯®àï¤ª  ®¡®-

§ ç¨¬ ç¥à¥§ tmn:

gmna = tmn;

®âªã¤ 

gmn =
tmn

a
; n = 1; 2; : : : :

�âáî¤  ¨¬¥¥¬

�mn = Jm(gmnr)
cosm'

sinm'
:

� ª ¢¨¤¨¬, äãªæ¨¨ � ¯à¨ m 6= 0 â ª¦¥ ¤¢ãªà â® ¢ëà®¦¤¥ë.

� ¯®¬®éìî äãªæ¨¨ � ¬®¦® â¥¯¥àì ¯®«ãç¨âì á®áâ ¢«ïîé¨¥ ¯®«ï

¤«ï E-¢®«:

Hz = 0;

Hr =
j!"

r

@�

@'
= � j!"m

r
Jm(gmnr)

sinm'

cosm'
;

H' = �j!"@�
@r

= � j!" � gmnJ
0
m(gmnr)

cosm'

sinm'
;

Ez = g2mn� = g2mnJm(gmnr)
cosm'

sinm'
;

Er = � @�
@r

= � j�gmnJ
0
m(gmnr)

cosm'

sinm'
;

E' = �
r

@�

@'
= � j�m

r
Jm(gmnr)

sinm'

cosm'
:

84



� ¨¡®«¥¥ ¯à®áâ®© áâàãªâãà®© ®¡« ¤ ¥â á¨¬¬¥âà¨ç ï E01 ¬®¤ :

Hz = 0;

Hr = 0;

H' = �j!" � g01J 00(g01r) = j!"g01J1(g01r);

Ez = g201J0(g01r);

Er = �j�g01J 00(g01r) = j�g01J1(g01r);

E' = 0:

�âàãªâãà  ¯®«ï ¨§®¡à ¦¥    à¨á.

01
E

�âàãªâãà  ¯®«¥© â¨¯  E0n ¬®¦¥â ¡ëâì ¯®«ãç¥  á¦ â¨¥¬ ¯® à ¤¨ãáã.

� áá¬®âà¨¬ â ª¦¥ áâàãªâãàã ¯®«¥© E11 ¬®¤ë (á¬. à¨á.).

�®à¨ äãªæ¨¨ �¥áá¥«ï Jm(x) ¯à¨¢¥¤¥ë ¢ â ¡«¨æ¥ 2.
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� ¡«¨æ  2: �®à¨ ãà ¢¥¨ï Jm(t) = 0.

m

n
0 1 2 3 4 5

1 2.40 3.83 5.14 6.38 7.59 8.77

2 5.52 7.016 8.42 9.76 11.06 12.34

3 8.65 10.17 11.62 13.015 14.37

3.3.3. �®«®¢®¤ë¥ ¬®¤ë ¢ ª® ªá¨ «ì®© «¨¨¨

� ª® ªá¨ «ì®© «¨¨¨  àï¤ã á TEM-¢®«®© ¬®£ãâ à á¯à®áâà ïâìáï

â ª¦¥ ¢®«®¢®¤ë¥ ¬®¤ë, ¨¬¥îé¨¥ ¯à®¤®«ìãî ª®¬¯®¥âã í«¥ªâà¨ç¥-

áª®£® ¨«¨ ¬ £¨â®£® ¯®«ï.

� áá¬®âà¨¬ ª®à®âª® H-¢®«ë ¢ ª® ªá¨ «ì®© «¨¨¨. �à ¢¥¨¥ ¤«ï

äãªæ¨¨  ¯®-¯à¥¦¥¬ã ¨¬¥¥â ¢¨¤

@2 

@r2
+

1

r

@ 

@r
+

1

r2
@2 

@'2
+ g2 = 0:

� ®¥ ãà ¢¥¨¥ à á¯ ¤ ¥âáï   ¤¢ . � ç áâ®áâ¨, ¤«ï R(r) ¬ë

¨¬¥«¨ ãà ¢¥¨¥ �¥áá¥«ï

d2R

dr2
+

1

R

dR

dr
+ (g2 � m2

r2
) = 0:

� ª ª ª á¥ç¥¨¥ «¨¨¨ ¤¢ãá¢ï§® ¨ æ¥âà (r = 0) ¥ ¢å®¤¨â ¢ ®¡« áâì

¯®«ï, â® à¥è¥¨¥ ¤®«¦® ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ -

æ¨¨ äãªæ¨¨ �¥áá¥«ï Jm(gr) ¨ äãªæ¨¨ �¥©¬   Nm(gr):

R = A � Jm(gr) + B �Nm(gr):

�  ï äãªæ¨ï ¤®«¦  ã¤®¢«¥â¢®àïâì £à ¨çë¬ ãá«®¢¨ï¬
dR
dr

=

0 ¯à¨ r = a ¨ r = b (b > a), â.¥.

A � J 0m(ga) + B �N 0
m(ga) = 0;

A � J 0m(gb) + B �N 0
m(gb) = 0:

�®«ãç¥ ï á¨áâ¥¬  ®¤®à®¤ëå «¨¥©ëå ãà ¢¥¨© ®â®á¨â¥«ì®

A ¨ B á®¢¬¥áâ  «¨èì ¯à¨ à ¢¥áâ¢¥ ã«î ®¯à¥¤¥«¨â¥«ï á¨áâ¥¬ë
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J 0m(ga) �N 0
m(gb) � J 0m(gb) �N 0

m(ga) = 0:

�§ ¤ ®£® ãà ¢¥¨ï ¬®¦® ®¯à¥¤¥«¨âì ª®à¨ g0mn, ®¯à¥¤¥«ïîé¨¥

á®¡áâ¢¥ë¥ äãªæ¨¨  mn. �â¨ ª®à¨ § ¢¨áïâ ®â à ¤¨ãá  a ¨ ®â®è¥¨ï

b=a (á¬. à¨á.).

���
���
���

���
���
���

2 a

2 b 

�âàãªâãà  ¯®«¥© ¬®¦¥â ¡ëâì ¯®«ãç¥  ¨§ áâàãªâãàë á®®â¢¥âáâ¢ãî-

é¨å ¬®¤ ¢ ªàã£«®¬ ¢®«®¢®¤¥.

� «®£¨ç® íâ®¬ã, ¤«ï í«¥ªâà¨ç¥áª¨å ¬®¤ ¬®¦® ¯®«ãç¨âì ¤¨á¯¥-

àá¨®®¥ ãà ¢¥¨¥

Jm(ga) �Nm(gb) � Jm(gb) �Nm(ga) = 0:

�à¥¤áâ ¢«ï¥â ¨â¥à¥á ¨¬¥âì ¯à¨¡«¨¦¥ãî ®æ¥ªã ¤«ï ªà¨â¨ç¥áª®©

¤«¨ë ¢®«ë ¨§è¨å ¢®«®¢®¤ëå ¬®¤.

� ¨¡®«ìè¥© ªà¨â¨ç¥áª®© ¤«¨®© ¢®«ë ®¡« ¤ ¥â ¬ £¨â ï ¬®¤ 

H11, ¤«ï ª®â®à®©

�11 � 2�
a + b

2
;

â® ¥áâì ¤«¨¥ áà¥¤¥© ®ªàã¦®áâ¨.

�«ï â®£® çâ®¡ë ¢®«®¢®¤ë¥ ¬®¤ë ¢ ª® ªá¨ «ì®© «¨¨¨ ¥ à á-

¯à®áâà ï«¨áì, ¥®¡å®¤¨¬®   ª®à®âª¨å ¢®« å ã¬¥ìè âì ¯®¯¥à¥çë¥

à §¬¥àë íâ¨å «¨¨©. � ®¥ âà¥¡®¢ ¨¥ ®£à ¨ç¨¢ ¥â ¤®¯ãáâ¨¬ë¥ ¯®-

¯¥à¥çë¥ à §¬¥àë ª® ªá¨ «ì®© «¨¨¨ ¢ § ¢¨á¨¬®áâ¨ ®â à ¡®ç¥£® ¤¨ -

¯ §®  ¤«¨ ¢®«.
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3.4. �®«®¢®¤ë á á¥ç¥¨¥¬ á«®¦®© ä®à¬ë

¨ ª¢ §¨áâ â¨ç¥áª¨¥ ¢®«®¢®¤ë

�à®¬¥ ¯àï¬®ã£®«ìëå ¨ ªàã£«ëå ¢®«®¢®¤®¢ â®ç®¥ à¥è¥¨¥ ¬®¦¥â

¡ëâì ¯®«ãç¥® â ª¦¥ ¤«ï í««¨¯â¨ç¥áª¨å ¢®«®¢®¤®¢. �«ï ¢á¥å ®áâ «ì-

ëå ¢®«®¢®¤®¢ ¯à¨å®¤¨âáï ¯®«ì§®¢ âìáï ¨áªãááâ¢¥ë¬¨, ¯à¨¡«¨¦¥-

ë¬¨ ¨«¨ ¢ëç¨á«¨â¥«ìë¬¨ ¬¥â®¤ ¬¨. � §à ¡®â ë ¢ëç¨á«¨â¥«ìë¥

¯à®£à ¬¬ë, ¯®§¢®«ïîé¨¥ à ááç¨âë¢ âì ¯®«ï ¨ ªà¨â¨ç¥áª¨¥ ç áâ®âë

¤«ï ¥ª®â®à®£® ç¨á«  ¬®¤ ¨§è¨å ¯®àï¤ª®¢.

� àï¤¥ á«ãç ¥¢ à¥è¥¨¥ ¬®¦¥â ¡ëâì ¯®«ãç¥® ¨§ à¥è¥¨ï ¤«ï ªàã£-

«®£® ¨«¨ ¯àï¬®ã£®«ì®£® ¢®«®¢®¤®¢ ¯ãâ¥¬ ¢¢¥¤¥¨ï ¢ ¯®á«¥¤¨¥ ¯à®¢®-

¤ïé¨å ¯¥à¥£®à®¤®ª. � áá¬®âà¨¬ ¥ª®â®àë¥ á¥ç¥¨ï, ¯®«ãç ¥¬ë¥ â ª¨¬

®¡à §®¬.

�¢ ¤à âë© ¢®«®¢®¤

H11

�¥âàã¤® ¯®ª § âì, çâ® ¤«ï â ª®£® â¨-

¯  ¢®«ë í«¥ªâà¨ç¥áª¨¥ á¨«®¢ë¥ «¨¨¨

¯¥à¯¥¤¨ªã«ïàë ¤¨ £® «ìë¬ ¯«®á-

ª®áâï¬,   «¨¨¨ ¬ £¨â®£® ¯®«ï ª á -

â¥«ìë ª íâ¨¬ ¯«®áª®áâï¬ (á¬. à¨á.).

�®íâ®¬ã, ¥á«¨ ¢¢¥áâ¨ ¯à®¢®¤ïé¨¥ ¯®-

¢¥àå®áâ¨ ¢ ¤¨ £® «ìëå ¯«®áª®áâïå,

â® £à ¨çë¥ ãá«®¢¨ï ¥  àãè îâáï,  

¢®«®¢®¤ à á¯ ¤ ¥âáï ¯à¨ íâ®¬   ¢®«-

®¢®¤ë âà¥ã£®«ì®£® á¥ç¥¨ï, ¨¬¥îé¨¥

âã ¦¥ ªà¨â¨ç¥áªãî ¢®«ã, çâ® ¨ ¨áå®¤-

ë© ¢®«®¢®¤.

�àã£«ë© ¢®«®¢®¤ (á¬. à¨á.)

H11 H01 11E
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�® ªá¨ «ìë© ¢®«®¢®¤ (á¬. à¨á.)

H11

�â¤¥«ìë© ª« áá ¢®«®¢®¤®¢ á®áâ ¢«ïîâ ¢®«®¢®¤ë á á¥ç¥¨¥¬, á¢¥à-

ãâë¬ ¨§ á¥ç¥¨ï ¯àï¬®ã£®«ì®£® ¢®«®¢®¤  (á¬. à¨á.).

a
� ª¨¬ ®¡à §®¬ ¬®£ãâ ¡ëâì ¯®«ãç¥-

ë ¢®«®¢®¤ë, ¨¬¥îé¨¥ ¯®¯¥à¥ç®¥

á¥ç¥¨¥, ¬ «®¥ ¯® áà ¢¥¨î á ¤«¨-

®© ¢®«ë. � ¨¡®«ìè¥¥ ¯à¨¬¥¥¨¥

¨§ íâ¨å ¢®«®¢®¤®¢ ¯®«ãç¨«¨ �{ ¨

�{ ®¡à §ë¥ ¢®«®¢®¤ë (á¬. à¨á.).

� ª®¥æ, ¨¬¥îâáï â ª¦¥ ª¢ §¨áâ â¨ç¥áª¨¥ ¢®«®¢®¤ë, ®¡à §ã¥¬ë¥

¨§ �{ ®¡à §ëå ¯ãâ¥¬ ã¬¥ìè¥¨ï § §®à  (á¬. à¨á.).

� ª¨¥ ¢®«®¢®¤ë ¢¤ «¨ ®â ªà¨â¨ç¥-

áª®© ¢®«ë ¡«¨§ª¨ ª ¯«®áª®© «¨¨¨.

�¨ ¨¬¥îâ ªà¨â¨ç¥áªãî ¢®«ã ¬®-

£® ¡®«ìè¥ à §¬¥à®¢ ¯®¯¥à¥ç®£® á¥-

ç¥¨ï.

�¢ §¨áâ â¨ç¥áª¨¬¨ ï¢«ïîâáï â ª¦¥ é¥«¥¢ë¥ ¢®«®¢®¤ë. � ª ª ª â -

ª¨¥ ¢®«®¢®¤ë ¨¬¥îâ ¯®¯¥à¥ç®¥ á¥ç¥¨¥, ¬ «®¥ ¯® áà ¢¥¨î á ¤«¨®©

¢®«ë, â® ¯®«¥ ¢ ¨å ª¢ §¨áâ æ¨® à® ¨ ¤«ï à áç¥â®¢ ¬®¦® ¨á¯®«ì-
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§®¢ âì â¥«¥£à äë¥ ãà ¢¥¨ï.

� áá¬®âà¨¬,  ¯à¨¬¥à, é¥«¥¢®©

¢®«®¢®¤ (á¬. à¨á.). � ¥¬ ¢ é¥-

«¨ ¯®«ï ¯®¯¥à¥çë,   ¢ ®áâ «ì®©

ç áâ¨ ¬ £¨â®¥ ¯®«¥ ¯à®¤®«ì® ¨

¯®¯¥à¥ç®,   í«¥ªâà¨ç¥áª¨¬ ¯®«¥¬

¬®¦® ¯à¥¥¡¥çì.

�ª¢¨¢ «¥â ï áå¥¬  ïç¥©ª¨ ¡ã¤¥â ¨¬¥âì á«¥¤ãîé¨© ¢¨¤ (á¬. à¨á.)

�¤¥áì

Z1 = j!L
¯à®¤
1 ;

Y1 = j!C1 +
1

j!L¯®¯1

:

�®áâ®ï ï à á¯à®áâà ¥¨ï à ¢ 

 =
p
Z1Y1 =

s
j!L¯à®¤1

�
j!C1 +

1

j!L¯®¯1

�
=

=

s
!L

¯à®¤
1

�
1

!L¯®¯1

� !C1

�
:

�ç¥¢¨¤®, çâ® à á¯à®áâà ¥¨¥ ¨¬¥¥â ¬¥áâ® ¯à¨ ãá«®¢¨¨

1

!L¯®¯1

� !C1 < 0; â:¥: ! >
1p

L¯®¯1 C1

= !ªà:

�á«¨ íâ® ãá«®¢¨¥ ¢ë¯®«¥®, â®

 = j

s
!L

¯à®¤
1

�
!C1 � 1

!L¯®¯1

�
= j!

s
L
¯à®¤
1 C1

�
1 � 1

!2L¯®¯1 C1

�
:

� â® ¦¥ ¢à¥¬ï
1

L¯®¯1 C1
= !2ªà, L

¯à®¤
1 C1 =

1

c2
.

�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥¨ï ¢ ä®à¬ã«ã ¤«ï , ¯®«ãç¨¬
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 = j
!

c

r
1 � !2ªà

!2
= j�:

�«¨  ¢®«ë ¢ ¢®«®¢®¤¥ à ¢ 

� =
2�

�
=

2�

!
c

s
1 � !2ªà

!2

=
�s

1 � �2

�2ªà

;

â.¥. ¬ë ¨¬¥¥¬ á®®â®è¥¨¥,   «®£¨ç®¥ ®¡ëç®¬ã ¤«ï ¢®«®¢®¤®¢.

�à¨¬¥¨¬ ¯®«ãç¥®¥ á®®â®è¥¨¥ ª �-®¡à §®¬ã ¢®«®¢®¤ã á ¬ -

«ë¬ § §®à®¬ (á¬. à¨á.).

b 2a b

g

h

�¤¥áì

C1 =
"0S1

g
=

"0a

g
;

L¯®¯1 = �0Sá¥ç = �0bh (l = 1) ;

!2ªà =
1

"0a
g
� �0bh

=
g

�0"0 � abh =
gc2

abh
:

�âáî¤  ªà¨â¨ç¥áª ï ¤«¨  ¢®«ë à ¢ 
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�ªà =
2�c

!ªà
= 2�

s
abh

g
:

�§ ¯®«ãç¥®© ä®à¬ã«ë ¢¨¤®, çâ®, ã¬¥ìè ï à §¬¥à g, ¬®¦®

áª®«ì ã£®¤® ã¢¥«¨ç¨âì ªà¨â¨ç¥áªãî ¤«¨ã ¢®«ë.

�â¬¥â¨¬, çâ® ªà¨â¨ç¥áª ï ¢®«  á®®â¢¥âáâ¢ã¥â à¥§® áã ¥¬ª®áâ¨ á

¯®¯¥à¥ç®© ¨¤ãªâ¨¢®áâìî. �â® { ¥ á«ãç ©®áâì, ªà¨â¨ç¥áª ï ¢®« 

¢® ¢á¥å á«ãç ïå ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥  ª ª à¥§® á ï ¤«ï ¯®¯¥à¥ç-

®£® á¥ç¥¨ï.

�à¨¬¥à: ¬®¤  H10 ¢ ¯àï¬®ã£®«ì®¬ ¢®«®¢®¤¥ (á¬. à¨á.).

a 2

a

2
=

�ªà

4
! �ªà = 2a :

3.5. �¥à£¥â¨ç¥áª¨¥ á®®â®è¥¨ï ¤«ï ¢®«®¢®¤®¢

�ëç¨á«¨¬ ¬®é®áâì ¢®«ë, à á¯à®áâà ïîé¥©áï ¢ ¢®«®¢®¤¥:

P =
1

2
Re

Z
S

( ~E � ~H�) � ~z0 dS:

�ëç¨á«¨¬ ¬®é®áâì ¤«ï H-¬®¤. �«ï ¨å

~E = �j!� grad � ~z0 � e�z;
~H = (� grad + g2 ~z0) � e�z:

�®¤áâ ¢«ïï íâ® ¢ ¯®¤ëâ¥£à «ì®¥ ¢ëà ¦¥¨¥, ¢ëç¨á«¨¬

( ~E � ~H�) � ~z0 = j!�� [(grad � ~z0)� grad ] ~z0 � e�z � e�
�z =

= j!��(grad )2 � e�(+�)z :
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�®¤áâ ¢«ïï íâ® ¯®¤ ¨â¥£à «,  ©¤¥¬ ¬®é®áâì

P =
1

2
Re

Z
S

j!�� � (grad )2 � e�(+�)z dS:

�à¨ � < �ªà  { ¬¨¬ ï ¢¥«¨ç¨ :  = j�, � = �j�. �®£¤ 

P =
1

2
!��

Z
S

(grad )2 dS =
1

2
!��g2m

Z
S

 2 dS:

�à¨ � > �ªà  { ¢¥é¥áâ¢¥ ï ¢¥«¨ç¨ . �®£¤  P = 0.

�«ï E-¬®¤ (í«¥ªâà¨ç¥áª¨å)   «®£¨ç®

P =
1

2
!"�g2m

Z
S

�2 dS ¯à¨ � < �ªà:

�¡à â¨¬ ¢¨¬ ¨¥   â®, çâ® á ¯à¨¡«¨¦¥¨¥¬ ª ªà¨â¨ç¥áª®© ¢®«-

¥ � áâà¥¬¨âáï ª ã«î,   ¬®é®áâì ¯à¨ ¯®áâ®ï®©  ¬¯«¨âã¤¥ ~E ¨«¨
~H ã¡ë¢ ¥â ¤® ã«ï. �â® § ç¨â, çâ® ¤«ï ¯¥à¥¤ ç¨ § ¤ ®© ¬®é®áâ¨

 ¯àï¦¥®áâì ¯®«¥© ¯à¨å®¤¨âáï ã¢¥«¨ç¨¢ âì, çâ® ¯à¨¢®¤¨â ª ¯à®¡®-

ï¬ ¨ ¡�®«ìè¥¬ã § âãå ¨î. �®íâ®¬ã à ¡®â  ¢¡«¨§¨ ªà¨â¨ç¥áª®© ¢®«ë

¥¢ë£®¤ .

� áá¬®âà¨¬ á®®â®è¥¨ï ¤«ï ¯«®â®áâ¨ í¥à£¨¨. �«®â®áâì í«¥ª-

âà¨ç¥áª®© ¨ ¬ £¨â®© í¥à£¨¨ ¤«ï H-¬®¤ à ¢ 

"jEj2
2

=
"

2
(!�)2 � (grad )2;

�jH j2
2

=
�

2
fg4m �  2 + �2(grad )2g:

�§ íâ¨å á®®â®è¥¨© ¢¨¤®, çâ® ¯«®â®áâì í¥à£¨¨ ¬ £¨â®£® ¨ í«¥ª-

âà¨ç¥áª®£® ¯®«¥© ¥ à ¢ë ¬¥¦¤ã á®¡®© ¢ «î¡®© â®çª¥ ¢ãâà¨ ¢®«®¢®-

¤ .

� â® ¦¥ ¢à¥¬ï ¬®¦® ¯®ª § âì, çâ® § ¯ áë í«¥ªâà¨ç¥áª®© ¨ ¬ £¨â-

®© í¥à£¨¨   ¥¤¨¨æã ¤«¨ë ¢®«®¢®¤  (â.¥. ¢ áà¥¤¥¬ ¯® á¥ç¥¨î)

à ¢ë ¤àã£ ¤àã£ã. �¥©áâ¢¨â¥«ì®,

We =

Z
S

"jEj2
2

dS =
"

2
� (!�)2

Z
S

(grad )2 dS =
"

2
(!�)2 � g2m

Z
S

 2 dS;

93



Wh =

Z
S

�jH j
2

dS =
�

2
g4m

Z
S

 2 dS +
�

2
� �2
Z
S

(grad )2 dS =

=
�

2
g4m

Z
S

 2 dS +
�

2
�2g2m

Z
S

 2 dS =
�

2
g2m(g

2
m + �2)

Z
S

 2 dS:

� â® ¦¥ ¢à¥¬ï

g2m = k2 + 2 = k2 � �2 = !2�" � �2:

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨ï ¤«ï Wh, ¯®«ãç¨¬

Wh =
�

2
g2m!

2�"

Z
S

 2 dS =
"

2
(!�)2 � g2m

Z
S

 2 dS:

�à ¢¥¨¥ ¯®ª §ë¢ ¥â, çâ® ¤¥©áâ¢¨â¥«ì® Wh =We.

�«ï ¥à á¯à®áâà ïîé¨åáï ¬®¤  { ¢¥é¥áâ¢¥ ï ¢¥«¨ç¨ , ¯®íâ®-

¬ã ¯à¥®¡« ¤ ¥â ¬ £¨â ï (¤«ï H-¬®¤) ¨«¨ í«¥ªâà¨ç¥áª ï (¤«ï E-¬®¤)

í¥à£¨ï, ¨ ¢å®¤®¥ á®¯à®â¨¢«¥¨¥ ®ª §ë¢ ¥âáï à¥ ªâ¨¢ë¬.

3.6. � §®¢ ï ¨ £àã¯¯®¢ ï áª®à®áâ¨

�§ ¯®«ãç¥ëå à ¥¥ á®®â®è¥¨© ¬®¦®  ©â¨ ä §®¢ãî áª®à®áâì (§ ï

¤«¨ã ¢®«ë):

vä = �f =
�fs

1 �
�

�
�ªà

�2 =
cs

1 �
�

�
�ªà

�2 > c:

� ª¨¬ ®¡à §®¬, ä §®¢ ï áª®à®áâì ¡®«ìè¥ áª®à®áâ¨ á¢¥â , çâ®, ®¤ -

ª®, ¥ ¯à®â¨¢®à¥ç¨â â¥®à¨¨ ®â®á¨â¥«ì®áâ¨.

� ©¤¥¬ £àã¯¯®¢ãî áª®à®áâì. �  ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥  ª ª áª®-

à®áâì ¯¥à¥¬¥é¥¨ï ¬ ªá¨¬ã¬  ¡¨¥¨© ¢®« ¤¢ãå ¡«¨§ª¨å ç áâ®â.

�ãáâì ¬ë ¨¬¥¥¬ áã¬¬ã ¤¢ãå ¢®« ¡«¨§ª¨å ç áâ®â

e j(!1t��1z) + e j(!2t��2z) = e j(!1t��1z) �
n
1 + e j[(!2�!1)t � (�2��1)z]

o
:

� ªá¨¬ã¬ á®®â¢¥âáâ¢ã¥â ãá«®¢¨î

(!2 � !1) t � (�2 � �1) z = 0:

94



�âáî¤ , á¡«¨¦ ï ! ¨ � ¨ ¡¥àï ¬ «ë¥ ¨â¥à¢ «ë t ¨ z, ¯®«ãç¨¬ ¢ ¯à¥¤¥«¥

�! ��t = �� ��z = 0;

®âªã¤ 

v£à =
dz

dt
=

d!

d�

¢ ®â«¨ç¨¥ ®â ä §®¢®© áª®à®áâ¨ vä =
!
�
.

� ©¤¥¬ £àã¯¯®¢ãî áª®à®áâì ¤«ï ¢®«®¢®¤ 

v£à =
d!

d�
=

1

d�=d!
:

� =
2�

�
=

2�

�

s
1 �

�
�

�ªà

�2
=

2�

�ªà

s�
�ªà

�

�2
� 1 =

=
2�

�ªà

s�
!

!ªà

�2
� 1 :

d�

d!
=

2�

�ªà

2!=!2ªà

2

s�
!
!ªà

�2
� 1

=
2�!

�ªà!2ªà

1s�
!
!ªà

�2
� 1

=

=
2�

�ªà!ªà
� 1s

1 �
�
!ªà
!

�2 =
1

c
� 1s

1 �
�

�
�ªà

�2 :

�âáî¤ 

v£à = c

s
1 �

�
�

�ªà

�2
< c:
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�«ï ¢®«®¢®¤  ¯®«ãç ¥¬ ¯à®áâ®¥ á®®â®è¥¨¥, á¢ï§ë¢ îé¥¥ ä §®-

¢ãî ¨ £àã¯¯®¢ãî áª®à®áâ¨ (á¬. à¨á.):

c

λ

Φv

Γv p

kp

v£à � vä = c2:

�®£¤  ã¯®âà¥¡«ïîâ ¤àã£®¥ ®¯à¥¤¥-

«¥¨¥ £àã¯¯®¢®© áª®à®áâ¨:

v£à =
P

W
;

£¤¥ P { ¬®é®áâì ¢ ¢®«®¢®¤¥, W { áà¥¤¨© § ¯ á í¥à£¨¨   ¥¤¨¨æã

¤«¨ë ¢®«®¢®¤ .

�á¯®«ì§ãï ¯®«ãç¥ë¥ à ¥¥ á®®â®è¥¨ï, ¨¬¥¥¬ (¤«ï H-¢®«)

P =
1

2
!��g2m

Z
S

 2 dS;

W =
"

2
(!�)2 � g2m

Z
S

 2 dS:

�âáî¤ 

v£à =
P

W
=

�

!�"
:

� §®¢ ï áª®à®áâì, ª ª ¡ë«® ®¯à¥¤¥«¥® ¢ëè¥,

vä =
!

�
:

�®¤áâ ¢«ïï !=� ¢ ¢ëà ¦¥¨¥ ¤«ï v£à,  å®¤¨¬

v£à � vä =
1

"�
= c2:

�à ¢¨¢ ï á  ©¤¥ë¬ à ¥¥ á®®â®è¥¨¥¬,  å®¤¨¬, çâ® ®¡  ®¯à¥-

¤¥«¥¨ï £àã¯¯®¢®© áª®à®áâ¨ ¤ îâ ®¤¨ ª®¢ë© à¥§ã«ìâ â.
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3.7. �®«ë �à¨««îí 

�®«ë ¢ ¢®«®¢®¤¥ ¬®¦® à á¬®âà¥âì ¥é¥ ¢ ®¤®¬  á¯¥ªâ¥.

�à¨««îí®¬ ¡ë«® ®â¬¥ç¥®, çâ® áãé¥áâ¢ã¥â á¢ï§ì ¬¥¦¤ã ®¤®à®¤-

ë¬¨ ¯«®áª¨¬¨ ¢®« ¬¨ ¨ ¢®« ¬¨ ¢ ¯àï¬®ã£®«ì®¬ ¢®«®¢®¤¥. �â 

á¢ï§ì ¬®¦¥â ¡ëâì ®¡ àã¦¥  â ª¦¥ ¢ ¢®«®¢®¤ å ¤àã£®© ä®à¬ë.

� ¯à¨¬¥à, ¤«ï ¬®¤ë H10 ¢ ¯àï¬®ã£®«ì®¬ ¢®«®¢®¤¥

Ey = � j!��
a

sin
�x

a
�e�j�z = � j!��

2a

8><
>:e

j

�
�x
a
��z

�
� e

�j

�
�x
a

+�z

�9>=
>; ;

â® ¥áâì áã¬¬  ¤¢ãå ¯«®áª¨å ¢®«.

� áá¬®âà¨¬ ¢®«ã H10 ¢ ¯àï¬®ã£®«ì®¬ ¢®«®¢®¤¥. � íâ®¬ á«ãç ¥

¯®«¥ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¤¢ãå ¯«®áª¨å ¢®«, à á¯à®áâà ïîé¨å-

áï ¯®¤ ã£«®¬ ¤àã£ ª ¤àã£ã ¬¥¦¤ã ¤¢ã¬ï ¯«®áª®áâï¬¨ (®¡à §®¢ ë¬¨

è¨à®ª¨¬¨ áâ¥ª ¬¨) (á¬. à¨á.).

z

x

θπ

θ

2

Λ

Λ

λ

θ

�â®¡ë íâ® ¯®ª § âì, à áá¬®âà¨¬

¤¢¥ ¯«®áª¨¥ ¢®«ë, à á¯à®áâà ïî-

é¨¥áï ¬¥¦¤ã ¯ à ««¥«ìë¬¨ ¯à®-

¢®¤ïé¨¬¨ ¯«®áª®áâï¬¨ ¯®¤ ã£« ¬¨

�� ª ®á¨ z. �®£¤  ¥âàã¤® ¢¨¤¥âì,
çâ®

�
�¯à®¤

= cos �,
�

�¯®¯
= sin �.

� â® ¦¥ ¢à¥¬ï ¤¢¥ ¢®«ë ¢ ¯®¯¥à¥ç®¬ ª z á¥ç¥¨¨ ¤ îâ áâ®ïçãî ¢®«ã,

¯à¨ç¥¬ à ááâ®ï¨¥ ¬¥¦¤ã ¬¨¨¬ã¬ ¬¨ à ¢®
�¯®¯

2
. �á«¨ ã£®« � ¢ë¡à 

â ª, çâ®¡ë à áâ®ï¨¥ ¬¥¦¤ã ¬¨¨¬ã¬ ¬¨ ¡ë«® à ¢® a, â®   «¨¨¨

¬¨¨¬ã¬  ¬®¦® ¯®¬¥áâ¨âì ¯à®¢®¤ïé¨¥ áâ¥ª¨, ¥  àãè ï ª àâ¨ã

¯®«ï. � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ ãá«®¢¨¥

�¯®¯

2
= a; ¨«¨ sin � =

�

2a
:

�ç¥¢¨¤®, çâ® â ª®¥ á®®â®è¥¨¥ ¬®¦® ¢ë¯®«¨âì «¨èì ¯à¨ ãá«®-

¢¨¨, çâ®

97



� < 2a; â:¥: �ªà = 2a:

�¥¯¥àì ¬®¦® ®¯à¥¤¥«¨âì ¤«¨ã ¢®«ë ¢  ¯à ¢«¥¨¨ ®á¨ z:

�¯à®¤ =
�

cos �
=

�p
1 � sin2 �

=
�s

1 �
�

�
�ªà

�2
:

�à®¬¥ â®£®, ¬®¦® ®â¬¥â¨âì, çâ® ¯à¨ ¯à¨¡«¨¦¥¨¨ ª ªà¨â¨ç¥áª®©

¢®«¥ ã£®« � ¯à¨¡«¨¦ ¥âáï ª
�
2
, â.¥. ¢¡«¨§¨ ªà¨â¨ç¥áª®© ¢®«ë à á¯à®-

áâà ¥¨¥ ¢ ®á®¢®¬ ¯®¯¥à¥ç®.

�®«ãç¥ë¥ á®®â®è¥¨ï ¯®§¢®«ïîâ  ©â¨ â ª¦¥ ¨ £àã¯¯®¢ãî áª®-

à®áâì

v£à = c � cos � = c �
p
1 � sin2 � = c �

s
1 �

�
�

�ªà

�2
:

�«ï ¢®« Hmn ¨ Emn ¢ ¯àï¬®ã£®«ì®¬ ¢®«®¢®¤¥ ¯®«¥ ¢ ®¡é¥¬ á«ã-

ç ¥ ¬®¦¥â ¡ëâì ¯®«ãç¥® ¢ ¢¨¤¥ áã¬¬ë ç¥âëà¥å ¯«®áª¨å ¢®«, à á¯à®-

áâà ïîé¨åáï ¯®¤ ®¤¨ ª®¢ë¬ ã£«®¬ ª ®á¨ z.

� á«ãç ¥ ¡®«¥¥ á«®¦ëå ¢®«®¢®¤®¢ ¯®«¥ ¬®¦¥â ¡ëâì ¯®«ãç¥® áã¬-

¬¨à®¢ ¨¥¬ ¡¥áª®¥ç®£® ç¨á«  ¯«®áª¨å ¢®«,  ¯à ¢«¥¨¥ à á¯à®áâà -

¥¨ï ª®â®àëå ®¡à §ãîâ ª®ãá á ã£«®¬ � ¯à¨ ¢¥àè¨¥. �á«¨ § à ¥¥

¨áª âì à¥è¥¨¥ ¢ ¢¨¤¥ áã¬¬ë ¯«®áª¨å ¢®«, â® ¬®¦® ¯®«ãç¨âì ¨â¥-

£à «ì®¥ ãà ¢¥¨¥ ¤«ï äãªæ¨©  ¨ �.

3.8. � âãå ¨¥ ¢ ¢®«®¢®¤ å

� ¢®«®¢®¤¥ á ¬¥â ««¨ç¥áª¨¬¨, ¥¨¤¥ «ì® ¯à®¢®¤ïé¨¬¨ áâ¥ª ¬¨ ç áâì

¬®é®áâ¨ â¥àï¥âáï ¢ áâ¥ª å. �â® ¯à¨¢®¤¨â ª § âãå ¨î à á¯à®áâà ï-

îé¨åáï ¢®«. �®à¬ «ì® íâ® ¢ëà ¦ ¥âáï ¢ â®¬, çâ® ¤«ï ç áâ®â ¢ëè¥

ªà¨â¨ç¥áª®© ¢¥«¨ç¨  ¯®áâ®ï®© à á¯à®áâà ¥¨ï ®ª §ë¢ ¥âáï ã¦¥ ¥

ç¨áâ® ¬¨¬®©,   ¯®ï¢«ï¥âáï ¢¥é¥áâ¢¥ ï ç áâì, ®¡ãá«®¢«¨¢ îé ï § -

âãå ¨¥. �§¬¥ï¥âáï â ª¦¥ ¨ ¬¨¬ ï ç áâì ¢á«¥¤áâ¢¨¥ ¯à®¨ª®¢¥¨ï

¯®«ï ¢ áâ¥ªã   â®«é¨ã áª¨-á«®ï.

�§¬¥¥¨¥ ¯®áâ®ï®© à á¯à®áâà ¥¨ï  ¢á«¥¤áâ¢¨¥ ¯®â¥àì ¬®¦¥â

¡ëâì ¢ëç¨á«¥® ¯à¨¡«¨¦¥® ¢ à ¬ª å â¥®à¨¨ ¢®§¬ãé¥¨©. �à¥¤¯®«®-

¦¨¬, çâ® ¥ª®â®à ï ¬®¤  ¯à¨ ®âáãâáâ¢¨¨ ¯®â¥àì ®¯¨áë¢ ¥âáï ¢¥ªâ®à-

ë¬¨ äãªæ¨ï¬¨ ~Em � e�0z, ~Hm � e�0z. �à¨ ¯®ï¢«¥¨¨ ¬ «ëå ¯®â¥àì
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¢¥ªâ®àë¥ äãªæ¨¨ ¥áª®«ìª® ¨§¬¥ïîâáï: E � e�z, H � e�z. �à¥¤-

¯®«®¦¨¬, çâ® ¯à¨ ¬ «®¬ § âãå ¨¨ íâ¨ äãªæ¨¨ ¬ «® ®â«¨ç îâáï ®â

¥¢®§¬ãé¥ëå. �® ¢áïª®¬ á«ãç ¥, íâ® ¨¬¥¥â ¬¥áâ® ¯à¨ ®âáãâáâ¢¨¨ ¢ë-

à®¦¤¥¨ï.

�«ï ¢ëç¨á«¥¨ï  ¢®á¯®«ì§ã¥¬áï â¥¬, çâ® ¢¥ªâ®àë¥ äãªæ¨¨ ã¤®-

¢«¥â¢®àïîâ ãà ¢¥¨ï¬ � ªá¢¥«« :

rot ( ~Em � e�0z) = �j!�0 ~Hme
�0z;

rot ( ~Hm � e�0z) = j!"0 ~Eme
�0z;

rot ( ~E � e�z) = �j!�0 ~He�z;
rot ( ~H � e�z) = j!"0 ~Ee

�z;

�®«ì§ãïáì â®¦¤¥áâ¢®¬

rot (� � ~F ) = � � rot ~F + grad�� ~F ;

¯®á«¥ á®ªà é¥¨ï íªá¯®¥â ¯®«ãç¨¬

rot ~E�m + 0 � ~z0 � ~E�m = j!�0 ~H
�
m;

rot ~H�
m + 0 � ~z0 � ~H�

m = �j!"0 ~E�m;
rot ~E �  � ~z0 � ~E = �j!�0 ~H;
rot ~H �  � ~z0 � ~H = j!"0 ~E:

�¤¥áì �0 = �0, â ª ª ª 0 { ¬¨¬ ï ¢¥«¨ç¨ .
�®áâ ¢¨¬ ¢ëà ¦¥¨¥

div ( ~E�m� ~H) + div ( ~E � ~H�
m) =

= ~H � rot ~E�m � ~E�m � rot ~H + ~H�
m � rot ~E � ~E � rot ~H�

m =

= ~H � (j!�0 ~H�
m � 0~z0 � ~E�m) + ~E�m � (j!"0 ~E + ~z0 � ~H) �

+ ~H�
m � (�j!�0 ~H + ~z0 � ~E) � ~E � (�j!"0 ~E�m � 0 � ~z0 � ~H�

m) =

= �0� ~H �(~z0� ~E�m) �  � ~E�m �(~z0� ~H) +  � ~H�
m �(~z0� ~E) + 0 � ~E �(~z0� ~H�

m) =

= �0�~z0 �( ~E�m� ~H) +  �~z0 �( ~E�m� ~H) +  �~z0 �( ~E� ~H�
m) � 0 �~z0�( ~E� ~H�

m) =

= ( � 0) � ( ~E�m � ~H + ~E � ~H�
m) � ~z0:
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�à®¨â¥£à¨àã¥¬ ¯®«ãç¥®¥ à ¢¥áâ¢® ¯® á¥ç¥¨î ¢®«®¢®¤ :I
C

( ~E�m� ~H + ~E � ~H�
m) � ~n dC = ( � 0)

Z
S

( ~E�m� ~H + ~E � ~H�
m) � ~z0 dS;

®âªã¤ 

 = 0 +

H
C

( ~E�m � ~H + ~E � ~H�
m) � ~n dCR

S

( ~E�m � ~H + ~E � ~H�
m) � ~z0 dS

:

�¤¥áì ~n { ¥¤¨¨çë© ¢¥ªâ®à ®à¬ «¨,  ¯à ¢«¥ë© ¢ áâ¥ªã, C { ª®-

âãà á¥ç¥¨ï ¢®«®¢®¤ , S { á¥ç¥¨¥ ¢®«®¢®¤ .

�â¥£à « I
C

( ~E�m � ~H)~n dC = 0

¢á«¥¤áâ¢¨¥ £à ¨çëå ãá«®¢¨© ¤«ï ~E�m.

� «¥¥, á®£« á® ãá«®¢¨î �¥®â®¢¨ç ,

~Et = � � ( ~H � ~n) � � � ( ~Hm � ~n)
  ª®âãà¥ ¯®¯¥à¥ç®£® á¥ç¥¨ï C. �®á«¥¤¥¥ ¯à¨¡«¨¦¥®¥ à ¢¥áâ¢®

á¢ï§ ® á ¯à¥¤¯®«®¦¥¨¥¬, çâ®  «¨ç¨¥ ¯®â¥àì ¬ «® ¨§¬¥ï¥â ¯®«¥.

�â®à®© ¨â¥£à « ¢ ç¨á«¨â¥«¥ à ¢¥I
C

( ~E � ~H�
m)~n dC =

I
C

� �
h
( ~Hm� ~n)� ~H�

m

i
~n dC = � �

I
C

j ~Hmj2 dC:

� § ¬¥ â¥«¥ ~E ¨ ~H ¬®£ãâ ¡ëâì ¯à¨¡«¨¦¥® § ¬¥¥ë   ~Em ¨
~Hm:Z
S

( ~E�m� ~H + ~E � ~H�
m) � ~z0 dS �

Z
S

( ~E�m� ~Hm + ~Em � ~H�
m) � ~z0 dS =

= 2Re

Z
S

( ~Em � ~H�
m) � ~z0 dS :

�â ª, ®ª®ç â¥«ì® ¨¬¥¥¬
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 � 0 +

� � H
C

j ~Hmj2 dC

2Re
R
S

( ~Em � ~H�
m) � ~z0 dS

:

� à¥§ã«ìâ â¥ ¬ë ¬®¦¥¬ ¢ëç¨á«¨âì ¬¨¬ãî ¨ ¢¥é¥áâ¢¥ãî ¤®¡ ¢ª¨

ª  ¢á«¥¤áâ¢¨¥ ¯®â¥àì ¢ áâ¥ª å ¢®«®¢®¤ :

� =
1

2

Re �
H
C

j ~Hmj2 dC

Re
R
S

( ~Em � ~H�
m) � ~z0 dS

;

�� =
1

2

Im �
H
C

j ~Hmj2 dC

Re
R
S

( ~Em � ~H�
m) � ~z0 dS

:

�ç¨âë¢ ï, çâ®

� =
1 + j

��
;

  â ª¦¥ çâ®

P1¯®â¥àì =
1

2��

I
C

j ~Hmj2 dC |

¬®é®áâì ¯®â¥àì   ¥¤¨¨æã ¤«¨ë ¢®«®¢®¤  ¨

P =
1

2
�Re

Z
S

( ~Em � ~H�
m) � ~z0 dS |

¬®é®áâì ¢®«ë ¢ ¢®«®¢®¤¥, ®ª®ç â¥«ì® ¯®«ãç¨¬

� = �� =
P1¯®â

2P
:

� âãå ¨¥ ¬®¦¥â ¡ëâì â ª¦¥ ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥

� =
P1¯®â

2P
=

P1¯®â

2v£àW
;

£¤¥
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W =
�0

2

Z
S

j ~Hmj2 dS |

§ ¯ á í¥à£¨¨   ¥¤¨¨æã ¤«¨ë ¢ ¢®«®¢®¤¥;

v£à = c �
s
1 � �2

�2ªà
|

£àã¯¯®¢ ï áª®à®áâì ¢ ¢®«®¢®¤¥.

�®¤áâ ¢«ïï íâ¨ á®®â®è¥¨ï ¢ ¢ëà ¦¥¨¥ ¤«ï �, ¯®«ãç¨¬:

� =

1
2��

H
C

j ~Hmj2 dC

2
�0
2

R
S

j ~Hmj2 dSc
s
1 � �2

�2ªà

=
1

2���0c

1s
1 � �2

�2ªà

H
C

j ~Hmj2 dCR
S

j ~Hmj2 dS
:

�¤ ª®

� =
1

�¬!�2
:

�®¤áâ ¢«ïï � ¢ ¯®á«¥¤¥¥ ¢ëà ¦¥¨¥ ¤«ï �, ¯®«ãç¨¬

� = �� =
�

2

�

�

�¬

�0

1s
1 � �2

�2ªà

H
C

j ~Hmj2 dCR
S

j ~Hmj2 dS
:

� ¯®¬¨¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå ¯®«ãç¥  íâ  ä®à¬ã« . �à¥¤¯®-

« £ ¥âáï, çâ® ¢ ¢®«®¢®¤¥ ¯®ï¢«¥¨¥ ¯®â¥àì ¬ «® ¨§¬¥ï¥â ¯®«¥. �â®

ãá«®¢¨¥ ¬®¦¥â ¡ëâì  àãè¥® ¢ á«¥¤ãîé¨å á«ãç ïå:

 ) ¡«¨§®áâì ª ªà¨â¨ç¥áª®© ¢®«¥,

¡)  «¨ç¨¥ ¢ëà®¦¤¥¨ï.

�¥£ª® ¯®«ãç¨âì ä®à¬ã«ã, ª®â®à ï ®áâ ¥âáï ª®àà¥ªâ®© ¢ ®ªà¥áâ®áâ¨

ªà¨â¨ç¥áª®© ç áâ®âë. �«ï íâ®£® à áá¬®âà¨¬ ¯®«ãç¥ãî à ¥¥ â®çãî

ä®à¬ã«ã
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 = 0 +

H
C

( ~E�m � ~H + ~E � ~H�
m) � ~n dCR

S

( ~E�m � ~H + ~E � ~H�
m) � ~z0 dS

:

�«ï ®¯à¥¤¥«¥®áâ¨ à áá¬®âà¨¬ á«ãç © ¬ £¨âëå ¬®¤. � íâ®¬ á«ã-

ç ¥ ¯®¯¥à¥ç ï ç áâì ¬ £¨â®£® ¯®«ï ¨ í«¥ªâà¨ç¥áª®¥ ¯®«¥ á¢ï§ ë

á®®â®è¥¨¥¬

~H¯®¯
m =

0

j!�0
~z0 � ~Em:

�«ï ªà¨â¨ç¥áª®© ç áâ®âë 0 ®¡à é ¥âáï ¢ ã«ì. �®íâ®¬ã ¯à¨ § ¬¥-

¥ á®£« á® â¥®à¨¨ ¢®§¬ãé¥¨© ¢ § ¬¥ â¥«¥ ~H¯®¯   ~Hm § ¬¥ â¥«ì

®¡à é ¥âáï ¢ ã«ì, çâ® ¨ ¯à¨¢®¤¨â ª ¥ª®àà¥ªâ®áâ¨. �â® ¬®¦® ¨§-

¬¥¨âì, ¢ëà §¨¢ ¯¥à¢® ç «ì® ¢ § ¬¥ â¥«¥ ~H ç¥à¥§ ~E ¯® ä®à¬ã«¥,

  «®£¨ç®© ¢ëè¥ ¯¨á ®©:

~H¯®¯ =


j! � �0 ~z0 �
~E:

�®á«¥ íâ®£® § ¬¥¨¬ ~E   ~Em ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¨¥© ¢®§¬ãé¥¨©:

 � 0 =

j! � �0
H
C

( ~E�m � ~H + ~E � ~H�
m) � ~ndCR

S

(j ~Emj2 + 0j ~Emj2) dS
=

=

j! � �0
H
C

( ~E�m � ~H + ~E � ~H�
m) � ~n dC

( + 0)
R
S

j ~Emj2 dS
:

�¬®¦ ï ®¡¥ áâ®à®ë à ¢¥áâ¢     + 0, ¯®«ãç¨¬

2 � 20 =

j! � �0
H
C

( ~E�m � ~H + ~E � ~H�
m) � ~ndCR

S

j ~Emj2 dS
:

� ®¥ á®®â®è¥¨¥ ®áâ ¥âáï ª®àà¥ªâë¬ ¨ ¤«ï ªà¨â¨ç¥áª®© ç áâ®-

âë. �  ªà¨â¨ç¥áª®© ç áâ®â¥ 0 = 0. �®íâ®¬ã ¯®áâ®ï ï à á¯à®áâà -

¥¨ï ¯®«ãç ¥âáï ¯ãâ¥¬ ¨§¢«¥ç¥¨ï ª®àï ª¢ ¤à â®£®. � à¥§ã«ìâ â¥

§ âãå ¨¥   íâ®© ç áâ®â¥ à¥§ª® ã¢¥«¨ç¨¢ ¥âáï, ® ®áâ ¥âáï ª®¥çë¬.

� «®£¨ç® à¥è ¥âáï § ¤ ç  ¨ ¤«ï í«¥ªâà¨ç¥áª¨å ¬®¤.

�ëç¨á«¨¬ § âãå ¨¥ ¤«ï ¥ª®â®àëå á«ãç ¥¢.
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3.8.1. �àï¬®ã£®«ìë© ¢®«®¢®¤. H10{¬®¤ 

�®¬¯®¥âë ¬ £¨â®£® ¯®«ï íâ®© ¬®¤ë à ¢ë

Hz =
��
a

�2
cos

�x

a
;

Hx =
j��

a
sin

�x

a
;

Hy = 0:

�âáî¤ 

jH j2 =
��
a

�4
cos2

�x

a
+

�
��

a

�2
sin2

�x

a
:

�â¥£à « ¯® á¥ç¥¨î ¢®«®¢®¤  à ¢¥Z
S

jH j2 dS = b

(
a

2

��
a

�4
+
a

2

�
��

a

�2)
=

ab

2

��
a

�2 ���
a

�2
+ �2

�
=

=
ab

2

��
a

�2 4�2
�2

;

â ª ª ª ��
a

�2
+ �2 = g2 + �2 = k2 =

4�2

�2
:

�â¥£à « ¯® ª®âãàã á¥ç¥¨ïI
C

jH j2 dC = 2
��
a

�4
b+ 2�a

2

"��
a

�4
+

�
��

a

�2#
=
��
a

�4�
2b +

4a3

�2

�
=

=
��
a

�4 
2b + a

�2ªà

�2

!
:

�®¤áâ ¢«ïï íâ¨ ¨â¥£à «ë ¢ ¢ëà ¦¥¨¥ ¤«ï �, ¯®«ãç¨¬

� =
�

2
� �
�
� �¬
�0

1s
1 � �2

�2ªà

�
�
a

�4 �
2b + a

�2ªà
�2

�
ab
2

�
�
a

�2
4�2

�2

=
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=
��

�b

�¬

�0

�
1 +

2b
a
�2

�2ªà

�
s
1 � �2

�2ªà

:

�à¨¬¥à: �àï¬®ã£®«ìë© ¢®«®¢®¤ 10�23 ¬¬2, ¬¥¤ì. � = 3 á¬,

�¬ = �0, b = 1 á¬, a = 2:3 á¬, �ªà = 4:6 á¬, � � 0:64 �10�4 á¬, f = 1010 �æ.

� =
� � 0:64 � 10�4

1 � 3 � 1 + 2
2:3
� � 3

4:6

�2q
1 � �

3
4:6

�2 � 1:14 � 10�4 ¥¯=á¬ =

= 9:9 � 10�4 ¤�=á¬ = 9:9 � 10�2 ¤�=¬:
�§¬¥¥¨¥ § âãå ¨ï � ¢ § ¢¨á¨¬®áâ¨ ®â ç áâ®âë ¯à¥¤áâ ¢«¥®  

à¨á.

α

ωkp

ω

3.8.2. �àã£«ë© ¢®«®¢®¤. �®¤  H01

Hz = g001
2 � J0(g001r);

Hr = j�g001 � J1(g001r);
E' = �j!�g001 � J1(g001r):

�  ¯®¢¥àå®áâ¨ áâ¥ª¨ ¬ £¨â®¥ ¯®«¥ ¨¬¥¥â â®«ìª® z-î ª®¬¯®¥âã

(Hz 6= 0), ¯®íâ®¬ã I
C

jH j2 dC = 2�a � g0014 J20 (g001a):
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� «¥¥, ¢ëç¨á«¥¨¥
R
S

jH j2 dS ã¤®¡® § ¬¥¨âì ¢ëç¨á«¥¨¥¬ ¨â¥£à -

« 
R
S

jEj2 dS, â ª ª ª E ¨¬¥¥â â®«ìª® ®¤ã á®áâ ¢«ïîéãî:

Z
S

jH j2 dS =
"0

�0

Z
S

jEj2 dS =
"0

�0
!2�20g

0
01
2

Z
S

J21 (g
0
01r)2�r dr =

=
2�!2

c2
g001

2

aZ
0

J21 (g
0
01r)r dr:

�â¥£à « ¬®¦¥â ¡ëâì ¢ëç¨á«¥ ¨ ®ª §ë¢ ¥âáï à ¢ë¬

aZ
0

J21 (g
0
01r)r dr =

a2

2
J20 (g

0
01a):

�®¤áâ ¢«ïï íâ¨ ¨â¥£à «ë ¢ ¢ëà ¦¥¨¥ ¤«ï �, ¯®«ãç¨¬Z
S

jH j2 dS =
�!2

c2
g001

2
a2 J20 (g

0
01a):

�¥¯¥àì ¬®¦® ¢ëç¨á«¨âì � (¯à¨ �¬ = �0):

� =
��

2�

1

2c

s
1 � �2

�2ªà

2�a � g0014 J20 (g001a)
�!2

c2
g001

2
a2 J20 (g

0
01a)

=

=
��

�a

�2

�2ªàs
1 � �2

�2ªà

:

�§ ¤ ®£® á®®â®è¥¨ï á«¥¤ã¥â, çâ® á ã¬¥ìè¥¨¥¬ ¤«¨ë ¢®«ë

§ âãå ¨¥ ã¡ë¢ ¥â ª ª �3=2 (â ª ª ª � � �1=2). �â® ã¡ë¢ ¨¥ ï¢«ï¥âáï

á«¥¤áâ¢¨¥¬ â®£®, çâ® ®âáãâáâ¢ãîâ ¯à®¤®«ìë¥ â®ª¨ ¢ áâ¥ª å,   ¯®¯¥-

à¥çë¥ â®ª¨ ã¡ë¢ îâ á à®áâ®¬ ç áâ®âë.

�®à®âª® ®áâ ®¢¨¬áï ¥é¥   ¯®â¥àïå ¢ áà¥¤¥, § ¯®«ïîé¥© ¢®«®¢®¤,

¯à¥¤¯®« £ ï, çâ® ¯®â¥à¨ ¬ «ë.
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� ª ¨ ¯à¥¦¤¥,

� =
P¯®â1

2v£àW
:

�à¨ íâ®¬

P¯®â1 =
�

2

Z
S

jEj2 dS;

£¤¥ � { ¯à®¢®¤¨¬®áâì áà¥¤ë. � â® ¦¥ ¢à¥¬ï

W =
"

2

Z
S

E2dS;

¯®íâ®¬ã

� =
�

2v£à"
=

! tg �

2c

s
1 � �2

�2ªà

=
�

�

tg �s
1 � �2

�2ªà

;

£¤¥
�
!"

= tg �.

4. ������ ����� � �������� ����������

4.1. �®«®¢®¤ ï «¨¨ï ¯¥à¥¤ ç¨

�® á¨å ¯®à  á ¨â¥à¥á®¢ «  «¨èì áâàãªâãà  ¯®«¥© à §«¨çëå ¬®¤ ¨

ªà¨â¨ç¥áª¨¥ ¤«¨ë ¢®«. �áá«¥¤ã¥¬ â¥¯¥àì à á¯à®áâà ¥¨¥ ¢®« ¢

¢®«®¢®¤¥.

� áá¬®âà¨¬ ¢®«®¢®¤, à ¡®â îé¨© ¢ ®¡« áâ¨ ç áâ®â, £¤¥ ¬®¦¥â à á-

¯à®áâà ïâìáï «¨èì ®¤  ®á®¢ ï ¬®¤ . �ëáè¨¥ ¬®¤ë ¯à¥¤¯®« £ îâáï

¥à á¯à®áâà ïîé¨¬¨áï ¨ ¡ëáâà® § âãå îé¨¬¨.

� ª ¡ë«® áª § ® à ¥¥, à¥è¥¨¥ á®áâ®¨â ¨§ ¤¢ãå ¢®«, à á¯à®áâà -

ïîé¨åáï ¢ ¯à®â¨¢®¯®«®¦ëå  ¯à ¢«¥¨ïå ¨ ®â«¨ç îé¨åáï ¬®¦¨-

â¥«ï¬¨ e�j�z .
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�ãé¥áâ¢®¢ ¨¥ â®© ¨«¨ ¨®© ¨§ íâ¨å ¢®« ®¯à¥¤¥«ï¥âáï ãá«®¢¨ï¬¨

¢®§¡ã¦¤¥¨ï (ãá«®¢¨¥ ¨§«ãç¥¨ï). �á«¨ ¯®«ã¡¥áª®¥çë© ¢®«®¢®¤ ¢®§-

¡ã¦¤ ¥âáï ¢  ç «¥ £¥¥à â®à®¬,

â® ¢ ¥¬ áãé¥áâ¢ã¥â «¨èì ®¤-

  ¢®« , à á¯à®áâà ïîé ïáï ¢

 ¯à ¢«¥¨¨ ®â £¥¥à â®à  (á¬.

à¨á.).
�à¥¤¯®«®¦¨¬, çâ® ¢ ¢®«®¢®¤¥ áãé¥áâ¢ã¥â ¥®¤®à®¤®áâì,  ¯à¨-

¬¥à, ¯à®¢®¤¨ª ¯®¯¥à¥ª ¢®«®¢®¤ . �®£¤  ¢¡«¨§¨ ¯à®¢®¤¨ª  ®á®¢®©

¬®¤ë ¥¤®áâ â®ç® ¤«ï ã¤®¢«¥â¢®à¥¨ï £à ¨çë¬ ãá«®¢¨ï¬, â ª ª ª

¤®¡ ¢«ï¥âáï ¥é¥ ãá«®¢¨¥   ¯à®¢®¤¨ª¥. � ®¡é¥¬ á«ãç ¥ £à ¨çë¬

ãá«®¢¨ï¬ ¬®¦® ã¤®¢«¥â¢®à¨âì, ¥á«¨ § ¯¨á âì à¥è¥¨¥ ¢ ¢¨¤¥ áã¬¬ë

¯àï¬®© ¨ ®¡à â®© ¢®« ®á®¢®© ¬®¤ë ¨ ¢ëáè¨å ¬®¤ á á®®â¢¥âáâ¢¥®

¯®¤®¡à ë¬¨ ª®íää¨æ¨¥â ¬¨.

� ª ª ª ¯®«ï ¢ëáè¨å ¬®¤ ¡ëáâà® § âãå îâ, â®   ¥ª®â®à®¬ à ááâ®ï-

¨¨ ®â ¥®¤®à®¤®áâ¨ ¢®«  ¢®¢ì ¡ã¤¥â ¯à¥¤áâ ¢«ïâì á®¡®© ®á®¢ãî

¬®¤ã. �® ¯à¨ íâ®¬ á«¥¢  ®â ¥®¤®à®¤®áâ¨ â¥¯¥àì ¡ã¤¥â ¤¢¥ ¢®«ë: ¯àï-

¬ ï ¨ ®âà ¦¥ ï,   á¯à ¢  ¯®-¯à¥¦¥¬ã â®«ìª® ¯à®è¥¤è ï ¯ ¤ îé ï

¢®« . � ª¨¬ ®¡à §®¬, ®¡à â ï ¢®«  ¢®§¨ª ¥â ¢á«¥¤áâ¢¨¥ ®âà ¦¥¨ï

®â ¥®¤®à®¤®áâ¥© ¢ ¢®«®¢®¤¥.

�âà ¦¥¨¥ ¬®¦® å à ªâ¥à¨§®¢ âì ª®íää¨æ¨¥â®¬ ®âà ¦¥¨ï �,

à ¢ë¬ ®â®è¥¨î ª®¬¯«¥ªáëå  ¬¯«¨âã¤ ®âà ¦¥®© ¨ ¯ ¤ îé¥©

¢®«:

� =
b

a
;

£¤¥ a ¨ b {  ¬¯«¨âã¤ë ¯ ¤ îé¥© ¨ ®âà ¦¥®© ¢®«. �®¬¡¨ æ¨ï ¯ -

¤ îé¥© ¨ ®âà ¦¥ëå ¢®« ¤ ¥â áâ®ïçãî ¢®«ã, å à ªâ¥à¨§ã¥¬ãî ª®-

íää¨æ¨¥â®¬ áâ®ïç¥© ¢®«ë  ¯àï¦¥¨ï (����):

� =
jaj + jbj
jaj � jbj :

� áá¬®âà¨¬ ¥®¤®à®¤®áâì, ®¡à §ã¥¬ãî ¬¥â ««¨ç¥áª®© ¯« áâ¨®©,

§ ªàë¢ îé¥© ¢á¥ á¥ç¥¨¥ ¢®«®¢®¤ . �  íâ®© ¯« áâ¨¥ ¯®¯¥à¥ç®¥ í«¥ª-

âà¨ç¥áª®¥ ¯®«¥ à ¢® ã«î. � ª®¬ã £à ¨ç®¬ã ãá«®¢¨î ¬®¦® ã¤®¢«¥-

â¢®à¨âì á ¯®¬®éìî áã¬¬ë ¯ ¤ îé¥© ¨ ®âà ¦¥®© ¢®« ®¤¨ ª®¢®©

 ¬¯«¨âã¤ë, ¢§ïâëå á ®¡à âë¬ § ª®¬ ¤«ï ¯®¯¥à¥ç®£® í«¥ªâà¨ç¥áª®£®

¯®«ï. �¥âàã¤® ¢¨¤¥âì, çâ® ¯®¯¥à¥çë¥ á®áâ ¢«ïîé¨¥ ¬ £¨â®£® ¯®«ï
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¯à¨ íâ®¬   ¯« áâ¨¥ áª« ¤ë¢ îâáï (Ey = �j!�@ 
@x

, Hx = �j� @ 
@y

).

�à¨ íâ®¬ ª®íää¨æ¨¥â ®âà ¦¥¨ï à ¢¥ �1.
� ªãî ¥®¤®à®¤®áâì ¥áâ¥áâ¢¥®  §¢ âì \ª®à®âª¨¬ § ¬ëª ¨¥¬"

¢®«®¢®¤ .

� §®¬ªãâë© ¢®«®¢®¤ ¯®«ãç¨âì ¤®áâ â®ç® âàã¤®, â ª ª ª ®âªàë-

âë© ª®¥æ ¢®«®¢®¤  á¨«ì® ¨§«ãç ¥â ¢ ¯à®áâà áâ¢®. �¤¥ «ìë© å®«®-

áâ®© å®¤ ¬®¦® ¡ë«® ¡ë ¯®«ãç¨âì, § ¬ëª ï ª®¥æ ¢®«®¢®¤  ¯« áâ¨®©

¨§ ¨¤¥ «ì®£® ¬ £¥â¨ª  á � =1. �®£® ¦¥ ¬®¦® ¤®áâ¨çì, § ª®à ç¨¢ ï

¢®«®¢®¤ ¯« áâ¨®©   à ááâ®ï¨¨ �=4 ®â â®£® á¥ç¥¨ï, £¤¥ ¥®¡å®¤¨¬®

¯®«ãç¨âì ãá«®¢¨¥ å®«®áâ®£® å®¤ .

� «¨§¨àãï ¢®«ë ¢ ¢®«®¢®¤¥, ¬ë ¢áâà¥â¨¬áï á ¯®ïâ¨ï¬¨, ª®â®-

àë¥ ¯à¥¦¤¥ ¡ë«¨ ¢¢¥¤¥ë ¤«ï TEM-«¨¨©, ®¯¨áë¢ ¥¬ëå â¥«¥£à äë¬¨

ãà ¢¥¨ï¬¨. �â    «®£¨ï ¬®¦¥â ¡ëâì ¯à®¢¥¤¥  § ç¨â¥«ì® ¤ «ì-

è¥. �à®¢¥¤¥¨¥ â ª®©   «®£¨¨ ¯®§¢®«ï¥â ¨á¯®«ì§®¢ âì ¤«ï à áç¥â®¢

å à ªâ¥à¨áâ¨ª ¢®«®¢®¤ëå ãáâà®©áâ¢ à¥§ã«ìâ âë, ¯®«ãç¥ë¥ ¢ â¥®-

à¨¨ æ¥¯¥© ¨ TEM-«¨¨©.

4.2. �¥«¥£à äë¥ ãà ¢¥¨ï ¤«ï H-¢®« ¢ ¢®«®¢®¤¥

�®«ï ¢ ¢®«®¢®¤¥ ã¤®¢«¥â¢®àïîâ ãà ¢¥¨ï¬ � ªá¢¥«« 

rot ~E = �j!� ~H;
rot ~H = j!" ~E:

�ãâ¥¬ à §¤¥«¥¨ï ¯¥à¥¬¥ëå ¨§ íâ¨å ãà ¢¥¨© ¬®¦® ¯®«ãç¨âì â¥«¥-

£à äë¥ ãà ¢¥¨ï. �«ï íâ®£® § ¯¨è¥¬ ¯®«ï H-¬®¤ ¢ ¢¨¤¥ (ãç¨âë¢ ï,

çâ® Ez = 0 ¤«ï H ¢®«)

~E = ~E¯®¯ = V (z) � ~e(x; y);
~H = ~H¯®¯ + ~Hz = I(z) � ~h(x; y) + ~Hz ;

¯à¨ç¥¬ ¢¥ªâ®àë¥ äãªæ¨¨ ~e ¨ ~h ¨¬¥îâ â®«ìª® ¯®¯¥à¥çë¥ á®áâ ¢«ïî-

é¨¥ ¨ § ¢¨áïâ â®«ìª® ®â ¯®¯¥à¥çëå ª®®à¤¨ â.

�®¤áâ ¢«ïï íâ¨ ¯®«ï ¢ ¯¥à¢®¥ ãà ¢¥¨¥ � ªá¢¥««  ¨ ¢ë¤¥«ïï ¯®¯¥-

à¥çë¥ á®áâ ¢«ïîé¨¥, ¯®«ãç¨¬

[rot (V � ~e )]¯®¯ = � j!� � I � ~h:
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� ¬¥â¨¬, çâ® rot (V � ~e ) = V � rot~e + gradV � ~e. �¥à¢®¥ á« £ ¥¬®¥ ¥

¨¬¥¥â ¯®¯¥à¥çëå á®áâ ¢«ïîé¨å. � ª ª ª gradV =
dV
dz

� ~z0, â®

dV

dz
� ~z0 � ~e = � j!�I � ~h:

�¬®¦¨¬ íâ® ãà ¢¥¨¥   ~h:

dV

dz
� (~e� ~h) � ~z0 = � j!� � (~h)2 � I:

�®¤áâ ¢¨¬ â¥¯¥àì ¢ëà ¦¥¨ï ¤«ï ¯®«¥© ¢® ¢â®à®¥ ãà ¢¥¨¥ � ªá¢¥«« :

dI

dz
� (~z0 � ~h) + [rot ~Hz]

¯®¯ = j!"V � ~e;

â ª ª ª ~h = � � grad , â® rot~h = 0.

� ¬¥â¨¬, çâ® rot ~Hz ¨¬¥¥â â®«ìª® ¯®¯¥à¥çë¥ á®áâ ¢«ïîé¨¥. �à®¬¥

â®£®,

~Hz = g2m � ~z0 � e�z;
~E = �j!� � rot ( � ~z0 � e�z);

¯®íâ®¬ã

~E = � j!�

g2m
rot ~Hz;

®âªã¤ 

rot ~Hz = � g2m
j!�

~E = � g2m
j!�

V � ~e:

�®¤áâ ¢«ïï íâ® ¢ á®®â¢¥âáâ¢ãîé¥¥ ãà ¢¥¨¥ ¨ ã¬®¦ ï   ~e, ¯®«ã-

ç¨¬

dI

dz
(~e� ~h) � ~z0 = �

�
g2m
j!�

+ j!"

�
~e 2 � V:

�à®¨â¥£à¨àã¥¬ ¯®«ãç¥ë¥ ãà ¢¥¨ï ¯® á¥ç¥¨î ¢®«®¢®¤  S. �¥-

«¨ç¨ë ¨â¥£à «®¢ ®¯à¥¤¥«ïîâáï ãá«®¢¨ï¬¨ ®à¬¨à®¢ª¨.
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�®é®áâì ¯ ¤ îé¥© ¢®«ë ¢ ¢®«®¢®¤¥ à ¢ 

P =
1

2
Re

Z
S

( ~E � ~H�) � ~z0 dS =
1

2
ReV I�

Z
S

(~e� ~h)~z0 dS:

�áå®¤ï ¨§ ¯®á«¥¤¥£® ¢ëà ¦¥¨ï ¤«ï ¬®é®áâ¨ ¥áâ¥áâ¢¥® ¯à¨ïâì

®à¬¨à®¢ªã ~e ¨ ~h â ª®©, çâ®¡ëZ
S

(~e� ~h)~z0 dS = 1:

� «¥¥,

1

2
jV j2

Z
S

"~e 2 dS = We =
C1jV j2

2
|

í«¥ªâà¨ç¥áª ï í¥à£¨ï   ¥¤¨¨æã ¤«¨ë ¢®«®¢®¤ . �¤¥áì

C1 =

Z
S

"~e 2 dS |

íª¢¨¢ «¥â ï ¥¬ª®áâì   ¥¤¨¨æã ¤«¨ë «¨¨¨. � «®£¨ç®

W ¯®¯
h =

1

2
jI j2

Z
S

�~h2 dS =
L
¯à®¤
1 jI j2
2

|

¬ £¨â ï í¥à£¨ï   ¥¤¨¨æã ¤«¨ë ¢®«®¢®¤ , á¢ï§  ï á ¯®¯¥à¥ç-

ë¬¨ ª®¬¯®¥â ¬¨ ¬ £¨â®£® ¯®«ï; §¤¥áì

L
¯à®¤
1 =

Z
S

�~h2 dS |

¯à®¤®«ì ï ¨¤ãªâ¨¢®áâì   ¥¤¨¨æã ¤«¨ë. �®¤áâ ¢«ïï C1 ¨ L
¯à®¤
1 ¢

á®®â¢¥âáâ¢ãîé¨¥ ãà ¢¥¨ï, ¯®«ãç ¥¬

dV

dz
= � j!L

¯à®¤
1 I;

dI

dz
= � j!C1V � V

j!�"=g2mC1

:

�®
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�"

g2mC1

=
1

!2mC1

= L¯®¯1 |

¯®¯¥à¥ç ï ¨¤ãªâ¨¢®áâì   ¥¤¨¨æã ¤«¨ë.

� íâ¨å ®¡®§ ç¥¨ïå ãà ¢¥¨ï ¯à¨®¡à¥â îâ ä®à¬ã

dV

dz
= �j!L¯à®¤1 I;

dI

dz
= �(j!C1 +

1

j!L¯®¯1

)V:

�â® â¥«¥£à äë¥ ãà ¢¥¨ï ¤«ï ¢®« H-â¨¯  ¢ ®¤®à®¤®¬ ¢®«®¢®¤¥.

� «®£¨çë¬ ®¡à §®¬ ¬®¦® ¯®«ãç¨âì ãà ¢¥¨ï ¤«ï E-¢®« (¢¬¥áâ®

L¯®¯1 ã¦® ¢¢¥áâ¨ C¯à®¤
1 ).

�§ ¯®«ãç¥ëå ãà ¢¥¨© á«¥¤ã¥â, çâ®

Z1 = j!L
¯à®¤
1 ; Y1 = j!C1 +

1

j!L¯®¯1

:

�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® ¯à¨¢¥¤¥®¥ ¢ëè¥ ®¯à¥¤¥«¥¨¥ â®ª  ¨  -

¯àï¦¥¨ï ¢ ¢®«®¢®¤¥ ¥ ®¯à¥¤¥«ï¥â ¨å ®¤®§ ç®. � á ¬®¬ ¤¥«¥, ã¬®-

¦¨¬  ¯àï¦¥¨¥   ¯à®¨§¢®«ìë© ¯®áâ®ïë© ¬®¦¨â¥«ì,   â®ª à §¤¥-

«¨¬   â ª®© ¦¥ ¬®¦¨â¥«ì. �®£¤  ®à¬¨à®¢ª  ¯® ¬®é®áâ¨ á®åà ï¥â-

áï. � â¥«¥£à äëå ãà ¢¥¨ïå Z1 ¨ Y1 ¨§¬¥ïâáï â ª, çâ® ¨å ¯à®¨§¢¥¤¥-

¨¥ ®áâ ¥âáï ¯à¥¦¨¬ (â.¥. ¯®áâ®ï ï à á¯à®áâà ¥¨ï á®åà ï¥âáï),

  ®â®è¥¨¥, â.¥. ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥, ¨§¬¥ï¥âáï. �«¥¤®¢ â¥«ì-

®, ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥ ®¯à¥¤¥«¥® ¥®¤®§ ç®. � ¯à¨¬¥à, ¤«ï

¯àï¬®ã£®«ì®£® ¢®«®¢®¤  (á ¬®¤®© H10) ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥ ®¯à¥-

¤¥«ïîâ á«¥¤ãîé¨¬¨ á¯®á®¡ ¬¨.

�¯à¥¤¥«¨¬ â®ª I ª ª ¨â¥£à « ®â ¯à®¤®«ì®© á®áâ ¢«ïîé¥© ¯«®â®-

áâ¨ â®ª    è¨à®ª®© áâ¥ª¥. �®£¤  ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥ ®¯à¥¤¥«ï¥â-

áï á«¥¤ãîé¥© ä®à¬ã«®©:

P =
1

2
jI j2 � ZI :

�®é®áâì à ¢ 

P =
1

2

Z
S

Ex �H�
y dxdy =

1

2

Z
S

A!� sin
�x

a
�A� sin �x

a
dxdy =
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=
ab

4
A2!��:

�®ª à ¢¥

I =

aZ
0

Hx dx =

aZ
0

A� sin
�x

a
dx =

2a

�
A�:

�âáî¤  ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥ à ¢®

ZI =
2P

jI j2 =
�2

8

b

a

!�

�
=

�2

8

b

a

p
�="q

1 � �2=�2ªà

:

� «®£¨ç® ¬®¦® ¢¢¥áâ¨ ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥ ç¥à¥§  ¯àï¦¥¨¥ ¢

æ¥âà¥ ¢®«®¢®¤ :

ZU =
jU j2
2P

= 2
b

a

p
�="q

1 � �2=�2ªà

:

4.3. �ª®¥ç®¥ ãáâà®©áâ¢® (¤¢ãå¯®«îá¨ª)

�à¥¤¯®«®¦¨¬, çâ® ª ª®æã ¢®«-

®¢®¤  ¯à¨á®¥¤¨¥® § ¬ªãâ®¥

í«¥ªâà®¤¨ ¬¨ç¥áª®¥ ãáâà®©áâ¢®

(á¬. à¨á.). �«ï § ¬ªãâ®© ¯®¢¥àå-

®áâ¨, ®ªàã¦ îé¥© ®ª®¥ç®¥

ãáâà®©áâ¢®, á¯à ¢¥¤«¨¢  â¥®à¥¬ 

�®©â¨£ 

1

2

I
S

( ~E ~H�)~n dS = P + 2j! (Wh � We):

� ª ª ª ¯®«ï ¢¥§¤¥, ªà®¬¥ á¥ç¥¨ï ¢®«®¢®¤ , à ¢ë ã«î, â® ¯®-

¢¥àå®áâë© ¨â¥£à « ®¡à é ¥âáï ¢ ¨â¥£à « ¯® á¥ç¥¨î ¢®«®¢®¤ .

�®¤áâ ¢«ïï ~E ¨ ~H ¨ ãç¨âë¢ ï ãá«®¢¨¥ ®à¬¨à®¢ª¨, ¯®«ãç¨¬

1

2
U � I� = P + 2j!(Wh � We):

� ®¥ á®®â®è¥¨¥   «®£¨ç® ¯®«ãç¥®¬ã ¢ â¥®à¨¨ æ¥¯¥© ¨ ¯®§¢®-

«ï¥â ¢¢¥áâ¨ ¯®«®¥ á®¯à®â¨¢«¥¨¥ ¨ ¯à®¢®¤¨¬®áâì.
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4.3.1. �®«®¥ á®¯à®â¨¢«¥¨¥ ¨ ¯à®¢®¤¨¬®áâì

�¢¥¤¥¬ ¯®«®¥ á®¯à®â¨¢«¥¨¥ ¨ ¯®«ãî ¯à®¢®¤¨¬®áâì á«¥¤ãîé¨¬ ®¡à -

§®¬:

Z =
U

I
; Y =

I

U
:

�®«ãç¥®¥ á®®â®è¥¨¥ ¯®§¢®«ï¥â  ©â¨ í¥à£¥â¨ç¥áª¨¥ ¢ëà ¦¥¨ï

¤«ï íâ¨å ¢¥«¨ç¨. � ¨¬¥®, ¯®¤áâ ¢«ïï U = Z I , ¯®«ãç¨¬

1

2
jI j2Z = P + 2j! (Wh � We);

®âªã¤ 

Z =
P + 2j!(Wh � We)

1
2
jI j2

= R + jX:

� «®£¨ç® íâ®¬ã, ¯®¤áâ ¢«ïï I = Y U , ¯®«ãç¨¬

Y =
P + 2j!(We � Wh)

1
2
jU j2

= G + jB:

�§ íâ¨å á®®â®è¥¨© ¨¬¥¥¬

Z�(j!) = Z(�j!); R = ReZ =
Z(j!) + Z(�j!)

2
;

X = ImZ =
Z(j!) � Z(�j!)

2j
;

Y �(j!) = Y (�j!); G = ReY =
Y (j!) + Y (�j!)

2
;

B = ImY =
Y (j!) � Y (�j!)

2j
:

�âáî¤  á«¥¤ã¥â, çâ® R; G { ç¥âë¥ äãªæ¨¨ ç áâ®âë, X; B { ¥ç¥âë¥

äãªæ¨¨ ç áâ®âë. �à®¬¥ â®£®:

1. R � 0, â ª ª ª P � 0.

2. �á«¨ P = 0, â® Z { ç¨áâ® ¬¨¬ ï ¢¥«¨ç¨ .

3. �á«¨ Wh � We = 0, â® X = 0 ¨«¨ B = 0, çâ® á®®â¢¥âáâ¢ã¥â

à¥§® áã.
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4.3.2. �®«ë ¢ ®ª®¥ç®¬ ãáâà®©áâ¢¥

� áá¬®âà¨¬ ¯ ¤ îéãî ¨ ®âà ¦¥ãî ¢®«ë   § ¦¨¬ å ®ª®¥ç®£®

ãáâà®©áâ¢ . �¡®§ ç¨¬ ª®¬¯«¥ªáë¥  ¬¯«¨âã¤ë ¯ ¤ îé¥© ¨ ®âà ¦¥-

®© ¢®« ç¥à¥§ a ¨ b. �®íää¨æ¨¥â ®âà ¦¥¨ï ®¯à¥¤¥«¨¬ ª ª

� =
b

a
:

�à¨ íâ®¬ ¬®é®áâ¨ ¯ ¤ îé¥© ¨ ®âà ¦¥®© ¢®« à ¢ë

P¯ ¤ =
1

2
jaj2 ; P®âà =

1

2
jbj2:

� ª ª ª í«¥ªâà¨ç¥áª¨¥ ¯®«ï ¯ ¤ îé¥© ¨ ®âà ¦¥®© ¢®« áª« ¤ë-

¢ îâáï,   ¬ £¨âë¥ { ¢ëç¨â îâáï, â®

U = p(a + b) = pa(1 + �);

I =
1

p
(a � b) =

1

p
a(1 � �):

�®¦¨â¥«¨ p ¨ 1=p ®¡à âë ¢ á¨«ã ®à¬¨à®¢ª¨ ¯® ®â®è¥¨î ª ¬®é-

®áâ¨. �âáî¤  á®¯à®â¨¢«¥¨¥ ®ª®¥ç®£® ãáâà®©áâ¢  à ¢®

Z =
U

I
= p2

1 + �

1 � �
:

�à¨ � = 0 ¤®«¦® ¡ëâì Z = Z0, ®âªã¤  p
2 = Z0.

�¥è ï ®â®á¨â¥«ì® �, ¯®«ãç¨¬

� =
Z � Z0

Z + Z0
:

� ª ãª § ® ¢ëè¥, ¢ë¡®à ¢®«®¢®£® á®¯à®â¨¢«¥¨ï ¥®¤®§ ç¥. �

àï¤¥ á«ãç ¥¢ ã¤®¡® ¢ë¡¨à âì â®ª ¨  ¯àï¦¥¨¥ â ª, çâ®¡ë ¢®«®¢®¥

á®¯à®â¨¢«¥¨¥ ¡ë«® à ¢® ¥¤¨¨æ¥, â.¥., ¯® áãé¥áâ¢ã, ®à¬¨à®¢ âì á®-

¯à®â¨¢«¥¨¥  £àã§ª¨   ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥. �®£¤ 

z =
1 + �

1 � �
; � =

z � 1

z + 1
:

� «®£¨ç® { ¤«ï ¯à®¢®¤¨¬®áâ¨.
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�à¨ «î¡®¬ p, ¯®¤áâ ¢«ïï  ¯àï¦¥¨¥ ¨ â®ª ¢ ¢ëà ¦¥¨¥ ¤«ï U � I�,
¯®«ãç¨¬

(1 + �)(1 � ��)
1

2
jaj2 = P + 2j!(We � Wh);

®âªã¤ 

(1 + �)(1 � ��) =
P + 2j!(We � Wh)

1
2
jaj2

;

� §¤¥«ïï ¢¥é¥áâ¢¥ë¥ ¨ ¬¨¬ë¥ ç áâ¨, ¯®«ãç¨¬

1 � � � �� =
P

1
2
jaj2

;

(� � ��) =
2j!(We � Wh)

1
2
jaj2

:

� ª ª ª P � 0, â® � ��� � 1 ¨ j�j � 1. �®«ãç¥ë¥ ¢ëè¥ á®®â®è¥¨ï

¯®§¢®«ïîâ  ©â¨ �:

� =
p
1 � P 0 � e j';

¯à¨ç¥¬

sin' =
Im�

j�j ; P 0 =
P

1
2
jaj2

:

4.4. �®¥¤¨¥¨¥ ¥áª®«ìª¨å ¢®«®¢®¤®¢

�®«ãç¥ë¥ à¥§ã«ìâ âë ¬®£ãâ ¡ëâì ®¡®¡é¥ë   á«ãç ©, ª®£¤  á®¥¤¨-

¥ë ¥áª®«ìª® ¢®«®¢®¤ëå «¨¨© ¯¥à¥¤ ç¨, ¯à¨ç¥¬ ¢ ®¡é¥¬ á«ãç ¥
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¢®«®¢®¤ë ¬®£ãâ ¨¬¥âì à §«¨çë¥ á¥ç¥¨ï.

S

�ãáâì ¤ ® á®¥¤¨¥¨¥ N ¢®«®-

¢®¤®¢. �â® á®¥¤¨¥¨¥ ¯®¬¥áâ¨¬

¢ § ¬ªãâãî ¯®¢¥àå®áâì S,

¯¥à¥á¥ª îéãî ¢á¥ ¢®«®¢®¤ë ¯®

¯«®áª®áâï¬, ¯¥à¯¥¤¨ªã«ïàë¬

¨å ®áï¬ (á¬. à¨á.). �á¯®«ì§®¢ ¨¥

ª®¬¯«¥ªá®© â¥®à¥¬ë �®©â¨£ 

á ãç¥â®¬ ®à¬¨à®¢ª¨ ¯®¯¥à¥çëå

¢¥ªâ®àëå äãªæ¨© ¤ ¥â ¢ íâ®¬

á«ãç ¥

1

2

X
n

Un � I�n = P + 2j! (Wh � We);

£¤¥ P { áà¥¤ïï à áá¥¨¢ ¥¬ ï ¢ á®¥¤¨¥¨¨ ¬®é®áâì,Wh ¨We { áà¥¤¨¥

§ ¯ áë í¥à£¨¨ ¬ £¨â®£® ¨ í«¥ªâà¨ç¥áª®£® ¯®«¥©, n { ®¬¥à ¢å®¤ .

4.4.1. � âà¨æë á®¯à®â¨¢«¥¨ï ¨ ¯à®¢®¤¨¬®áâ¨

�§ «¨¥©®áâ¨ ãà ¢¥¨© � ªá¢¥««  á«¥¤ã¥â «¨¥© ï § ¢¨á¨¬®áâì  -

¯àï¦¥¨© ®â â®ª®¢

Un =
X
m

Znm Im:

�®íää¨æ¨¥âë Znm ®¡à §ãîâ ¬ âà¨æã

Z = fZnmg ;

 §ë¢ ¥¬ãî ¬ âà¨æ¥© ¯®«®£® ¢å®¤®£® á®¯à®â¨¢«¥¨ï ¬®£®¯®«îá¨-

ª .

�ª § ®¥ ¢ëè¥ á®®â®è¥¨¥ ¬®¦¥â ¡ëâì § ¯¨á ® ¢ ¬ âà¨ç®© ä®à-

¬¥

U = Z I;

£¤¥ U (U1; U2; : : : ; UN ) ¨ I (I1; I2; : : : ; IN ) { á®¢®ªã¯®áâ¨  ¯àï¦¥¨© ¨

â®ª®¢ ¢å®¤®¢. �â® á®®â®è¥¨¥ ¬®¦¥â ¡ëâì ®¡à é¥®:
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I = Y U;

£¤¥ Y = fYnmg { ¬ âà¨æ  ¯®«®© ¯à®¢®¤¨¬®áâ¨. �ç¥¢¨¤®, çâ® Y =

Z�1.

�®«ãç¥®¥ ¢ëè¥ á®®â®è¥¨¥ ¬®¦¥â ¡ëâì § ¯¨á ® ¢ ¢¨¤¥

1

2
U I� = P + 2j! (Wh � We)

¨«¨, ¯®¤áâ ¢«ïï U = Z I ,

1

2
I�ZI = P + 2j! (Wh � We):

4.4.2. �¨¬¬¥âà¨ï ¬ âà¨æë á®¯à®â¨¢«¥¨ï (¯à®¢®¤¨¬®áâ¨)

� âà¨æë ¯®«®£® á®¯à®â¨¢«¥¨ï ¨ ¯®«®© ¯à®¢®¤¨¬®áâ¨ ®¡« ¤ îâ ¢ ¦-

ë¬ á¢®©áâ¢®¬ á¨¬¬¥âà¨¨. �â® á¢®©áâ¢® ¬®¦¥â ¡ëâì ¤®ª § ® á ¯®¬®-

éìî «¥¬¬ë �®à¥æ .

�à¥¤¯®«®¦¨¬, çâ® ¢ ¥ª®â®à®© ®¡« áâ¨ V ¨§¢¥áâë ¤¢  à¥è¥¨ï ®¤-

®à®¤ëå ãà ¢¥¨© � ªá¢¥««  ¯à¨ ®¤®© ¨ â®© ¦¥ ç áâ®â¥. �á¥ ¢¥«¨-

ç¨ë, á®®â¢¥âáâ¢ãîé¨¥ íâ¨¬ à¥è¥¨ï¬, ¡ã¤¥¬ ®¡®§ ç âì ¨¤¥ªá ¬¨ 1

¨ 2 á¢¥àåã.

� áá¬®âà¨¬ ¢ëà ¦¥¨¥

div ( ~E(1) � ~H(2)) � div ( ~E(2) � ~H(1)) = ~H(2)rot ~E(1) � ~E(1)rot ~H(2) �

� ~H(1)rot ~E(2) + ~E(2)rot ~H(1)

�à ¢ ï ç áâì ¢ á¨«ã ãà ¢¥¨© � ªá¢¥««  à ¢ 

�j! ~H(2)� ~H(1) � j! ~E(1)" ~E(2) + j! ~H(1)� ~H(2) + j! ~E(2)" ~E(1)

¨ ®¡à é ¥âáï ¢ ã«ì, ¥á«¨ � ¨ " { áª «ïàë ¨«¨ á¨¬¬¥âà¨çë¥ â¥§®àë1.

�â ª, ¯®«ãç ¥¬ à ¢¥áâ¢®

div ( ~E(1) � ~H(2)) � div ( ~E(2) � ~H(1)) = 0;

1�¥«¨ç¨ë � ¨ " ¬®£ãâ ¡ëâì ª®¬¯«¥ªáë¬¨, ¥á«¨ ¯à¨áãâáâ¢ãîâ ¯®â¥à¨ ¢ áâ¥ª å

¨ áà¥¤¥, § ¯®«ïîé¥© ¯à®áâà áâ¢®.
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ª®â®à®¥ ï¢«ï¥âáï ¢ëà ¦¥¨¥¬ «¥¬¬ë �®à¥æ  ¢ ¤¨ää¥à¥æ¨ «ì®© ä®à-

¬¥.

�â¥£à¨àãï ¯® ®¡ê¥¬ã V , ®£à ¨ç¥®¬ã ¯®¢¥àå®áâìî S, ¯¥à¥¢¥-

¤¥¬ íâã «¥¬¬ã ¢ ¨â¥£à «ìãî ä®à¬ã (¯à¥®¡à §ãï ®¡ê¥¬ë© ¨â¥£à «

¢ ¯®¢¥àå®áâë©):I
S

f ~E(1) � ~H(2) � ~E(2) � ~H(1)g~ndS = 0:

�ë¡¥à¥¬ ¯®¢¥àå®áâì S â ª, çâ®¡ë ®  ®å¢ âë¢ «  ¢®«®¢®¤®¥ á®-

ç«¥¥¨¥ á àã¦¨, ¯¥à¥á¥ª ï ¢®«®¢®¤ë ¯® ¯«®áª®áâï¬, ¯¥à¯¥¤¨ªã«ïà-

ë¬ ®á¨ ¢®«®¢®¤®¢. �ëà ¦ ï ¯®«¥ ¢ ¢®«®¢®¤ å ç¥à¥§  ¯àï¦¥¨ï ¨

â®ª¨ ¨ ãç¨âë¢ ï ®à¬¨à®¢ªã ¢¥ªâ®àëå äãªæ¨©, ¯®«ãç¨¬ á«¥¤ãîé¥¥

à ¢¥áâ¢®: X
n

[U (1)
n � I(2)n � U (2)

n � I(1)n ] = 0:

�¤¥áì n { ®¬¥à ¢®«®¢®¤ . � ®¥ ãà ¢¥¨¥ á¯à ¢¥¤«¨¢® ¤«ï «î¡ëå

¤¢ãå á®¢®ªã¯®áâ¥©  ¯àï¦¥¨© ¨ á®®â¢¥âáâ¢ãîé¨å â®ª®¢, ¯à¨«®¦¥-

ëå ª § ¦¨¬ ¬ á®¥¤¨¥¨ï.

�®«ãç¥®¥ ãà ¢¥¨¥ ¬®¦® § ¯¨á âì ¢ ¬ âà¨ç®© ä®à¬¥:

U (1) I(2) � U (2) I(1) = 0:

�¤¥áì U ¨ I { á®¢®ªã¯®áâ¨ (¬ âà¨æë)  ¯àï¦¥¨© ¨ â®ª®¢. � ¤àã£®©

áâ®à®ë,  ¯àï¦¥¨ï ¨ â®ª¨ á¢ï§ ë ¬ âà¨çë¬ á®®â®è¥¨¥¬

U = Z I:

�®¤áâ ¢«ïï íâ® ¢  ¯¨á ®¥ ¢ëè¥ ãà ¢¥¨¥, ¯®«ãç¨¬

I(2) Z I(1) � I(1) Z I(2) = 0:

�¥à¥áâ ¢«ïï á®¬®¦¨â¥«¨ ¢ ¯¥à¢®¬ á« £ ¥¬®¬, á®£« á® ¨§¢¥áâ®¬ã á¢®©-

áâ¢ã ¬ âà¨æ ¯®«ãç¨¬

I(1) ZT I(2) � I(1) Z I(2) = 0;

£¤¥ ZT { âà á¯®¨à®¢  ï ¬ âà¨æ . � ª ª ª ¯®«ãç¥®¥ á®®â®è¥¨¥

¢ë¯®«ï¥âáï ¤«ï ¯à®¨§¢®«ìëå â®ª®¢ I(1) ¨ I(2), â® ¨§ íâ®£® á«¥¤ã¥â, çâ®
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ZT = Z, â.¥. ¬ âà¨æ  Z ¤¥©áâ¢¨â¥«ì® á¨¬¬¥âà¨ç . �á«®¢¨¥¬ íâ®£®

ï¢«ï¥âáï á¯à ¢¥¤«¨¢®áâì «¥¬¬ë �®à¥æ , ¤«ï ç¥£® ¥®¡å®¤¨¬® ¨ ¤®áâ -

â®ç®, çâ®¡ë � ¨ " áà¥¤ë ¡ë«¨ «¨¡® áª «ïà ¬¨, «¨¡® á¨¬¬¥âà¨çë¬¨

â¥§®à ¬¨. �¨¬¬¥âà¨ï ¬ âà¨æë ¯®«®£® á®¯à®â¨¢«¥¨ï Z ï¢«ï¥âáï ¢ë-

à ¦¥¨¥¬ ¨§¢¥áâ®£® ¯à¨æ¨¯  ¢§ ¨¬®áâ¨.

� «®£¨ç® ¬®¦¥â ¡ëâì ¤®ª § ® á¢®©áâ¢® á¨¬¬¥âà¨¨ ¬ âà¨æë ¯à®-

¢®¤¨¬®áâ¨ Y .

4.4.3. �®£®¯®«îá®¥ á®ç«¥¥¨¥ ¡¥§ ¯®â¥àì

�® ¬®£¨å á«ãç ïå á®ç«¥¥¨¥ ®¡« ¤ ¥â  áâ®«ìª® ¬ «ë¬¨ ¯®â¥àï¬¨,

çâ® ¨¬¨ ¬®¦® ¯à¥¥¡à¥çì ¨ à áá¬ âà¨¢ âì á®ç«¥¥¨¥ ¡¥§ ¯®â¥àì. �

íâ®¬ á«ãç ¥, ª ª ã¢¨¤¨¬ ¤ «ìè¥, ¢á¥ í«¥¬¥âë ¬ âà¨æë á®¯à®â¨¢«¥¨ï

(¨ ¯à®¢®¤¨¬®áâ¨) ¯à¥¤áâ ¢«ïîâ á®¡®© ç¨áâ® ¬¨¬ë¥ ¢¥«¨ç¨ë.

�ã¤¥¬ ¨áå®¤¨âì ¨§  ©¤¥®£® ¢ëè¥ á®®â®è¥¨ï

1

2
I�ZI =

1

2

X
n;m

I�nZnmIm = P + 2j! (Wh � We):

� á«ãç ¥ ãáâà®©áâ¢  ¡¥§ ¯®â¥àì P = 0 ¨

1

2

X
n;m

I�nZnmIm = 2j! (Wh � We);

â.¥. áã¬¬  ï¢«ï¥âáï ç¨áâ® ¬¨¬®©. �®ª ¦¥¬, çâ® ¢ íâ®¬ á«ãç ¥ ¢á¥ í«¥-

¬¥âë Znm ç¨áâ® ¬¨¬ë¥. �«ï íâ®£® à áá¬®âà¨¬ â ª®© à¥¦¨¬, ª®£¤ 

¢á¥ § ¦¨¬ë, ªà®¬¥ ®¤®£®, à §®¬ªãâë, â.¥. ¢á¥ In = 0, ªà®¬¥ ®¤®£®

â®ª  Ik 6= 0. �®£¤  ¯à¨¢¥¤¥ ï ¢ëè¥ áã¬¬  á¢®¤¨âáï ª ®¤®¬ã á« £ ¥-

¬®¬ã:

1

2
Zkk I

�
kIk = 2j! (Wh � We);

®âªã¤  á«¥¤ã¥â, çâ® ¢á¥ ¤¨ £® «ìë¥ í«¥¬¥âë Zkk { ç¨áâ® ¬¨¬ë¥.

�¥¯¥àì à áá¬®âà¨¬ à¥¦¨¬, ª®£¤  ¢á¥ In à ¢ë ã«î, ªà®¬¥ ¤¢ãå

â®ª®¢ Ik 6= 0 ¨ Im 6= 0. �®£¤  ¢ áã¬¬¥ ®áâ ¥âáï ç¥âëà¥ ç«¥ :

1

2
fIkI�kZkk + ImI

�
mZmm + I�mZmkIk + I�kZkmImg = 2j! (Wh � We):

�á«¨ Zmk = Zkm, â® ¤«ï ¢ë¯®«¥¨ï íâ®£® à ¢¥áâ¢  ¤®«¦® ¡ëâì
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Re (I�mIk + I�kIm)Zmk = 0:

� ª ª ª áã¬¬  I�mIk + I�kIm ¢¥é¥áâ¢¥ , â® ¨§ íâ®£® à ¢¥áâ¢  á«¥-

¤ã¥â, çâ®

Re Zmk = 0;

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

� «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ® ¢ ¤ ®¬ á«ãç ¥ ¢á¥ í«¥¬¥âë ¬ âà¨-

æë ¯à®¢®¤¨¬®áâ¨ â ª¦¥ ¬¨¬ë.

4.4.4. � à¨ æ¨ï ¬ âà¨æë á®¯à®â¨¢«¥¨ï (¯à®¢®¤¨¬®áâ¨)

á®ç«¥¥¨ï ¡¥§ ¯®â¥àì

�«¥¬¥âë ¬ âà¨æë ¯®«®£® á®¯à®â¨¢«¥¨ï (¯à®¢®¤¨¬®áâ¨) ï¢«ïîâáï

äãªæ¨® « ¬¨ ¢¥ªâ®àëå äãªæ¨© í«¥ªâà¨ç¥áª®£® ¨ ¬ £¨â®£® ¯®-

«¥©. �á«¨ ¢ àì¨à®¢ âì äãªæ¨¨ ¯®«¥©, â® í«¥¬¥âë ¬ âà¨æë á®¯à®â¨-

¢«¥¨ï â ª¦¥ ¡ã¤ãâ ¢ àì¨à®¢ âìáï.

�«ï ¢ëç¨á«¥¨ï ¨å ¢ à¨ æ¨¨ ¡ã¤¥¬ ¨áå®¤¨âì ¨§ á®®â®è¥¨ï

I�ZI = 4j! (Wh � We) = j!

Z
V

(�jH j2 � "jEj2) dV;

£¤¥

Wh =
1

2

Z
V

�jH j2
2

dV; We =
1

2

Z
V

"jEj2
2

dV:

�¤¥áì ¨â¥£à « ¡¥à¥âáï ¯® ®¡ê¥¬ã V , ®£à ¨ç¥®¬ã ¯®¢¥àå®áâìî

S, á®¢¯ ¤ îé¥© á ¢ãâà¥¥© ¯®¢¥àå®áâìî á®ç«¥¥¨ï ¨ ¯¥à¥á¥ª îé¥©

¢®«®¢®¤ë ¯® ¯«®áª®áâï¬, ¯¥à¯¥¤¨ªã«ïàë¬ ®áï¬ ¢®«®¢®¤®¢.

�à¥¤¯®«®¦¨¬, çâ® ¢ àì¨àã¥âáï â®«ìª® ¬ £¨â®¥ ¯®«¥,   í«¥ªâà¨ç¥-

áª®¥ ¨§¬¥ï¥âáï ¢ § ¢¨á¨¬®áâ¨ ®â ¬ £¨â®£® á®£« á® ¢â®à®¬ã ãà ¢¥-

¨î � ªá¢¥«« 

~E =
1

j!"
rot ~H:

�®¤áâ ¢¨¬ íâ® ¢ ¯à¨¢¥¤¥®¥ ¢ëè¥ á®®â®è¥¨¥
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I�ZI = j!

Z
V

�
�j ~H j2 � "

!2"2
jrot ~H j2

�
dV =

=
j

!"

Z
V

�
k2j ~H j2 � jrot ~Hj2

�
dV =

j

!"

Z
V

�
k2 ~H ~H� � rot ~H � rot ~H�

�
dV:

�®§ì¬¥¬ â¥¯¥àì ¢ à¨ æ¨î ¯à ¢®© ¨ «¥¢®© ç áâ¥©:

�I�ZI + I��ZI + I�Z�I =
j

!"

Z
V

�
k2 ~H � � ~H� + k2� ~H � ~H� �

� rot � ~H � rot ~H� � rot ~H � rot � ~H�
�
dV:

�®á¯®«ì§ã¥¬áï ¢¥ªâ®àë¬ â®¦¤¥áâ¢®¬

div (rot ~H � � ~H�) = � ~H� � rot rot ~H � rot ~H � rot � ~H�;

¨§ ª®â®à®£® á«¥¤ã¥â, çâ®

�rot ~H � rot � ~H� = div (rot ~H � � ~H�) � � ~H � �rot rot ~H;

�rot ~H� � rot � ~H = div (rot ~H� � � ~H) � � ~H � rot rot ~H�:

�®¤áâ ¢«ïï íâ® ¢ ãà ¢¥¨¥ ¢ à¨ æ¨©, ¯®«ãç¨¬

�I�ZI + I��ZI + I�Z�I =
j

!"

Z
V

h
(k2 ~H � rot rot ~H) � � ~H�+

+ (k2 ~H�� rot rot ~H�) � � ~H
i
dV �

I
S

h
(rot ~H � � ~H�)~n+ (rot ~H�� � ~H)~n

i
dS:

�¤¥áì ~n { ¢ãâà¥ïï ¯® ®â®è¥¨î ª ¯®¢¥àå®áâ¨ ¥¤¨¨ç ï ®à¬ «ì.

�ç¨âë¢ ï, çâ® rot ~H = j!" ~E; ¯à ¢ãî ç áâì íâ®£® à ¢¥áâ¢  ¬®¦® ¯à¥-

®¡à §®¢ âì:

�I�ZI + I��ZI + I�Z�I =
j

!"

Z
V

h
(k2 ~H � rot rot ~H) � � ~H� +
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+ (k2 ~H� � rot rot ~H�) � � ~H
i
dV +

I
S

h
~E � � ~H� + ~E� � � ~H

i
~ndS:

�®ª ¦¥¬ â¥¯¥àì, çâ® ¥á«¨ ~H ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

k2 ~H � rot rot ~H = 0

¨ £à ¨ç®¬ã ãá«®¢¨î

rot ~H � ~n = 0; ¨«¨ ~E � ~n = 0

(çâ® ®¤® ¨ â® ¦¥), â® ¢ à¨ æ¨ï �Z = 0. �¥©áâ¢¨â¥«ì®, ¢ íâ®¬ á«ãç ¥

®¡ê¥¬ë© ¨â¥£à « ¢ ¯à ¢®© ç áâ¨  ¯¨á ®£® ¢ëè¥ à ¢¥áâ¢  ®¡à -

é ¥âáï ¢ ã«ì. � áâì ¯®¢¥àå®áâ®£® ¨â¥£à « , ¢§ïâ ï ¯® ¢ãâà¥¥©

¯®¢¥àå®áâ¨ á®ç«¥¥¨ï, ®¡à é ¥âáï ¢ ã«ì ¢ á¨«ã £à ¨çëå ãá«®¢¨©,

®áâ «ì ï ç áâì íâ®£® ¨â¥£à «  ¯à¥¢à é ¥âáï ¢ áã¬¬ã ¨â¥£à «®¢ ¯®

¯®¯¥à¥çë¬ á¥ç¥¨ï¬ ¢®«®¢®¤®¢. �ëà ¦ ï ¯®«¥ ¢ ¢®«®¢®¤ å ç¥à¥§

 ¯àï¦¥¨ï ¨ â®ª¨, ¯®«ãç¨¬ ¢ ¨â®£¥ á«¥¤ãîé¥¥ à ¢¥áâ¢®:

�I�ZI + I��ZI + I�Z�I = �I�ZI � I�Z��I:

�® ¤«ï á®ç«¥¥¨ï ¡¥§ ¯®â¥àì Z� = �Z. �®¤áâ ¢«ïï ¢ ¯à ¢ãî ç áâì

à ¢¥áâ¢  ¨ ¯à¨¢®¤ï ¯®¤®¡ë¥ ç«¥ë ¢ ¯à ¢®© ¨ «¥¢®© ç áâ¨, ¯®«ãç ¥¬

¨áª®¬®¥ à ¢¥áâ¢®

I��ZI = 0:

�á«¥¤áâ¢¨¥ ¯à®¨§¢®«ì®áâ¨ â®ª®¢ ®âáî¤  á«¥¤ã¥â �Z = 0.

�â ª, ¢ à¨ æ¨ï ¬ âà¨æë á®¯à®â¨¢«¥¨ï ®¡à é ¥âáï ¢ ã«ì ¯à¨ á«¥-

¤ãîé¨å ãá«®¢¨ïå:

1. �®«¥ ~H ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î �¥«ì¬£®«ìæ 

k2 ~H � rot rot ~H = 0:

2. � £¥æ¨ «ì ï á®áâ ¢«ïîé ï rot ~H ¨«¨, çâ® à ¢®á¨«ì®, â -

£¥æ¨ «ì ï á®áâ ¢«ïîé ï í«¥ªâà¨ç¥áª®£® ¯®«ï ~E à ¢  ã«î.

�® íâ® § ç¨â, çâ® ~H ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨© � ªá¢¥««  ¯à¨

áâ ¤ àâëå £à ¨çëå ãá«®¢¨ïå. �«¥¤®¢ â¥«ì®, à¥è¥¨¥ í«¥ªâà®¤¨-

 ¬¨ç¥áª®© § ¤ ç¨ á®®¡é ¥â ¬ âà¨æ¥ á®¯à®â¨¢«¥¨ï Z, à áá¬ âà¨¢ ¥-

¬®© ª ª äãªæ¨® «, áâ æ¨® à®¥ § ç¥¨¥. � ¬¥â¨¬, çâ® í«¥ªâà®¤¨-

 ¬¨ç¥áª¨¥ £à ¨çë¥ ãá«®¢¨ï ¢ ¤ ®¬ á«ãç ¥ ï¢«ïîâáï ¥áâ¥áâ¢¥ë-

¬¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨ á®®â¢¥âáâ¢ãîé¥© ¢ à¨ æ¨®®© § ¤ ç¨.
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� «®£¨ç® ¬®¦¥â ¡ëâì à áá¬®âà¥ á«ãç © ¢ à¨ æ¨¨ í«¥ªâà¨ç¥áª®£®

¯®«ï. �à¨ íâ®¬ ¯®«ãç ¥âáï á®®â®è¥¨¥, ª®â®à®¥ ®¯à¥¤¥«ï¥â ¢ à¨ æ¨î

¬ âà¨æë á®¯à®â¨¢«¥¨©:

�I�ZI + I��ZI + I�Z�I =
j

!�

Z
V

h
(k2 ~E � rot rot ~E) � � ~E� +

+ (k2 ~E� � rot rot ~E) � � ~E�
i
dV +

I
S

h
~H � � ~E� + ~H� � � ~E

i
~n dS:

�«ï â®£® çâ®¡ë ¢ íâ®¬ á«ãç ¥ ¢ à¨ æ¨ï �Z ®¡à â¨« áì ¢ ã«ì, í«¥ª-

âà¨ç¥áª®¥ ¯®«¥ ~E ¤®«¦® ã¤®¢«¥â¢®àïâì ãà ¢¥¨î �¥«ì¬£®«ìæ . �à®-

¬¥ â®£®, â £¥æ¨ «ì ï á®áâ ¢«ïîé ï ¢ à¨ æ¨¨ � ~E ¤®«¦  ®¡à é âìáï

¢ ã«ì   ¯®¢¥àå®áâ¨ á®ç«¥¥¨ï. �à¨ íâ®¬, ª ª ¢¨¤¨¬, ¥  ª« ¤ë-

¢ ¥âáï £à ¨ç®¥ ãá«®¢¨¥   á ¬® ¯®«¥ ~E. �â®¬ã ãá«®¢¨î äãªæ¨ï ~E

¤®«¦  ã¤®¢«¥â¢®àïâì ¢ á¨«ã âà¥¡®¢ ¨© í«¥ªâà®¤¨ ¬¨ª¨, ® ¥ ®¡à -

é¥¨ï ¢ ã«ì ¢ à¨ æ¨¨ ¬ âà¨æë á®¯à®â¨¢«¥¨ï. � íâ®¬ á®áâ®¨â à §«¨-

ç¨¥ á ¯à¥¤ë¤ãé¨¬ á«ãç ¥¬.

� «¥¥ ¯à®æ¥¤ãà  â  ¦¥, çâ® ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥.

�â ª, ¢ ¤ ®¬ á«ãç ¥ ¢ à¨ æ¨ï ¬ âà¨æë á®¯à®â¨¢«¥¨ï ®¡à é ¥âáï

¢ ã«ì ¯à¨ á«¥¤ãîé¨å ãá«®¢¨ïå:

1. �«¥ªâà¨ç¥áª®¥ ¯®«¥ ~E ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î �¥«ì¬£®«ìæ .

2. � à¨ æ¨ï � ~E ¨¬¥¥â à ¢ãî ã«î   ¢ãâà¥¥© ¯®¢¥àå®áâ¨ S

á®ç«¥¥¨ï â £¥æ¨ «ìãî á®áâ ¢«ïîéãî.

� ª¨¬ ®¡à §®¬, ã¤®¢«¥â¢®à¥¨¥ £à ¨çë¬ ãá«®¢¨ï¬ äãªæ¨¥© ~E

¥ ¢å®¤¨â ¢ ç¨á«® ãá«®¢¨©, ¥®¡å®¤¨¬ëå ¤«ï ®¡à é¥¨ï ¢ ã«ì ¢ à¨-

 æ¨¨ ¬ âà¨æë á®¯à®â¨¢«¥¨ï. � ¤ ®¬ á«ãç ¥ í«¥ªâà®¤¨ ¬¨ç¥áª¨¥

£à ¨çë¥ ãá«®¢¨ï ¥ ï¢«ïîâáï ¥áâ¥áâ¢¥ë¬¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨

¢ à¨ æ¨®®© § ¤ ç¨ (  ï¢«ïîâáï â ª  §ë¢ ¥¬ë¬¨ £« ¢ë¬¨ £à ¨ç-

ë¬¨ ãá«®¢¨ï¬¨).

4.4.5. �¡®¡é¥¨¥   á«ãç © ¢®«®¢®¤®¢, ¯® ª®â®àë¬

¬®£ãâ à á¯à®áâà ïâìáï ¢®«ë ¥áª®«ìª¨å ¬®¤

�® á¨å ¯®à à áá¬®âà¥¨¥ ®£à ¨ç¨¢ «®áì ¢®«®¢®¤ ¬¨, ¯® ª®â®àë¬ à á-

¯à®áâà ï¥âáï «¨èì ®¤  (®á®¢ ï) ¬®¤ . �®§¬®¦® ®¡®¡é¥¨¥   á«ã-

ç © «î¡®£® ç¨á«  à á¯à®áâà ïîé¨åáï ¬®¤.
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� ®¥ ®¡®¡é¥¨¥ ¯à®¨§¢®¤¨âáï ¯ãâ¥¬ ¢¢¥¤¥¨ï  ¯àï¦¥¨© ¨ â®-

ª®¢, á®®â¢¥âáâ¢ãîé¨å ª ¦¤®© à á¯à®áâà ïîé¥©áï ¬®¤¥. �à¨ íâ®¬

®á®¢ë¥ á®®â®è¥¨ï ¥ ¨§¬¥ïîâáï ¡« £®¤ àï â®¬ã, çâ® ¯®«ï à §-

«¨çëå ¬®¤ ¢ ¢®«®¢®¤¥ ®àâ®£® «ìë, çâ® ¯à¨¢®¤¨â ª ¨áç¥§®¢¥¨î

¯¥à¥ªà¥áâëå ¨â¥£à «®¢ â¨¯ Z
S

( ~Em � ~Hk)~z0 dS ¯à¨ m 6= k;

£¤¥ S { ¯®¯¥à¥ç®¥ á¥ç¥¨¥ ¢®«®¢®¤ , ~z0 { ¥¤¨¨çë© ¢¥ªâ®à ¢  ¯à -

¢«¥¨¨ ®á¨ z.

�®«®¢®¤, ¯® ª®â®à®¬ã ¬®¦¥â à á¯à®áâà ïâìáï N à §«¨çëå ¬®¤,

íª¢¨¢ «¥â¥ N ¯ à ¬ § ¦¨¬®¢.

4.4.6. � âà¨æ  à áá¥ï¨ï

�à®¬¥ ®¯¨á ¨ï ¯®«ï ¢ ¬®£®¯®«îá¨ª¥ á ¯®¬®éìî  ¯àï¦¥¨© ¨ â®ª®¢,

¢®§¬®¦® â ª¦¥ ¢®«®¢®¥ ®¯¨á ¨¥, â.¥. ®¯¨á ¨¥ á ¯®¬®éìî  ¬¯«¨âã¤

¢å®¤ïé¨å ¨ ¢ëå®¤ïé¨å ¢®«.

� ¯àï¦¥¨ï ¨ â®ª¨ ¬®£ãâ ¡ëâì ¢ëà ¦¥ë ç¥à¥§ áã¬¬ã ¨ à §®áâì

 ¬¯«¨âã¤ ¢å®¤ïé¥© ¨ ¢ëå®¤ïé¥© ¢®«:

Un = pn(an + bn);

In =
1

pn
(an � bn):

�¥«¨ç¨  pn á¢ï§   á ¢®«®¢ë¬ á®¯à®â¨¢«¥¨¥¬ ¢®«®¢®¤ . �¥©-

áâ¢¨â¥«ì®, ª ª ¡ë«® ¯®ª § ® à ¥¥,

p2n = Z0n;

®âªã¤  pn =
p
Z0n. � ¤ «ì¥©è¥¬ ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢á¥ ¢®«-

®¢ë¥ á®¯à®â¨¢«¥¨ï ¢ë¡à ë à ¢ë¬¨ ¥¤¨¨æ¥. �®£¤ 

Un = an + bn;

In = an � bn;

®âªã¤ 
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an =
1

2
(Un + In);

bn =
1

2
(Un � In):

�¥¦¤ã  ¯àï¦¥¨ï¬¨ ¨ â®ª ¬¨ ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥

Un =
X
m

ZnmIm:

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨ï ¤«ï an ¨ bn,  ©¤¥¬

an =
1

2

 X
m

ZnmIm + In

!
=

1

2

X
m

(Znm + �nm) Im;

bn =
1

2

 X
m

ZnmIm � In

!
=

1

2

X
m

(Znm � �nm) Im;

£¤¥

�nm =

�
0 ¯à¨ n 6= m;

1 ¯à¨ n = m:

� ¬ âà¨ç®© ä®à¬¥ íâ¨ á®®â®è¥¨ï § ¯¨áë¢ îâáï á«¥¤ãîé¨¬ ®¡à -

§®¬:

a =
1

2
(Z + 1) I;

b =
1

2
(Z � 1) I:

� ©¤¥¬ ¨§ ¯¥à¢®£® á®®â®è¥¨ï â®ª I :

I = 2(Z + 1)�1a:

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï b, ¯®«ãç¨¬

b = (Z � 1)(Z + 1)�1a:

� âà¨æ 
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S = (Z � 1)(Z + 1)�1;

á¢ï§ë¢ îé ï ¢ëå®¤ïé¨¥ ¢®«ë á ¢å®¤ïé¨¬¨,  §ë¢ ¥âáï ¬ âà¨æ¥© à á-

á¥ï¨ï. �®¦® ¯®ª § âì, çâ® ¬ âà¨æ  à áá¥ï¨ï ¬®¦¥â ¡ëâì ¢ëà ¦¥ 

â ª¦¥ ç¥à¥§ ¬ âà¨æã ¯à®¢®¤¨¬®áâ¨:

S = (1 � Y )(1 + Y )�1:

�¨ £® «ìë¥ í«¥¬¥âë ¬ âà¨æë à áá¥ï¨ï { íâ® ª®íää¨æ¨¥âë

®âà ¦¥¨ï ¯à¨ ®âáãâáâ¢¨¨ ¢å®¤ïé¨å ¢®« ¢® ¢á¥å ¢®«®¢®¤ å, ªà®¬¥

¤ ®£®, â.¥. ª®£¤  ¢á¥ ¢®«®¢®¤ë, ªà®¬¥ ¯¨â ¥¬®£®,  £àã¦¥ë   á®-

£« á®¢ ë¥  £àã§ª¨. �¥¤¨ £® «ìë¥ í«¥¬¥âë { íâ® ª®íää¨æ¨¥âë

¯¥à¥¤ ç¨ ¯à¨ â¥å ¦¥ ãá«®¢¨ïå.

4.4.7. �¢®©áâ¢  ¬ âà¨æë à áá¥ï¨ï

�¨¬¬¥âà¨ï

�¬®¦¨¬ ¬ âà¨æã à áá¥ï¨ï á«¥¢    (Z + 1):

(Z + 1) � S = (Z + 1)(Z � 1)(Z + 1)�1:

�¥âàã¤® ¢¨¤¥âì, çâ® ¬ âà¨æë Z + 1 ¨ Z � 1 ª®¬¬ãâ â¨¢ë. �â®

¬®¦® ¯à®¢¥à¨âì ã¬®¦¥¨¥¬. �¥à¥áâ ¢«ïï á®¬®¦¨â¥«¨ ¢ ¯à ¢®© ç -

áâ¨ à ¢¥áâ¢ , ¯®«ãç¨¬

(Z + 1)S = (Z � 1)(Z + 1)(Z + 1)�1

¨«¨, ®¡ê¥¤¨ïï ¤¢  ¯®á«¥¤¨å ¬®¦¨â¥«ï,

(Z + 1)S = Z � 1:

�¬®¦ ï â¥¯¥àì á«¥¢    (Z + 1)�1,  å®¤¨¬

S = (Z + 1)�1(Z � 1):

� ª¨¬ ®¡à §®¬, ¬ âà¨æë Z�1 ¨ (Z+1)�1 ª®¬¬ãâ â¨¢ë. �â¬¥â¨¬,

çâ® íâ¨ ¬ âà¨æë á¨¬¬¥âà¨çë. �§ â¥®à¨¨ ¬ âà¨æ ¨§¢¥áâ®, çâ® ¬ âà¨-

æ , ï¢«ïîé ïáï ¯à®¨§¢¥¤¥¨¥¬ ¤¢ãå á¨¬¬¥âà¨çëå ¬ âà¨æ, ª®¬¬ãâ¨-

àãîé¨å ¬¥¦¤ã á®¡®©, á¨¬¬¥âà¨ç . �«¥¤®¢ â¥«ì®, ¬ âà¨æ  à áá¥ï¨ï

â ª¦¥ á¨¬¬¥âà¨ç , çâ® § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ á®®â®è¥¨ï
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ST = S;

£¤¥ ST { âà á¯®¨à®¢  ï ¬ âà¨æ .

�¨¬¬¥âà¨ï ¬ âà¨æë à áá¥ï¨ï ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ á¨¬¬¥âà¨¨ ¬ -

âà¨æë á®¯à®â¨¢«¥¨ï (¨«¨ ¬ âà¨æë ¯à®¢®¤¨¬®áâ¨).

4.4.8. �¥à£¥â¨ç¥áª¨¥ á®®â®è¥¨ï

�®¤áâ ¢«ïï ¢  ©¤¥®¥ à ¥¥ á®®â®è¥¨¥ ¢ëà ¦¥¨ï  ¯àï¦¥¨© ¨

â®ª®¢ ç¥à¥§  ¬¯«¨âã¤ë ¢®«, ¯®«ãç¨¬

1

2

X
n

(an + bn)(a
�
n � b�n) = P + 2j! (Wh � We)

¨«¨, à áªàë¢ ï áª®¡ª¨,

1

2

X
n

(ana
�
n � bnb

�
n + a�nbn � anb

�
n) = P + 2j! (Wh � We):

� §¤¥«ïï ¢¥é¥áâ¢¥ãî ¨ ¬¨¬ãî ç áâ¨, ¯®«ãç¨¬

X
n

(ana
�
n � bnb

�
n) = 2P;

X
n

(a�nbn � anb
�
n) = 4j! (Wh � We):

� ë¥ á®®â®è¥¨ï ¬®£ãâ ¡ëâì § ¯¨á ë ¢ ¬ âà¨ç®© ä®à¬¥:

a � a� � b � b� = 2P;

a� � b � a � b� = 4j! (Wh � We):

�á«¨ ¢ á®ç«¥¥¨¨ ®âáãâáâ¢ãîâ ¯®â¥à¨, â.¥. P = 0, â® ¯¥à¢®¥ á®®â®-

è¥¨¥ ¬®¦¥â ¡ëâì § ¯¨á ® ¢ ¢¨¤¥

jaj2 = jbj2;

çâ® ¢ëà ¦ ¥â § ª® á®åà ¥¨ï í¥à£¨¨: ¬®é®áâì ¢å®¤ïé¨å ¢®« à ¢-

  ¬®é®áâ¨ ¢ëå®¤ïé¨å.
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� ¯¥à¢®¬ á®®â®è¥¨¨  ¬¯«¨âã¤ë ¢ëå®¤ïé¨å ¢®« ¬®£ãâ ¡ëâì ¢ë-

à ¦¥ë ç¥à¥§  ¬¯«¨âã¤ë ¢å®¤ïé¨å á ¯®¬®éìî ¬ âà¨æë à áá¥ï¨ï:

a � a� � Sa � S�a� = 2P:

�¥à¥áâ ®¢ª  ¢® ¢â®à®¬ á« £ ¥¬®¬ á § ¬¥®© S�   S�T , â.¥.   âà á-

¯®¨à®¢ ãî ¬ âà¨æã, ¤ ¥â

a�(1 � S�T � S)a = 2P:

�¤¥áì 1 { ¥¤¨¨ç ï ¬ âà¨æ , í«¥¬¥âë ª®â®à®© à ¢ë �ik (á¨¬¢®« �à®-

¥ª¥à ).

�á«¨ P = 0, â®

1 � S�T � S = 0;

¨«¨

S�T � S = 1:

� âà¨æã, ã¤®¢«¥â¢®àïîéãî â ª®¬ã á®®â®è¥¨î,  §ë¢ îâ ã¨â à®©.

�¥à¥ç¨á«¨¬ ®á®¢ë¥ á¢®©áâ¢  ã¨â à®© ¬ âà¨æë.

1. � ª ¯®ª § ® ¢ëè¥, ¬ âà¨æ  á®åà ï¥â áã¬¬ã ª¢ ¤à â®¢ ¢å®¤ï-

é¨å ¨ ¢ëå®¤ïé¨å ¢®«:X
n

janj2 =
X
n

jbnj2:

2. �§ à ¢¥áâ¢  S�T � S = 1 á«¥¤ã¥â

(S�T � S)ik =
X
m

S�Tim � Smk =
X
m

S�mi � Smk = �ik:

� «®£¨ç® ¬®¦® ¯®ª § âì, çâ®X
m

S�im � Skm = �ik:

3. �®¤ã«ì ®¯à¥¤¥«¨â¥«ï à ¢¥ 1.

4. �¡à â ï ¬ âà¨æ  à ¢  íà¬¨â®¢® á®¯àï¦¥®©.
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� ¬¥â¨¬, çâ® íâ¨ á®®â®è¥¨ï ¯®«ãç¥ë ¡¥§ ¯à¥¤¯®«®¦¥¨ï ® á¨¬-

¬¥âà¨¨ ¬ âà¨æë à áá¥ï¨ï. �¨ á¯à ¢¥¤«¨¢ë, ¢ ç áâ®áâ¨, ¤«ï ä¥àà¨-

â®¢ëå æ¨àªã«ïâ®à®¢.

�â®à®¥ á®®â®è¥¨¥ ¤ ¥â

a� � Sa � a � S�a� = 4j! (Wh � We)

¨«¨, ¯®á«¥ ¯¥à¥áâ ®¢ª¨ ¢® ¢â®à®¬ á« £ ¥¬®¬ ¢ ¯à ¢®© ç áâ¨

a� � (S � S�T )a = 4j! (Wh � We):

� ç áâ®áâ¨, ¥á«¨ S { á¨¬¬¥âà¨ç ï ¬ âà¨æ , â® ¯®«ãç¨¬

a� � (S � S�)a = 4j! (Wh � We):

� âà¨æ  S � S� { ç¨áâ® ¬¨¬ ï.

4.4.9. �à¥®¡à §®¢ ¨¥ ¬ âà¨æë à áá¥ï¨ï ¯à¨ ¯¥à¥®á¥

®âáç¥âëå ¯«®áª®áâ¥©

, ,n n n n

n

a b a b

l

� áá¬®âà¨¬ ¯¥à¥®á ®âáç¥âëå

¯«®áª®áâ¥© ¢® ¢á¥å ¢®«®¢®¤ å

  à ááâ®ï¨ï ln ¢ áâ®à®ã ®â

á®ç«¥¥¨ï ª £¥¥à â®àã (á¬.

à¨á.). �® ¯¥à¥®á  ¬ë ¨¬¥¥¬

á®®â®è¥¨¥ b = Sa. �«ï ®¢ëå

¯«®áª®áâ¥© ®âáç¥â    «®£¨ç®¥

á®®â®è¥¨¥ ¯à¨¬¥â ¢¨¤ b0 = S0a0.

�«ï an, bn, a
0
n, b

0
n ¨¬¥¥¬

a0n = ane
j�nln ; b0n = bne

�j�nln ;

®âªã¤ 

a0n = ane
j�nln ; bn = b0ne

j�nln :

�¢¥¤¥¬ ¤¨ £® «ìãî ¬ âà¨æã L:

L =

0
@ e j�1l1 0

� � �
0 e j�nln

1
A
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� ¯®¬®éìî íâ®© ¬ âà¨æë § ¯¨è¥¬ ¯à¨¢¥¤¥ë¥ ¢ëè¥ á®®â®è¥¨ï:

a0 = La; b = Lb0;

¨«¨

a = L�1a0; b = Lb0:

�®¤áâ ¢«ïï íâ® ¢ á®®â®è¥¨¥, á¢ï§ë¢ îé¥¥  ¬¯«¨âã¤ë ¢å®¤ïé¨å

¨ ¢ëå®¤ïé¨å ¢®«, ¯®«ãç¨¬

Lb0 = S � L�1a0 ¨«¨ b0 = L�1S � L�1a0:

�âáî¤  á«¥¤ã¥â, çâ®

S0 = L�1SL�1:

�  ï ä®à¬ã«  ¤ ¥â ¯à¥®¡à §®¢ ¨¥ ¬ âà¨æë à áá¥ï¨ï ¯à¨ ¯¥à¥-

®á¥ ®âáç¥âëå ¯«®áª®áâ¥©.

4.4.10. �¢®©®© âà®©¨ª

� ¨§¬¥à¨â¥«ì®© â¥å¨ª¥ ç áâ® ¯à¨¬¥ï¥âáï ¤¢®©®© âà®©¨ª, á®áâ -

¢«¥ë© ¨§ ¯àï¬®ã£®«ìëå ¢®«®¢®¤®¢ á ®á®¢®© ¬®¤®© H10 (á¬. à¨á.).

� ª®© âà®©¨ª ®¡« ¤ ¥â ¥ª®â®àë¬¨ ¨â¥à¥áë¬¨ á¢®©áâ¢ ¬¨.

3

1

4
2

�«ï ¢ëïá¥¨ï íâ¨å á¢®©áâ¢ ¢®á-

¯®«ì§ã¥¬áï ¬ âà¨æ¥© à áá¥ï¨ï á

ãç¥â®¬ á¢®©áâ¢ á¨¬¬¥âà¨¨ ¤¢®©-

®£® âà®©¨ª . �¢®©®© âà®©¨ª

ï¢«ï¥âáï ¢®áì¬¨¯®«îá¨ª®¬ ¨

¨¬¥¥â, á«¥¤®¢ â¥«ì®, ¬ âà¨æã

à áá¥ï¨ï ç¥â¢¥àâ®£® ¯®àï¤ª .

� ª ª ª ¯à¥¤¯®« £ ¥âáï, çâ®

áâ¥ª¨ ¢®«®¢®¤®¢ ¨¤¥ «ì® ¯à®-

¢®¤ïé¨¥, â® ¬ âà¨æ  à áá¥ï¨ï

¤¢®©®£® âà®©¨ª  ã¨â à .

�§ á¨¬¬¥âà¨¨ ¤¢®©®£® âà®©¨ª  á«¥¤ã¥â

S11 = S22; S13 = S23; S14 = � S24; S34 = S43 = 0:
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�à®¬¥ â®£®, ¨§ á¨¬¬¥âà¨¨ ¬ âà¨æë à áá¥ï¨ï á«¥¤ã¥â, çâ®

S12 = S21; S13 = S31; S14 = �S41; S23 = S32; S24 = S42; S34 = �S43:
� ª¨¬ ®¡à §®¬, ¬ âà¨æ  à áá¥ï¨ï ¨¬¥¥â ¢¨¤

S11 S12 S13 S14
S12 S11 S13 �S14
S13 S13 S33 0

S14 �S14 0 S44


� ª ª ª ¬ âà¨æ  à áá¥ï¨ï ã¨â à , â®X

i

Sik � S�il = �kl;
X
i

Ski � S�li = �kl:

�áâ ®¢¨¬ ¥ª®â®àë¥ á¢®©áâ¢  ¤¢®©®£® âà®©¨ª .

1. �á«¨ âà®©¨ª á®£« á®¢  á® áâ®à®ë ¯«¥ç 3 ¨ 4, â® ¬¥¦¤ã ¡®ª®¢ë-

¬¨ ¯«¥ç ¬¨ ®âáãâáâ¢ã¥â ¥¯®áà¥¤áâ¢¥ ï á¢ï§ì. � íâ®¬ á«ãç ¥ ¡®ª®¢ë¥

¯«¥ç¨ â ª¦¥ á®£« á®¢ ë.

�â®¡ë ¯®ª § âì íâ®, á®áâ ¢¨¬ áã¬¬ë ¯à®¨§¢¥¤¥¨© í«¥¬¥â®¢ ¯¥à¢®©

¨ âà¥âì¥© áâà®ª,   â ª¦¥ ¯à®¨§¢¥¤¥¨© í«¥¬¥â®¢ ¢â®à®© ¨ ç¥â¢¥àâ®©

áâà®ª:

S11 S
�
13 + S12 S

�
13 + S13 S

�
33 = 0;

S12 S
�
14 � S11 S

�
14 � S14 S

�
44 = 0:

�âáî¤  ¯®«ãç ¥¬ ¤¢  ãà ¢¥¨ï

S11 + S12 = �S13
S�13

S�33;

S11 � S12 = �S14
S�14

S�44;

®âªã¤ 

S11 = �1
2

�
S13

S�13
S�33 +

S14

S�14
S�44

�
;

S12 = �1
2

�
S13

S�13
S�33 �

S14

S�14
S�44

�
;
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�á«¨ S33 = S44 = 0, â® ¨§ íâ®£® á«¥¤ã¥â, çâ® S11 = 0 ¨ S12 = 0.

�ë¡®à®¬ ¯«®áª®áâ¥© ®âáç¥â  ¢ ¯«¥ç å 3 ¨ 4 ¢á¥£¤  ¬®¦® á¤¥« âì S13
¨ S14 ¢¥é¥áâ¢¥ë¬¨ ¢¥«¨ç¨ ¬¨. �®£¤ 

S11 = �1
2
(S�33 + S�44);

S12 = �1
2
(S�33 � S�44):

�âáî¤  á«¥¤ã¥â, çâ® S11 ¨ S12 ®¤®¢à¥¬¥® à ¢ë ã«î â®«ìª® ¯à¨

ãá«®¢¨¨, çâ® S33 = 0 ¨ S44 = 0. �á«¨ S33 ¨ S44 ®â«¨çë ®â ã«ï, â® ¢

ã«ì ¬®¦® ®¡à â¨âì «¨èì ®¤ã ¨§ ãª § ëå ¢¥«¨ç¨.

2. �®§ì¬¥¬ â¥¯¥àì áã¬¬ë ª¢ ¤à â®¢ ¬®¤ã«¥© âà¥âì¥© ¨ ç¥â¢¥àâ®©

áâà®ª ¬ âà¨æë à áá¥ï¨ï (¯à¨ ãá«®¢¨¨ S33 = S44 = 0)

jS13j2 + jS13j2 = 1;

jS14j2 + jS14j2 = 1:

�âáî¤  ¯®«ãç ¥¬

jS13j = jS14j = 1p
2
:

�â®â à¥§ã«ìâ â ¬®¦® áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬: ¯à¨

ãá«®¢¨¨ S33 = S44 = 0 ¢ ¤¢®©®¬ âà®©¨ª¥ ¬®é®áâì ¢®«ë, ¯®¤ ®© ¢

¡®ª®¢®¥ ¯«¥ç®, ¤¥«¨âáï ¯®à®¢ã ¬¥¦¤ã ¯«¥ç ¬¨ 3 ¨ 4.

�¢®©®© âà®©¨ª, ã ª®â®à®£® S33 = S44 = 0 ¨, á«¥¤®¢ â¥«ì®, S11 = 0,

S22 = 0 ¨ S12 = S21 = 0,  §ë¢ îâ á®£« á®¢ ë¬. � íâ®¬ á«ãç ¥

¬ âà¨æ  à áá¥ï¨ï ¨¬¥¥â ®á®¡¥® ¯à®áâ®© ¢¨¤, â ª ª ª

S11 = S22 = S33 = S44 = S34 = S43 = 0

¨

S13 =
1p
2
; S14 =

1p
2
:

�®£¤  ¨¬¥¥¬

S =
1p
2


0 0 1 1

0 0 1 �1
1 1 0 0

1 �1 0 0


:
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�®£« á®¢ ë© ¤¢®©®© âà®©¨ª  å®¤¨â ¯à¨¬¥¥¨¥ ¢ ¨§¬¥à¨â¥«ì-

®© â¥å¨ª¥, â ª ª ª ¯®§¢®«ï¥â ¯à®¨§¢®¤¨âì ¨§¬¥à¥¨¥ ª®íää¨æ¨¥â 

®âà ¦¥¨ï ®ª®¥çëå ãáâà®©áâ¢.

�à¥¤¯®«®¦¨¬, çâ® ¢®«   ¬¯«¨âã¤ë a3 ¯®¤ ¥âáï ¢ ¯«¥ç® 3. � ¯«¥-

çã 2 ¯à¨á®¥¤¨¨¬ á®£« á®¢ ãî  £àã§ªã,   ª ¯«¥çã 1 { ¨§¬¥àï¥¬ãî.

� ©¤¥¬  ¬¯«¨âã¤ã ¢®«ë, ¯®áâã¯ îé¥© ¢ ¯«¥ç® 4:

b4 =
1p
2
(a1 � a2):

� â® ¦¥ ¢à¥¬ï a2 = 0, â ª ª ª ª ¯«¥çã 2 ¯à¨á®¥¤¨¥  á®£« á®¢ -

 ï  £àã§ª . �¥«¨ç¨  a1 ®¯à¥¤¥«ï¥âáï ª®íää¨æ¨¥â®¬ ®âà ¦¥¨ï ®â

 £àã§ª¨ �:

a1 = � b1:

�®

b1 =
1p
2
(a3 � a4):

�à¥¤¯®«®¦¨¬, çâ® ¢ ¯«¥ç¥ 4 ãáâ ®¢«¥ á®£« á®¢ ë© ¨¤¨ª â®à.

�®£¤  a4 = 0 ¨

b1 =
1p
1
a3:

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï a1, ¯®«ãç¨¬

a1 = �
1p
2
a3; ¨ b4 =

1

2
� a3:

� ª¨¬ ®¡à §®¬,  ¬¯«¨âã¤  ¢®«ë   ¢ëå®¤¥ 4-£® ¯«¥ç  ¯à®¯®àæ¨®-

 «ì  ª®íää¨æ¨¥âã ®âà ¦¥¨ï ¢ ¯«¥ç¥ 1.

�®¦® ¯®ª § âì, çâ® ¥á«¨ ª ¯«¥ç ¬ 1 ¨ 2 ¯à¨á®¥¤¨¥ë ®¤¨ ª®¢ë¥

(å®âï ¡ë ¨ ¥ á®£« á®¢ ë¥)  £àã§ª¨, â® ¢®«    ¢ëå®¤¥ ¯«¥ç  4 à ¢ 

ã«î. �â® á¢®©áâ¢® ¨á¯®«ì§ã¥âáï ¤«ï ¨§¬¥à¥¨ï ¯®«ëå á®¯à®â¨¢«¥¨©.

4.5. � áâ®âë¥ á¢®©áâ¢ 

4.5.1. � áâ®â ï § ¢¨á¨¬®áâì ¬ âà¨æë á®¯à®â¨¢«¥¨ï

(¯à®¢®¤¨¬®áâ¨) á®ç«¥¥¨ï ¡¥§ ¯®â¥àì

�«ï á®ç«¥¥¨ï ¡¥§ ¯®â¥àì ãà ¢¥¨ï � ªá¢¥««  ¨¬¥îâ ¢¨¤
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rot ~E = � j!� ~H; rot ~H = j!" ~E:

�à¥¤¯®« £ ¥âáï, çâ® � ¨ " ¥ § ¢¨áïâ ®â ç áâ®âë. �à®¤¨ää¥à¥æ¨-

àã¥¬ íâ¨ ãà ¢¥¨ï ¯® ç áâ®â¥:

rot
@ ~E

@!
= �j� ~H � j!�

@ ~H

@!
;

rot
@ ~H

@!
= j" ~E + j!"

@ ~E

@!
:

�¬®¦¨¬ ¯¥à¢®¥ à ¢¥áâ¢® áª «ïà®   ~H�,   ¢â®à®¥ {   ~E� ¨ ¢ëçâ¥¬

¯¥à¢®¥ ¨§ ¢â®à®£®. �®£¤  (¯à¥¤¯®« £ ï � ¨ " áª «ïà ¬¨ ¨«¨ á¨¬¬¥âà¨ç-

ë¬¨ â¥§®à ¬¨) ¯®«ãç¨¬

~H� � rot @
~E

@!
� ~E� � rot @

~H

@!
= � j(�j ~H j2 + "j ~Ej2) �

� rot ~E�
@ ~H

@!
+ rot ~H� @

~E

@!
:

� «¥¥, ¯¥à¥®áï ¯®á«¥¤¨¥ ¤¢  á« £ ¥¬ëå ¨§ ¯à ¢®© ç áâ¨ ¢ «¥¢ãî,

¯®«ãç¨¬

div

 
@ ~E

@!
� ~H�

!
+ div

 
~E� � @ ~H

@!

!
= � j(�j ~H j2 + "j ~Ej2):

�à®¨â¥£à¨àã¥¬ â¥¯¥àì íâ® à ¢¥áâ¢® ¯® ®¡ê¥¬ã ¢ãâà¨ ¯®¢¥àå®áâ¨,

®å¢ âë¢ îé¥© ¢á¥ á®ç«¥¥¨¥ ¨ ¯¥à¥á¥ª îé¥© ¢®«®¢®¤ë ¯® ¯«®áª®-

áâï¬, ¯¥à¯¥¤¨ªã«ïàë¬ ¨å ®áï¬. �à¨ íâ®¬ ®¡ê¥¬ë© ¨â¥£à « ®â ¤¨-

¢¥à£¥æ¨¨ ¯¥à¥å®¤¨â ¢ ¯®¢¥àå®áâë©. �¥ïï ¢¥èîî ®à¬ «ì  

¢ãâà¥îî, ¯®«ãç¨¬

I
S

( 
@ ~E

@!
� ~H�

!
+

 
~E� � @ ~H

@!

!)
� ~ndS =

Z
V

j(�j ~H j2 + "j ~Ej2) dV:

�¤¥áì ~n { ¢ãâà¥ïï ®à¬ «ì. �á«¨ â¥¯¥àì ¢ëà §¨âì ¯®«ï ç¥à¥§  ¯àï-

¦¥¨ï ¨ â®ª¨, â®  ©¤¥¬, çâ®

@U

@!
I� + U�

@I

@!
= 4j (WH + WE):
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�¤¥áì U ¨ I { á®¢®ªã¯®áâ¨  ¯àï¦¥¨© ¨ â®ª®¢ ¢® ¢á¥å ¢®«®¢®¤ å,

WH =
1
2

R
V

�jH j2
2

dV ¨ WE =
1
2

R
V

"jEj2
2

dV { áà¥¤¨¥ § ¯ áë ¬ £¨â®© ¨

í«¥ªâà¨ç¥áª®© í¥à£¨¨ ¢ ®¡ê¥¬¥ á®ç«¥¥¨ï. � ¯àï¦¥¨ï ¢ëà ¦ îâáï

ç¥à¥§ â®ª¨ á ¯®¬®éìî ¬ âà¨æë á®¯à®â¨¢«¥¨ï

U = Z I;

®âªã¤ 

@U

@!
=
@Z

@!
I + Z

@I

@!
:

�®¤áâ ¢«ïï íâ® ¢ § ¯¨á ë¥ ¢ëè¥ ãà ¢¥¨ï, ¯®«ãç¨¬

I�
@Z

@!
I + I�Z

@I

@!
+

@I

@!
Z�I� = 4j (WH + WE):

¨«¨, ãç¨âë¢ ï çâ® Z� = �Z ¤«ï á®ç«¥¥¨ï ¡¥§ ¯®â¥àì,

I�
@Z

@!
I + I�Z

@I

@!
� @I

@!
ZI� = 4j (WH + WE):

� ãç¥â®¬ á¨¬¬¥âà¨¨ ¬ âà¨æë á®¯à®â¨¢«¥¨© ¤¢  ¯®á«¥¤¨¥ á« £ ¥-

¬ë¥ ¢ «¥¢®© ç áâ¨ à ¢¥áâ¢  ¢§ ¨¬® ã¨çâ®¦ îâáï, ¢ à¥§ã«ìâ â¥ ç¥£®

¯®«ãç ¥¬

I�
@Z

@!
I = 4j (WH + WE):

� «®£¨ç®¥ á®®â®è¥¨¥ ¬®¦® ¯®«ãç¨âì ¤«ï ¬ âà¨æë ¯à®¢®¤¨¬®-

áâ¥©

U�
@Y

@!
U = 4j (WH + WE):

� ¬¥â¨¬, çâ® ¬ âà¨æë
@Z
@!

¨
@Y
@!

á®áâ ¢«¥ë ¨§ í«¥¬¥â®¢
@Zmn

@!
¨

@Ymn

@!
.
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4.5.2. � áâ®â ï § ¢¨á¨¬®áâì ¬ âà¨æë à áá¥ï¨ï

�ã¤¥¬ ¨áå®¤¨âì ¨§ ¯®«ãç¥®£® ¢ëè¥ á®®â®è¥¨ï:

@U

@!
I� + U�

@I

@!
= 4j (WH + WE):

� ª ª ª U = a+ b, I = a� b, â®, ¯®¤áâ ¢«ïï íâ®, ¯®«ãç ¥¬�
@a

@!
+

@b

@!

�
(a� � b�) + (a� + b�)

�
@a

@!
� @b

@!

�
= 4j (WH + WE):

� áªàë¢ ï áª®¡ª¨ ¨ á®ªà é ï,  ©¤¥¬

a�
@a

@!
� b�

@b

@!
= 2j (WH + WE):

� «¥¥, b� = S�a�,
@b
@!

=
@S
@!

a+ S
@a
@!

. �®¤áâ ¢«ïï íâ®, ¯®«ãç¨¬

a�
@a

@!
� S�a�

�
@S

@!
a + S

@a

@!

�
= a�

@a

@!
� @S

@!
aS�a� � S�a� S

@a

@!
:

� ª ª ª S ¨
@S
@!

{ á¨¬¬¥âà¨çë¥ ¬ âà¨æë, â® ¢ ¯®á«¥¤¨å ¤¢ãå á« -

£ ¥¬ëå ¢ ¯à ¢®© ç áâ¨ ¬®¦® á®¢¥àè¨âì ¯¥à¥áâ ®¢ªã:

a�
@a

@!
� a�S�

@S

@!
a � @a

@!
SS�a� = � a�S�

@S

@!
a;

â ª ª ª S � S� = 1 ¤«ï á®ç«¥¥¨ï ¡¥§ ¯®â¥àì.

�â ª, ¤«ï á®ç«¥¥¨ï ¡¥§ ¯®â¥àì ¨¬¥¥¬ á®®â®è¥¨¥, ®¯à¥¤¥«ïîé¥¥

ç áâ®âãî § ¢¨á¨¬®áâì ¬ âà¨æë à áá¥ï¨ï:

�a�S�@S
@!

a = 2j (WH + WE):

4.5.3. �ª®¥ç®¥ ãáâà®©áâ¢®

�«ï ®ª®¥ç®£® ãáâà®©áâ¢  (¤¢ãå¯®«îá¨ª ) ¨§ ¯à¥¤ë¤ãé¥£®  å®¤¨¬

@Z

@!
= 2j

W

1
2
II�

;
@Y

@!
= 2j

W

1
2
UU�

:
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�®®â®è¥¨ï ¤«ï ¬ âà¨æë à áá¥ï¨ï ¯¥à¥å®¤ïâ ¢ á«¥¤ãîé¨¥:

S = � = e j' ; ¥á«¨ ®ª®¥ç®¥ ãáâà®©áâ¢® ¡¥§ ¯®â¥àì;

�a�S� @S
@!

a = � a���
@�

@!
a = � a�e�j'je j'

d'

d!
a = 2j (WH + WE):

�âáî¤  ¨¬¥¥¬

d'

d!
= � W

P
;

£¤¥ P =
1
2
aa� { ¬®é®áâì ¯ ¤ îé¥© ¢®«ë.

�®á«¥¤¥¥ á®®â®è¥¨¥ ¨¬¥¥â ¯à®áâ®© ä¨§¨ç¥áª¨© á¬ëá«. �à¥¤¯®-

«®¦¨¬, çâ®   ¢å®¤ ®ª®¥ç®£® ãáâà®©áâ¢  ¯®¤   áã¬¬  ¤¢ãå ¢®« ¡«¨§-

ª¨å ç áâ®â e j!1t ¨ e j!2t. �®£¤  ®âà ¦¥ ï ¢®«  â ª¦¥ ¡ã¤¥â á®áâ®ïâì

¨§ ¤¢ãå ¢®« íâ¨å ç áâ®â, ® á à §«¨çë¬¨ á¤¢¨£ ¬¨ ä §ë:

b = e j(!1t+'1) + e j(!2t+'2) = e j(!1t+'1 f1 +

+ e j[(!2�!1)t+('2�'1)]
o

= e j(!1t+'1)

(
1 + e

j�!(t+
�'
�!

)

)
:

� ª¨¬ ®¡à §®¬, ¬ ªá¨¬ã¬ ®âà ¦¥®© ¢®«ë á¤¢¨ãâ ¯® ¢à¥¬¥¨

®â®á¨â¥«ì® ¯ ¤ îé¥© ¢®«ë   ¢à¥¬ï

� =
d'

d!
:

�â  ¢¥«¨ç¨ , ª ª ¢¨¤® ¨§ ¯à¥¤ë¤ãé¥£®, ®âà¨æ â¥«ì , â.¥. ¯à¥¤áâ -

¢«ï¥â á®¡®© § ¤¥à¦ªã. �âã § ¤¥à¦ªã  §ë¢ îâ £àã¯¯®¢®©. �«¥¤®¢ -

â¥«ì®, ¢à¥¬ï £àã¯¯®¢®© § ¤¥à¦ª¨ à ¢®

�£à =
d'

d!
= � W

P
:

� ª¨¬ ®¡à §®¬, ¨¬¯ã«ìá, ¯®¤ ë©   § ¦¨¬ë ®ª®¥ç®£® ãáâà®©-

áâ¢ , ®âà ¦ ¥âáï ç¥à¥§ ¯à®¬¥¦ãâ®ª ¢à¥¬¥¨, à ¢ë© § ¯ á¥®© í¥à-

£¨¨   ¥¤¨¨æã ¬®é®áâ¨ (  «®£¨ï á á®áã¤®¬, § ¯®«ï¥¬ë¬ ¦¨¤ª®áâìî

ç¥à¥§ âàã¡ã).
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4.6. �¥®¤®à®¤®áâ¨ ¢ ¢®«®¢®¤ å

4.6.1. �à¥¤áâ ¢«¥¨¥ ¥®¤®à®¤®áâ¨ ¢ ¢¨¤¥

ç¥âëà¥å¯®«îá¨ª 

l 2l
1

�á«¨ ¢ à¥£ã«ïà®¬ ¢®«®¢®¤¥ ¨¬¥¥â-

áï ¥®¤®à®¤®áâì, â® ¢®§¨ª ¥â ®âà -

¦¥ ï ¢®« . �®«®¢®¤, ¢ ª®â®à®¬

¨¬¥¥âáï ¥®¤®à®¤®áâì (á¬. à¨á.),

¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥ ç¥âë-

à¥å¯®«îá¨ª , å à ªâ¥à¨§ã¥¬®£® ¬ -

âà¨æ¥© à áá¥ï¨ï

S =

 S11 S12
S21 S22

 ; S12 = S21:

�à¨ à áá¬®âà¥¨¨ ¥®¤®à®¤®áâ¥© ¡ã¤¥¬ ¯à¥¥¡à¥£ âì ¯®â¥àï¬¨.

� ª ª ª ¢ íâ®¬ á«ãç ¥ ¬ âà¨æ  à áá¥ï¨ï ã¨â à , â®

jS11j2 + jS12j2 = 1;

jS12j2 + jS22j2 = 1:

�âáî¤  á«¥¤ã¥â, çâ® jS11j = jS22j. �ë¡¥à¥¬ á¥ç¥¨ï ®âáç¥â  ¢ ¢®«®¢®¤¥

â ª, çâ®¡ë S11 = S22. �à¥âì¥ á®â®è¥¨¥, á«¥¤ãîé¥¥ ¨§ ã¨â à®áâ¨,

¡ã¤¥â

S11 S
�
12 + S12 S

�
22 = 0:

�á«¨, ª ª ¢ë¡à ®, S11 = S22, â®

S11 S
�
12 + S12 S

�
11 = 0;

®âªã¤  Re (S11 S
�
12) = 0.

�á«¨,  ¯à¨¬¥à, á¥ç¥¨ï ®âáç¥â  ¢ë¡à ë â ª, çâ® S11 = S22 ¢¥é¥-

áâ¢¥ë, â® ReS12 = 0, â.¥. S12 = S21 { ç¨áâ® ¬¨¬ë¥. � à¥§ã«ìâ â¥

¯®«ãç ¥¬, çâ®

S12 = j
p
1 � jS11j2 = j

q
1 � S211:

� ª¨¬ ®¡à §®¬, çâ®¡ë ¯®«®áâìî ®å à ªâ¥à¨§®¢ âì ¥®¤®à®¤®áâì

¢ ¢®«®¢®¤¥, ¤®áâ â®ç® § ¤ âì jS11j ¨ à ááâ®ï¨ï l1 ¨ l2, ®¯à¥¤¥«ïîé¨¥
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á¥ç¥¨ï, ¢ ª®â®àëå S11 = S22 ¢¥é¥áâ¢¥ë, â.¥. ¢á¥£® âà¥¡ã¥âáï âà¨

¯ à ¬¥âà . �á«¨ à ááâ®ï¨ï ¥ ¯à¥¤áâ ¢«ïîâ ¨â¥à¥á , â® ¤®áâ â®ç®

®¤®£® ¯ à ¬¥âà  S11.

�¬¥áâ® íâ®£® ¯ à ¬¥âà  ¬®¦¥â ¡ëâì ¢¢¥¤¥  èãâ¨àãîé ï ¯à®¢®-

¤¨¬®áâì B, á¢ï§  ï á S11 á®®â®è¥¨¥¬

S11 =
1 � (1 + jB)

1 + 1 + jB
=

�jB
2 + jB

¨«¨

jB = � 2S11

1 + S11
:

�¤¥áì S11 { ª®íää¨æ¨¥â ®âà ¦¥¨ï ¢ ¯«®áª®áâ¨ ¢ª«îç¥¨ï ¯à®¢®¤¨-

¬®áâ¨ B.

�á«¨ ç¥âëà¥å¯®«îá¨ª á¨¬¬¥âà¨ç¥, â® ç¨á«® ¯ à ¬¥âà®¢ ã¬¥ì-

è ¥âáï ¤® ¤¢ãå. � ª®¥æ, ¯à¨ ®¯à¥¤¥«¥®¬ à á¯®«®¦¥¨¨ ¯«®áª®áâ¥©

®âáç¥â  ã¦¥ «¨èì ®¤¨ ¯ à ¬¥âà.

�¥¤®à®¤®áâ¨, ¢áâà¥ç îé¨¥áï ¢ ¢®«®¢®¤ å, ¬®¦® à §¤¥«¨âì  

¤¢  ª« áá : áª çª®®¡à §ë¥ ¥®¤®à®¤®áâ¨ ¨ ¯à®âï¦¥ë¥ ¥®¤®à®¤-

®áâ¨. �¥à¢ë¥ { íâ® â ª¨¥, ã ª®â®àëå ¤«¨  ¥à¥£ã«ïà®£® ãç áâª 

¡«¨§ª  ª ã«î, â.¥. £à ¨æ¥© ï¢«ï¥âáï ¯«®áª®áâì, ¯¥à¯¥¤¨ªã«ïà ï

 ¯à ¢«¥¨î ®á¨ ¢®«®¢®¤ . � ¯à®âï¦¥ëå ¥®¤®à®¤®áâ¥© ¥à¥£ã-

«ïàë© ãç áâ®ª ¨¬¥¥â ¥ª®â®àãî ¤«¨ã ¢  ¯à ¢«¥¨¨ ®á¨ ¢®«®¢®¤ .

�«ï ¯¥à¢ëå £à ¨çë¥ ãá«®¢¨ï á«¥¤ã¥â ¢ë¯®«¨âì «¨èì   ®¤®© £à -

¨ç®© ¯«®áª®áâ¨. �® ¢â®à®¬ á«ãç ¥ ¥®¡å®¤¨¬®  ©â¨ ®¡é¥¥ à¥è¥¨¥

¤«ï ¯®«ï   ¥à¥£ã«ïà®¬ ãç áâª¥ ¨ ã¤®¢«¥â¢®à¨âì £à ¨çë¬ ãá«®¢¨-

ï¬   ¤¢ãå £à ¨çëå ¯«®áª®áâïå.

4.6.2. �ª çª®®¡à §®¥ ¨§¬¥¥¨¥ ¯ à ¬¥âà®¢ ¢¥é¥áâ¢ ,

§ ¯®«ïîé¥£® ¢®«®¢®¤

�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������I II

e  m e   m1 1 22
�à¥¤¯®«®¦¨¬, çâ® § ¤    ¬¯«¨-

âã¤  ¯ ¤ îé¥© ¢®«ë; ¥®¡å®¤¨-

¬®  ©â¨ ¯à®è¥¤èãî ¨ ®âà ¦¥-

ãî ¢®«ë ¢ ¨§®¡à ¦¥®¬   à¨-

áãª¥ ¢®«®¢®¤¥.

�à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ® ¯«®áª ï £à ¨æ  ¯¥à¯¥¤¨ªã«ïà  ª ®áï¬

®¡®¨å ¢®«®¢®¤®¢,   ¢®«®¢®¤ II ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®¤®«¦¥¨¥ ¢®«-

®¢®¤  I . �à¨ íâ¨å ãá«®¢¨ïå ®ª §ë¢ ¥âáï ¢®§¬®¦ë¬ ã¤®¢«¥â¢®à¨âì
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£à ¨çë¬ ãá«®¢¨ï¬ ¯à¨  «¨ç¨¨ â®«ìª® ¢®« â¨¯  ¯ ¤ îé¥© ¡¥§ ¢ëá-

è¨å ¬®¤.

�à ¨çë¥ ãá«®¢¨ï á¢®¤ïâáï ª á®åà ¥¨î ¯®¯¥à¥çëå á®áâ ¢«ïî-

é¨å ~E ¨ ~H . � á¨«ã ®¤¨ ª®¢®£® á¥ç¥¨ï ¢®«®¢®¤®¢ ¨å á®¡áâ¢¥ë¥

äãªæ¨¨ á®¢¯ ¤ îâ (á â®ç®áâìî ¤® ¯®áâ®ïëå ¬®¦¨â¥«¥©).

� ¢®«®¢®¤¥ I ¯®¯¥à¥ç®¥ í«¥ªâà¨ç¥áª®¥ ¯®«¥ (¯à¥¤¯®« £ ï  ¬¯«¨-

âã¤ã ¯ ¤ îé¥© ¢®«ë à ¢®© ¥¤¨¨æ¥) à ¢®

~E¯®¯
I = ~E¯®¯

m (e�j�1z + �e j�1z);

  ¯®¯¥à¥ç®¥ ¬ £¨â®¥ ¯®«¥ à ¢®

~H¯®¯
I = (e�j�1z � �e j�1z) ~H¯®¯

m = (e�j�1z � �e j�1z)
~z0 � ~E¯®¯

m

ZI
:

� ¢®«®¢®¤¥ II ¯à¨áãâáâ¢ã¥â «¨èì ¯ ¤ îé ï ¢®« :

~E¯®¯
II = T � ~E¯®¯

m � e�j�2z;
~H¯®¯
II = T � ~H¯®¯

m � e�j�2z = T � ~z0 �
~E¯®¯
m

ZII
e�j�2z :

�à¨à ¢¨¢ ï ¯®«ï á«¥¢  ¨ á¯à ¢  ¯à¨ z = 0, (¢® ¢â®à®¬ ãà ¢¥¨¨

ã¬®¦ ï   ~z0 ¢¥ªâ®à® «¥¢ãî ¨ ¯à ¢ãî ç áâ¨) ¯®«ãç¨¬

~E¯®¯
m (1 + �) = T ~E¯®¯

m ;

~E¯®¯
m

ZI
(1 � �) = T

~E¯®¯
m

ZII
;

¨«¨

1 + � = T;

1 � �

ZI
=

T

ZII
:

�¥«ï ®¤® ãà ¢¥¨¥   ¤àã£®¥ ¨ à¥è ï ®â®á¨â¥«ì® �, ¯®«ãç¨¬

� =
ZII � ZI

ZII + ZI
:

�®íää¨æ¨¥â ¯à®å®¦¤¥¨ï T à ¢¥
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T = 1 + � =
2ZII

ZII + ZI
:

�®«®¢ë¥ á®¯à®â¨¢«¥¨ï ZI ¨ ZII , ¨á¯®«ì§ã¥¬ë¥ §¤¥áì, ¯à¥¤áâ ¢«ï-

îâ á®¡®© ®â®è¥¨ï ¯®¯¥à¥çëå ª®¬¯®¥â í«¥ªâà¨ç¥áª®£® ¨ ¬ £¨â®-

£® ¯®«¥©. �«ï ¬ £¨âëå ¬®¤ íâ® á®¯à®â¨¢«¥¨¥ à ¢®

ZH =
!�

�
=

!�p
k2 � g2m

=
!�p

!2�" � g2m
=

p
�="p

1 � g2m=!
2�"

=

=

p
�="q

1 � �2=�2ªà

:

� «®£¨ç® ¤«ï í«¥ªâà¨ç¥áª¨å ¬®¤

ZE =
�

!"
=
p
�="

q
1 � �2=�2ªà:

�¥£ª® à á¯à®áâà ¨âì íâ® à¥è¥¨¥   á«ãç © ¤¨í«¥ªâà¨ª  á ¯®â¥àï-

¬¨. �®£¤  " = "0 � j
�
!
{ ª®¬¯«¥ªá ï ¢¥«¨ç¨ .

4.6.3. �¨ äà £¬ë ¢ ¢®«®¢®¤¥

�¨ äà £¬®©  §ë¢ îâ â®ªãî ¬¥â ««¨ç¥áªãî ¯« áâ¨ªã á ®â¢¥àáâ¨¥¬,

ãáâ  ¢«¨¢ ¥¬ãî ¢ ¢®«®¢®¤¥ ¯¥à¯¥¤¨ªã«ïà® ¥£® ®á¨.

II
I

S

S

2

1

z
�à ¨çë¥ ãá«®¢¨ï   ¤¨ äà £¬¥

á¢®¤ïâáï ª à ¢¥áâ¢ã ã«î â £¥-

æ¨ «ì®© á®áâ ¢«ïîé¥© í«¥ªâà¨-

ç¥áª®£® ¯®«ï   ¯®¢¥àå®áâ¨ ¤¨ -

äà £¬ë S1 ¨ á®¢¯ ¤¥¨î ¢ ®¡« -

áâ¨ ®â¢¥àáâ¨ï S2 ¯®¯¥à¥çëå ª®¬-

¯®¥â ¯®«ï á«¥¢  ¨ á¯à ¢  (á¬.

à¨á.). �«ï ¢ë¯®«¥¨ï £à ¨çëå

ãá«®¢¨© ¥®¡å®¤¨¬® ¯à¨¢«¥ç¥¨¥

¢ëáè¨å ¬®¤ ¢ ¤ ®¬ ¢®«®¢®¤¥.

�«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢ ¢®«®¢®¤¥ ¬®¦¥â à á-

¯à®áâà ïâìáï «¨èì ®á®¢ ï ¬®¤ ; ¢á¥ ¢ëáè¨¥ ¬®¤ë ¯à¥¤¯®« £ îâáï
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¥à á¯à®áâà ïîé¨¬¨áï. �®£¤  ¥®¤®à®¤®áâì ¬®¦¥â ¡ëâì ¯à¥¤áâ -

¢«¥  ç¥âëà¥å¯®«îá¨ª®¬.

�¡à â¨¬ ¢¨¬ ¨¥   â®, çâ® ¤®áâ â®ç®  «®¦¨âì £à ¨çë¥ ãá«®-

¢¨ï «¨èì   ¯®¯¥à¥çë¥ ª®¬¯®¥âë ¯®«¥©, â ª ª ª á®¢¯ ¤¥¨¥ ¯®¯¥-

à¥çëå ª®¬¯®¥â ®¡¥á¯¥ç¨¢ ¥â ¢ë¯®«¥¨¥ £à ¨çëå ãá«®¢¨© â ª¦¥

¨ ¤«ï ¯à®¤®«ìëå ª®¬¯®¥â.

�®¯¥à¥ç®¥ í«¥ªâà¨ç¥áª®¥ ¯®«¥ ¢ ®¡« áâ¨ I ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

~EI = (e�j�z + �e j�z) ~E1 +

1X
n=2

An
~Ene

nz ;

  ¢ ®¡« áâ¨ II

~EII = T e�j�z ~E1 +

1X
n=2

Bn
~Ene

�nz ;

£¤¥ ~E1; ~E2; : : : ; ~En { á®¡áâ¢¥ë¥ ¯®¯¥à¥çë¥ ¢¥ªâ®àë¥ äãªæ¨¨ ¢®«-

®¢®¤ ; áã¬¬¨à®¢ ¨¥ ¢¥¤¥âáï ¯® ¢á¥¬ ¢ëáè¨¬ ¬®¤ ¬ ¢ ¢®«®¢®¤¥, ª ª

¬ £¨âë¬, â ª ¨ í«¥ªâà¨ç¥áª¨¬.

�®¯¥à¥ç®¥ ¬ £¨â®¥ ¯®«¥ ¬®¦¥â ¡ëâì  ©¤¥® á ¯®¬®éìî á®®â¢¥â-

áâ¢ãîé¨å ¢®«®¢ëå á®¯à®â¨¢«¥¨©:

~HI = (e�j�z � �e j�z)
~z0 � ~E1

Z1
+

1X
n=2

�An

~z0 � ~En

Zn
e nz;

~HII = T e�j�z
~z0 � ~E1

Z1
+

1X
n=2

Bn

~z0 � ~En

Zn
e�nz:

�®« £ ï z = 0 ¨ ¯à¨à ¢¨¢ ï í«¥ªâà¨ç¥áª¨¥ ¯®«ï á«¥¢  ¨ á¯à ¢ ,

¯®«ãç¨¬

(1 + �) ~E1 +

1X
n=2

An
~En = T ~E1 +

1X
n=2

Bn
~E =

�
~E(x; y)   ®â¢¥àáâ¨¨;

0   ¤¨ äà £¬¥:

�¤¥áì ~E(x; y) { ¥¨§¢¥áâ ï ¢¥ªâ®à ï äãªæ¨ï, ¨¬¥îé ï â®«ìª® ¯®¯¥-

à¥çë¥ ª®¬¯®¥âë. �â  äãªæ¨ï ¬®¦¥â ¡ëâì à §«®¦¥  ¯® ¯®¯¥à¥ç-

ë¬ á®¡áâ¢¥ë¬ äãªæ¨ï¬ ¢®«®¢®¤ :

~E =

1X
n=1

~En

Z
S

~E � ~E�n dS;
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¯à¨ç¥¬ äãªæ¨¨ En ®à¬¨à®¢ ë â ª, çâ®Z
S

~En � ~E�n dS = 1:

�¤¥áì ¨ ¢ëè¥ ¨â¥£à « ¡¥à¥âáï ¯® á¥ç¥¨î ¢®«®¢®¤ .

�à ¢¨¢ ï ª®íää¨æ¨¥âë á«¥¢  ¨ á¯à ¢ , ¯®«ãç ¥¬

1 + � = T =

Z
S2

~E � ~E�1 dS;

An = Bn =

Z
S2

~E � ~E�n dS:

�¤¥áì ¨â¥£à «ë ¢§ïâë ¯® ®â¢¥àáâ¨î, â ª ª ª ¢¥ ®â¢¥àáâ¨ï äãªæ¨ï
~E(x; y) � 0.

� «¥¥ á«¥¤ã¥â ¯à¨à ¢ïâì ¬ £¨âë¥ ¯®«ï á«¥¢  ¨ á¯à ¢  á ãç¥â®¬

â®£®, çâ® 1+� = T ¨ An = Bn. � ¬¥â¨¬, çâ® ¯à¨à ¢¨¢ ¨¥ á¯à ¢¥¤«¨¢®

â®«ìª®   ®â¢¥àáâ¨¨ (S2):

(1 � �)
~z0 � ~E1

Z1
+

1X
n=2

�An

~z0 � ~En

Zn
= (1 + �)

~z0 � ~E1

Z1
+

1X
n=2

An

~z0 � ~En

Zn
:

�á«¨ â¥¯¥àì ã¬®¦¨âì «¥¢ãî ¨ ¯à ¢ãî ç áâ¨ ¢¥ªâ®à®   ~z0 ¨ á®-

¡à âì ¢á¥ á« £ ¥¬ë¥ á«¥¢ , â® ¯®«ãç¨¬ ãà ¢¥¨¥

�
~E1

Z1
+

1X
n=2

An

~En

Zn
= 0:

�®¤áâ ¢«ïï áî¤  ¨â¥£à «ìë¥ ¢ëà ¦¥¨ï ¤«ï � ¨ An, ¯®«ãç¨¬ ¨â¥-

£à «ì®¥ ãà ¢¥¨¥ ¤«ï ¥¨§¢¥áâ®© äãªæ¨¨ ~E(x; y)

1X
n=1

~En

Zn

Z
S2

~E � ~E�n dS =
~E1

Z1
:

�é¥ à §  ¯®¬¨¬, çâ® ¤ ®¥ ãà ¢¥¨¥ á¯à ¢¥¤«¨¢®   ®â¢¥àáâ¨¨

S2. �â® { ãà ¢¥¨¥ á ¯à ¢®© ç áâìî. �® ¬®¦® ¯®«ãç¨âì â ª¦¥ ®¤-

®à®¤®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥, ¢ëà §¨¢ ª®íää¨æ¨¥â ®âà ¦¥¨ï �
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ç¥à¥§ íª¢¨¢ «¥âãî ¯à®¢®¤¨¬®áâì jB (®à¬¨à®¢ ãî ®â®á¨â¥«ì®

¢®«®¢®£® á®¯à®â¨¢«¥¨ï ¢®«®¢®¤ ),   ¨¬¥®,

� =
1 � (1 + jB)

1 + 1 + jB
=

�jB
2 + jB

;

®âªã¤ 

�jB =
2�

1 + �
¨«¨ � = � 1

2
jB(1 + �):

�ç¨âë¢ ï, çâ®

1 + � =

Z
S2

~E � ~E�1 dS;

 å®¤¨¬, çâ®

� = � 1

2
jB

Z
S2

~E � ~E�1 dS:

�®¤áâ ¢«ïï íâ® ¢ëà ¦¥¨¥ ¤«ï � ¢ ¨áå®¤®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥,

¯®«ãç¨¬ ®¤®à®¤®¥ ãà ¢¥¨¥ ¤«ï ~E(x; y)

1X
n=2

2Z1

jZn
~En

Z
S2

~E � ~E�n dS � B ~E1

Z
S2

~E � ~E�1 dS = 0:

�¥ªâ®à ï äãªæ¨ï ~E(x; y) ªà®¬¥ á®®â¢¥âáâ¢ãîé¥£® ãà ¢¥¨ï ¤®«¦-

  ã¤®¢«¥â¢®àïâì â ª¦¥ £à ¨ç®¬ã ãá«®¢¨î   ªà î ¤¨ äà £¬ë,  

¨¬¥®, ¥¥ â £¥æ¨ «ì ï á®áâ ¢«ïîé ï ¤®«¦  ®¡à é âìáï ¢ ã«ì

  ªà î ¨¤¥ «ì® ¯à®¢®¤ïé¥© ¤¨ äà £¬ë. �®á«¥¤¥¥ (®¤®à®¤®¥)

ãà ¢¥¨¥ ¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥, ã¤®¢«¥â¢®àïîé¥¥ £à ¨ç®-

¬ã ãá«®¢¨î, «¨èì ¯à¨ ¥ª®â®àëå § ç¥¨ïå B, ª®â®àë¥ ï¢«ïîâáï á®¡-

áâ¢¥ë¬¨ § ç¥¨ï¬¨ ¤«ï ¤ ®£® ãà ¢¥¨ï. � «¥¥ ¡ã¤¥â ¯®ª § ®,

çâ® íâ® ãà ¢¥¨¥ ®¡« ¤ ¥â «¨èì ®¤¨¬ á®¡áâ¢¥ë¬ § ç¥¨¥¬ (ª ª

íâ® á«¥¤ã¥â ¨§ ä¨§¨ç¥áª®£® á¬ëá«  § ¤ ç¨).

�®¦® ¯®«ãç¨âì ï¢®¥ ¢ëà ¦¥¨¥ ¤«ï B. �«ï íâ®£® ã¬®¦¨¬ áª -

«ïà® ¯®á«¥¤¥¥ ãà ¢¥¨¥   ~E�(x; y) ¨ ¯à®¨â¥£à¨àã¥¬ ¯® S2. �®£¤ 

1X
n=2

2Z1

jZn

Z
S2

~E� � ~En dS

Z
S2

~E � ~E�n dS � B

Z
S2

~E� � ~E1 dS

Z
S2

~E � ~E�1 dS = 0:
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�¥è ï íâ® à ¢¥áâ¢® ®â®á¨â¥«ì® B, ¯®«ãç¨¬

B =

1X
n=2

2Z1

jZn

�����RS2 ~E� � ~En dS

�����
2

�����RS2 ~E� � ~E1 dS

�����
2
:

�â¬¥â¨¬, çâ® ¤«ï í«¥ªâà¨ç¥áª¨å ¬®¤ ZE
n = n=j!", ¤«ï ¬ £¨âëå

¬®¤ ZH
n = j!�=n, Z1 { ¢¥é¥áâ¢¥ ï ¯®«®¦¨â¥«ì ï ¢¥«¨ç¨ . �®-

íâ®¬ã á« £ ¥¬ë¥ ¢ ¯®á«¥¤¥© áã¬¬¥, á®®â¢¥âáâ¢ãîé¨¥ í«¥ªâà¨ç¥áª¨¬

¬®¤ ¬, ¤ îâ ¯®«®¦¨â¥«ìë© (¥¬ª®áâ®©) ¢ª« ¤ ¢ B,   ç«¥ë, á®®â¢¥â-

áâ¢ãîé¨¥ ¬ £¨âë¬ ¬®¤ ¬, { ®âà¨æ â¥«ìë© (¨¤ãªâ¨¢ë©).

� ¡®«ìè¨áâ¢¥ á«ãç ¥¢ â®ç®¥ à¥è¥¨¥ ¯®«ãç¥ëå ãà ¢¥¨© ¯®-

«ãç¨âì ¥¢®§¬®¦®, ¯®íâ®¬ã ¨á¯®«ì§ãîâ â¥ ¨«¨ ¨ë¥ ¯à¨¡«¨¦¥ë¥

¬¥â®¤ë ¨«¨ ¨áªãááâ¢¥ë¥ ¯à¨¥¬ë ¤«ï à¥è¥¨ï § ¤ ç¨.

4.6.4. � à¨ æ¨®ë¥ ¬¥â®¤ë

�®«ãç¥®¥ à ¥¥ ¢ëà ¦¥¨¥ ¤«ï B

B =

1X
n=2

2Z1

jZn

�����RS2 ~E� � ~En dS

�����
2

�����RS2 ~E� � ~E1 dS

�����
2
:

®¡« ¤ ¥â ¥ª®â®àë¬ ¢ à¨ æ¨®ë¬ á¢®©áâ¢®¬. �ã¤¥¬ à áá¬ âà¨¢ âì

íâ® á®®â®è¥¨¥ ª ª äãªæ¨® « ®â äãªæ¨¨ ~E(x; y). �®ª ¦¥¬, çâ®

äãªæ¨ï ~E(x; y), ã¤®¢«¥â¢®àïîé ï  ©¤¥®¬ã ¢ à §¤¥«¥ 4.6.3 ¨â¥-

£à «ì®¬ã ãà ¢¥¨î, ®¡à é ¥â ¢ ã«ì ¢ à¨ æ¨î B, â.¥. á®®¡é ¥â B

áâ æ¨® à®¥ § ç¥¨¥. �«ï íâ®£® ¯¥à¥¯¨è¥¬ ¯à¨¢¥¤¥®¥ ¢ëè¥ ¢ëà -

¦¥¨¥ ¢ ¢¨¤¥

1X
n=2

2Z1

jZn

Z
S2

~E� � ~En dS

Z
S2

~E � ~E�n dS � B

Z
S2

~E� � ~E1 dS

Z
S2

~E � ~E�1 dS = 0

¨ ¡ã¤¥¬ ¢ àì¨à®¢ âì äãªæ¨î ~E:
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1X
n=2

2Z1

jZn

Z
S2

� ~E� � ~En dS

Z
S2

~E � ~E�n dS +

1X
n=2

2Z1

jZn

Z
S2

~E� � ~En dS

Z
S2

� ~E � ~E�n dS �

� �B

������
Z
S2

~E � ~E�1 dS
������
2

� B

8<
:
Z
S2

� ~E� � ~E1 dS

Z
S2

~E � ~E�1 dS +

+

Z
S2

~E� � ~E1 dS �
Z
S2

� ~E � ~E�1 dS
9=
; = 0:

�¥à¥£àã¯¯¨àãï á« £ ¥¬ë¥, ¯®«ãç¥®¥ à ¢¥áâ¢® ¬®¦® ¯¥à¥¯¨á âì

á«¥¤ãîé¨¬ ®¡à §®¬:

Z
S2

dS � ~E �
8<
:

1X
n=2

2Z1

jZn
~E�n

Z
S2

~E� � ~En dS � B ~E�1

Z
S2

~E� � ~E1 dS

9=
; +

+

Z
S2

dS � ~E� �
8<
:

1X
n=2

2Z1

jZn
~En

Z
S2

~E � ~E�n dS � B ~E1

Z
S2

~E � ~E�1 dS
9=
; �

� �B

������
Z
S2

~E � ~E�1 dS
������
2

= 0:

�«ï â®£® çâ®¡ë ¢ à¨ æ¨ï �B ¡ë«  à ¢  ã«î ¯à¨ ¯à®¨§¢®«ì®©

¢ à¨ æ¨¨ � ~E, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¢ëà ¦¥¨ï ¢ ä¨£ãàëå

áª®¡ª å ¡ë«¨ à ¢ë ã«î. � ¬¥â¨¬, çâ® ¯à¨ ¢¥é¥áâ¢¥®¬ B (ª ª íâ®

á«¥¤ã¥â ¨§ ä¨§¨ç¥áª®£® á¬ëá«  B) áª®¡ª¨ ª®¬¯«¥ªá® á®¯àï¦¥ë ®¤ 

¤àã£®© ¨ ®¡à é îâáï ¢ ã«ì ®¤®¢à¥¬¥®. �â ª, ãá«®¢¨¥¬ áâ æ¨® à-

®áâ¨ B ï¢«ï¥âáï ãà ¢¥¨¥, ª®â®à®¬ã ¤®«¦  ã¤®¢«¥â¢®àïâì äãªæ¨ï
~E:

1X
n=2

2Z1

jZn
~En

Z
S2

~E � ~E�n dS � B ~E1

Z
S2

~E � ~E�1 dS = 0:

�â® ãà ¢¥¨¥ ¢ â®ç®áâ¨ á®¢¯ ¤ ¥â á ¯®«ãç¥ë¬ ¢ëè¥ (¨§ ãá«®¢¨©

áè¨¢ ¨ï ¯®«¥©   ¤¨ äà £¬¥) ãà ¢¥¨¥¬, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
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�ã¦® ®â¬¥â¨âì ¯à¨ íâ®¬, çâ® ¢¥ªâ®à ï äãªæ¨ï E ¤®«¦  ¤®¯®«-

¨â¥«ì® ã¤®¢«¥â¢®àïâì ãª § ë¬ ¢ëè¥ £à ¨çë¬ ãá«®¢¨ï¬ (â ª ª ª

£à ¨çë¥ ãá«®¢¨ï ¥ ¢å®¤ïâ ¢ ãá«®¢¨ï áâ æ¨® à®áâ¨). �â®  ª« ¤ë-

¢ ¥â ®£à ¨ç¥¨ï   ¢ë¡®à ¯à®¡ëå äãªæ¨© ¯à¨ à¥è¥¨¨ ¢ à¨ æ¨®-

®© § ¤ ç¨.

4.6.5. �à¨¡«¨¦¥®¥ ¢ëç¨á«¥¨¥ ¯à®¢®¤¨¬®áâ¨

�â æ¨® à®áâì äãªæ¨® «  B ¢ ®ªà¥áâ®áâ¨ à¥è¥¨ï ¯®§¢®«ï¥â ¨á-

¯®«ì§®¢ âì ¤«ï ¢ëç¨á«¥¨ïB ¥ â®«ìª® â®ç®¥ à¥è¥¨¥, ª®â®à®¥ ®¡ëç®

§ à ¥¥ ¥¨§¢¥áâ®, ® ¨ ¥ª®â®à®¥ ¯à¨¡«¨¦¥¨¥, ¢ë¡à ®¥ ¨§ â¥å ¨«¨

¨ëå á®®¡à ¦¥¨©. �« £®¤ àï áâ æ¨® à®áâ¨ äãªæ¨® «  íâ® ¤ ¥â

¬ «ãî ®è¨¡ªã.

�à¨¬¥à: �¤ãªâ¨¢ ï ¤¨ äà £¬  ¢ ¯àï¬®ã£®«ì®¬ ¢®«®¢®¤¥ (á¬.

à¨á.).
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�����
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�����
�����

���
���
���
���
���
���
���

���
���
���
���
���
���
���

d

y

x

a

0
x

z

� íâ®¬ á«ãç ¥ ¤«ï â®£®, çâ®-

¡ë ã¤®¢«¥â¢®à¨âì £à ¨çë¬

ãá«®¢¨ï¬, ¢ á¨«ã ãá«®¢¨© á¨¬-

¬¥âà¨¨, ¤®áâ â®ç® ¨á¯®«ì§®-

¢ âì â®«ìª® ¢ëáè¨¥ ¬®¤ë â¨-

¯  Hn0. �«ï íâ¨å ¬®¤ ®â«¨ç 

®â ã«ï â®«ìª® y-ï ª®¬¯®¥â 

í«¥ªâà¨ç¥áª®£® ¯®«ï ~E:

Eny =

r
2

ab
sin

n�x

a
|

®à¬¨à®¢  ï äãªæ¨ï.

�«ï ¢ëç¨á«¥¨ï B ¢ ¯¥à¢®¬ ¯à¨¡«¨¦¥¨¨ ¬®¦®  ¯¯à®ªá¨¬¨à®¢ âì

äãªæ¨î Ey(x) ¯®«ã¯¥à¨®¤®¬ á¨ãá®¨¤ë:

Ey =

(
cos

�(x � x0)
d

�   ®â¢¥àáâ¨¨;

0 � ¢¥ ®â¢¥àáâ¨ï:

�«ï ¤ «ì¥©è¥£® ã¦® ¢ëç¨á«¨âì ¨â¥£à «
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In =

x0+
d
2Z

x0�
d

2

cos
�(x� x0)

d
sin

n�x

a
dx:

�â®â ¨â¥£à « à ¢¥

In =
2

�d

1

1=d2 � n2=a2
sin

n�x0

a
cos

n�d

2a
:

�®¤áâ ¢«ïï ¢ ¢ëà ¦¥¨¥ ¤«ï B (ãç¨âë¢ ï, çâ® Zn =
j!�
n

, Z1 =
!�
�
),

¯®«ãç¨¬

B � �
n=1X
n=2

2n

�

(1=d2 � 1=a2)2

(1=d2 � n2=a2)2

sin2
n�x0
a

cos2
n�d
2a

sin2
�x0
a

cos2
�d
2a

;

£¤¥ � =
2�
�
, n =

p
(n�=a)2 � k2.

� ®¥ ¢ëà ¦¥¨¥ á¯à ¢¥¤«¨¢®, ¥á«¨ n=a 6= 1=d ¨ ¤«ï ª ª®£® n. �

¯à®â¨¢®¬ á«ãç ¥ ¥®¡å®¤¨¬® à áªàëâì ¥®¯à¥¤¥«¥®áâì ¢¨¤ 
0
0
¤«ï

â®£® ç«¥ , £¤¥ n=a = 1=d (â ª ª ª â®£¤  cos
n�d
2a

= 0). �«ï à áç¥â®¢

¤®áâ â®ç® ®£à ¨ç¨âìáï ç¨á«®¬ ç«¥®¢ � a
d
, â ª ª ª ¤ «ìè¥ ç«¥ë

àï¤  ¡ëáâà® ã¡ë¢ îâ.

4.6.6. � à¨ æ¨®ë¥ ¬¥â®¤ë. �¥â®¤ �¨âæ 

�¥â®¤ �¨âæ  ï¢«ï¥âáï ¯à¨¡«¨¦¥ë¬ ¯àï¬ë¬ ¬¥â®¤®¬ à¥è¥¨ï ¢ à¨-

 æ¨®®© § ¤ ç¨   íªáâà¥¬ã¬ äãªæ¨® « , ¢ ¤ ®¬ á«ãç ¥ B. �

á®áâ®¨â ¢ á«¥¤ãîé¥¬.

�¥¨§¢¥áâ®¥ ¯®¯¥à¥ç®¥ ¯®«¥   ®â¢¥àáâ¨¨ ~E(x; y) ¯à¥¤áâ ¢«ïîâ ¢

¢¨¤¥ à §«®¦¥¨ï ¢ àï¤ ¯® ¥ª®â®à®© ¯®«®© ®àâ®£® «ì®© á¨áâ¥¬¥ ¢¥ª-

â®àëå äãªæ¨©, ®¯à¥¤¥«¥®©   ®â¢¥àáâ¨¨. �«ï ®¡¥á¯¥ç¥¨ï ã¤®¢«¥-

â¢®à¥¨ï £à ¨çë¬ ãá«®¢¨ï¬ äãªæ¨¨ ¤®«¦ë ã¤®¢«¥â¢®àïâì £à ¨ç-

ë¬ ãá«®¢¨ï¬   £à ¨æ¥ ®â¢¥àáâ¨ï. �à¨ íâ®¬ ®£à ¨ç¨¢ îâáï ¥ª®-
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â®àë¬ ª®¥çë¬ ç¨á«®¬ ç«¥®¢ ¢ íâ®¬ àï¤ã. � â¥¬ áã¬¬ã, ¯à¥¤áâ -

¢«ïîéãî ~E, ¯®¤áâ ¢«ïîâ ¢ ¢ëà ¦¥¨¥ ¤«ï B, ¯à¨ç¥¬ B ®ª §ë¢ ¥â-

áï äãªæ¨¥© ª®íää¨æ¨¥â®¢ à §«®¦¥¨ï. �®íää¨æ¨¥âë ¯®¤¡¨à îâáï

â ª, çâ®¡ë äãªæ¨ï B ¨¬¥«  áâ æ¨® à®¥ § ç¥¨¥. �«ï íâ®£® ¯à¨-

à ¢¨¢ îâ ã«î ¯à®¨§¢®¤ë¥ ®â B ¯® ª®íää¨æ¨¥â ¬. �®«ãç¥ ï

á¨áâ¥¬  ãà ¢¥¨© ¯®§¢®«ï¥â  ©â¨ ª®íää¨æ¨¥âë à §«®¦¥¨ï.

�®«®© ®àâ®£® «ì®© á¨áâ¥¬®© äãªæ¨©, ã¤®¢«¥â¢®àïîé¥© £à ¨ç-

ë¬ ãá«®¢¨ï¬   £à ¨æ å ®â¢¥àáâ¨ï, ï¢«ï¥âáï á¨áâ¥¬  á®¡áâ¢¥ëå ¯®-

¯¥à¥çëå ¢¥ªâ®àëå äãªæ¨© ¢®«®¢®¤ , á¥ç¥¨¥ ª®â®à®£® á®¢¯ ¤ ¥â á

®â¢¥àáâ¨¥¬ ¤¨ äà £¬ë.

�¡®§ ç¨¬ íâ¨ äãªæ¨¨ ç¥à¥§ ~en(x; y). �®£¤ 

~E �
NX

m=1

am~em:

�ëç¨á«¨¬ ¨â¥£à «

In =

Z
S2

~E � ~E� dS =

NX
m=1

am

Z
S2

~em ~E
�
n dS =

NX
m=1

ambmn;

£¤¥

bmn =

Z
S2

~em ~E
�
n dS:

�®¤áâ ¢«ïï ¢ ¢ëà ¦¥¨¥ ¤«ï B, ¯®«ãç¨¬

B =

1P
n=2

2Z1
jZn

���� NP
m=1

ambmn

����
2

���� NP
m=1

ambm1

����
2

:

�¥à¥¯¨è¥¬ íâ® à ¢¥áâ¢® ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

B

NX
m=1

ambm1

NX
s=1

a�sb
�
s1 =

1X
n=2

2Z1

jZn

NX
m=1

ambmn

NX
s=1

a�sb
�
sn:

�¥¯¥àì ¡ã¤¥¬ ¢ àì¨à®¢ âì ª®íää¨æ¨¥âë am, a
�
s (¢ ¯à¥¤¯®«®¦¥¨¨

�B = 0):
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B

(
NX

m=1

�ambm1

NX
s=1

a�sb
�
s1 +

NX
m=1

ambm1

NX
s=1

�a�sb
�
s1

)
=

=

1X
n=2

2Z1

jZn

(
NX

m=1

�ambmn

NX
s=1

a�sb
�
sn +

NX
m=1

ambmn

NX
s=1

�a�sb
�
sn

)

¨«¨, ¨ ç¥

NX
m=1

�am

(
B bm1

NX
s=1

a�sb
�
s1 �

1X
n=2

2Z1

jZn
bmn

NX
s=1

a�sb
�
sn

)
+

+

NX
s=1

�a�s

(
B b�s1

NX
m=1

ambm1 �
1X
n=2

2Z1

jZn
b�sn �

NX
m=1

ambmn

)
= 0:

�á«¥¤áâ¢¨¥ ¯à®¨§¢®«ì®áâ¨ ¢ à¨ æ¨© �am ¨ �a�s íâ® à ¢¥áâ¢® ¬®¦¥â

¢ë¯®«ïâìáï, «¨èì ¥á«¨ à ¢ë ã«î ¢ëà ¦¥¨ï ¢ ä¨£ãàëå áª®¡ª å.

� ª ª ª Z1 { ¢¥é¥áâ¢¥®,   Zn { ç¨áâ® ¬¨¬ë¥ ¢¥«¨ç¨ë (n > 1), â®

¢ëà ¦¥¨ï ¢ ä¨£ãàëå áª®¡ª å ª®¬¯«¥ªá® á®¯àï¦¥ë ¤àã£ ¤àã£ã ¨

¤®áâ â®ç®, çâ®¡ë ¢ ã«ì ®¡à é «®áì ®¤® ¨§ ¨å,  ¯à¨¬¥à,

B b�s1

NX
m=1

ambm1 �
1X
n=2

2Z1

jZn
b�sn

NX
m=1

ambmn = 0 ¤«ï s = 1; 2; : : : ; N:

� ë¥ à ¢¥áâ¢  ¬®£ãâ ¡ëâì ¯¥à¥¯¨á ë ¢ ¢¨¤¥ (¯à¨ ¯¥à¥áâ ®¢ª¥

¯®àï¤ª  áã¬¬¨à®¢ ¨ï)

NX
m=1

am

(
1X
n=2

2Z1

jZn
b�snbmn � B b�s1bm1

)
= 0 ¯à¨ s = 1; 2; : : : ; N:

�ë ¯®«ãç¨«¨ á¨áâ¥¬ã ¨§ N ®¤®à®¤ëå «¨¥©ëå  «£¥¡à ¨ç¥áª¨å

ãà ¢¥¨© ¤«ï N ¥¨§¢¥áâëå ª®íää¨æ¨¥â®¢ am. �â  á¨áâ¥¬  ¨¬¥¥â

¥âà¨¢¨ «ì®¥ à¥è¥¨¥, ¥á«¨ ¥¥ ®¯à¥¤¥«¨â¥«ì à ¢¥ ã«î. �à¨à ¢¨-

¢ ï ã«î ®¯à¥¤¥«¨â¥«ì, ¯®«ãç¨¬  «£¥¡à ¨ç¥áª®¥ ãà ¢¥¨¥ ¤«ï ®¯à¥¤¥-

«¥¨ï ¥¨§¢¥áâ®© ¯®ª  ¯à®¢®¤¨¬®áâ¨ B. �® á¬ëá«ã § ¤ ç¨ íâ  ¢¥«¨-

ç¨  ¤®«¦  ¡ëâì ¢¥é¥áâ¢¥®©,   à¥è¥¨¥ { ¥¤¨áâ¢¥ë¬. �®¦®

¯®ª § âì, çâ® íâ® ¤¥©áâ¢¨â¥«ì® â ª. �«ï íâ®£® ¢ ç «¥ ¯à¥¤¯®«®¦¨¬,

çâ® ¨ ®¤¨ ¨§ ª®íää¨æ¨¥â®¢ b�s1 ¥ à ¢¥ ã«î. � §¤¥«¨¬ ª ¦¤®¥ ¨§

ãà ¢¥¨© á¨áâ¥¬ë   á®®â¢¥âáâ¢ãîé¥¥ b�s1. �®£¤  ¯®«ãç¨¬ á¨áâ¥¬ã
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NX
m=1

am

(
1X
n=2

2Z1

jZn

b�snbmn

b�s1
� B bm1

)
= 0 ¯à¨ s = 1; 2; : : : ; N:

�à ¢¥¨¥ ¤«ï B ¢ íâ®¬ á«ãç ¥ ¯à¨®¡à¥â ¥â ¢¨¤

Det cms = Det

(
1X
n=2

2Z1

jZn

b�snbmn

b�s1
� B bm1

)
= 0:

� ®¯à¥¤¥«¨â¥«¥ ¢ ¯à ¢®© ç áâ¨ á« £ ¥¬®¥ B bm1 ¥ § ¢¨á¨â ®â ®-

¬¥à  áâà®ª¨ s. �á«¨ ¢ëç¥áâì ¯¥à¢ãî áâà®ªã ¨§ ¢á¥å ®áâ «ìëå áâà®ª,

â® B ®áâ ¥âáï â®«ìª® ¢ ¯¥à¢®© áâà®ª¥. � §« £ ï ®¯à¥¤¥«¨â¥«ì ¯® í«¥-

¬¥â ¬ ¯¥à¢®© áâà®ª¨, ¯®«ãç ¥¬ «¨¥©®¥ ®â®á¨â¥«ì® B ãà ¢¥¨¥ á

¢¥é¥áâ¢¥ë¬¨ ª®íää¨æ¨¥â ¬¨, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

4.6.7. � à¨ æ¨®ë¥ ¬¥â®¤ë. �¥â®¤ � «¥àª¨ 

� áá¬®âà¨¬ ¥®¤®à®¤®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ ¤«ï ¯®«ï   ®â¢¥à-

áâ¨¨ ¤¨ äà £¬ë ~E:

1X
n=1

~En

Zn

Z
S2

~E � ~E�n dS �
~E1

Z1
= 0:

�¥è¥¨¥ íâ®£® ãà ¢¥¨ï ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥ à §«®¦¥-

¨ï ¯® ¥ª®â®à®© ¯®«®© á¨áâ¥¬¥ ®àâ®£® «ìëå ¢¥ªâ®àëå äãªæ¨©,

ã¤®¢«¥â¢®àïîé¨å £à ¨çë¬ ãá«®¢¨ï¬   ª®âãà¥ ®â¢¥àáâ¨ï. � ª¨¬¨

äãªæ¨ï¬¨ ï¢«ïîâáï á®¡áâ¢¥ë¥ ¢¥ªâ®àë¥ äãªæ¨¨ ~em ¢®«®¢®¤ ,

á¥ç¥¨¥ ª®â®à®£® á®¢¯ ¤ ¥â á ®â¢¥àáâ¨¥¬ ¤¨ äà £¬ë:

E =

1X
m=1

am~em;

£¤¥ am { ¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë. �¥â®¤ � «¥àª¨  ¯®§¢®«ï¥â ¯à¨-

¡«¨¦¥® ¢ëç¨á«¨âì «î¡®¥ ç¨á«® íâ¨å ª®íää¨æ¨¥â®¢. �«ï íâ®£® ®áâ -

¢¨¬ ¢ áã¬¬¥ N ç«¥®¢

E �
NX

m=1

am~em
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¨ ¯®¤áâ ¢¨¬ íâ® ¢ëà ¦¥¨¥ ¢ ¨â¥£à «ì®¥ ãà ¢¥¨¥. � ª ª ª íâ  áã¬-

¬  ¯à¥¤áâ ¢«ï¥â à¥è¥¨¥ ¯à¨¡«¨¦¥®, â® ¯à ¢ ï ç áâì ãà ¢¥¨ï ¯à¨

¯®¤áâ ®¢ª¥ ¥ ®¡à é ¥âáï ¢ ã«ì:

1X
n=1

~En

Zn

NX
m=1

am

Z
S2

~em � ~E�n dS �
~E1

Z1
= �:

�®£« á® ¬¥â®¤ã � «¥àª¨  ª®íää¨æ¨¥âë am ¢ë¡¨à îâ â ª, çâ®¡ë �

¡ë«  ®àâ®£® «ì  ¢á¥¬ äãªæ¨ï¬ ~es (s = 1; 2; : : : ; N)   S2:

Z
S2

8<
:

1X
n=1

~En

Zn

NX
m=1

am

Z
S2

~em � ~E�n dS �
~E1

Z1

9=
; �~es� � dS = 0; s = 1; 2; : : : ; N:

�¡®§ ç¨¬

bmn =

Z
S2

~em ~E
�
n dS ¨ bsn =

Z
S2

~es ~E
�
n dS:

�®£¤  ãà ¢¥¨ï ¯à¨®¡à¥â îâ ¢¨¤

1X
n=1

b�sn
Zn

NX
m=1

ambmn =
b�s1
Z1

;

¨«¨

NX
m=1

am

1X
n=1

b�snbmn

Zn
=

b�s1
Z1

; s = 1; 2; : : : ; N:

�ë ¯®«ãç¨«¨ á¨áâ¥¬ã N «¨¥©ëå ãà ¢¥¨© ®â®á¨â¥«ì® N ª®íä-

ä¨æ¨¥â®¢ am. �¥è ï ¥¥, ¬ë  ©¤¥¬ ¯à¨¡«¨¦¥®¥ ¢ëà ¦¥¨¥ ¤«ï ~E,

çâ® ¯®§¢®«ï¥â ¢ëç¨á«¨âì B, ¨á¯®«ì§ãï à ¥¥ ¯®«ãç¥ãî ä®à¬ã«ã.

� «®£¨çë¬ á¯®á®¡®¬ ¬®¦® à¥è âì â ª¦¥ ®¤®à®¤®¥ ãà ¢¥¨¥

1X
n=2

2Z1

jZn
~En

Z
S2

~E � ~E�n dS � B ~E1

Z
S2

~E � ~E�1 dS = 0:

�«ï íâ®£® ¢®¢ì § ¯¨è¥¬
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E �
NX

m=1

am~em:

�®¤áâ ¢«ïï íâ® ¢ ¨â¥£à «ì®¥ ãà ¢¥¨¥, ¯®«ãç¨¬

1X
n=2

2Z1

jZn
~En

NX
m=1

ambmn � B ~E1

NX
m=1

ambm1 = �:

�¬®¦ ï íâ® ãà ¢¥¨¥   ~e�s ¨ ¨â¥£à¨àãï ¯® S2 (á ãç¥â®¬ âà¥¡®¢ -

¨ï ®àâ®£® «ì®áâ¨) ¯®«ãç¨¬

1X
n=2

2Z1

jZn
b�sn

NX
m=1

ambmn � B b�s1

NX
m=1

ambm1 = 0

¨«¨

NX
m=1

am

(
1X
n=2

2Z1

jZn
b�snbmn � B � b�s1bm1

)
= 0 ¯à¨ s = 1; 2; : : : ; N:

� ®¥ ãà ¢¥¨¥ ¢ â®ç®áâ¨ á®¢¯ ¤ ¥â á   «®£¨çë¬ ãà ¢¥¨¥¬,

¯®«ãç¥ë¬ á ¯®¬®éìî ¬¥â®¤  �¨âæ , çâ® ¤ ¥â ®á®¢ ¨ï ®â¥áâ¨ ¬¥â®¤

� «¥àª¨  ª ª« ááã ¢ à¨ æ¨®ëå ¬¥â®¤®¢.

4.6.8. �¨ äà £¬ë ¢ ¯àï¬®ã£®«ì®¬ ¢®«®¢®¤¥

�ëè¥ ¬ë ã¦¥ à áá¬ âà¨¢ «¨ ¨¤ãªâ¨¢ãî ¤¨ äà £¬ã ¢ ¯àï¬®ã£®«ì-

®¬ ¢®«®¢®¤¥. � ¬ ¡ë«®  ©¤¥® á®®â®è¥¨¥ ¤«ï ¯à®¢®¤¨¬®áâ¨ á

¯®¬®éìî ¯à¨¡«¨¦¥®£® ¬¥â®¤ , ®á®¢ ®£®   áâ æ¨® à®áâ¨ äãª-

æ¨® «  ¯à®¢®¤¨¬®áâ¨. � ¯®¬®éìî ª¢ §¨áâ â¨ç¥áª®£® ¬¥â®¤  ¬®¦¥â

¡ëâì ¯®«ãç¥® ¡®«¥¥ ª®¬¯ ªâ®¥ ¢ëà ¦¥¨¥ (å®âï ¨ ¥ ¡®«¥¥ â®ç®¥)

B = � �

a
ctg2

�d

2a
(1 + sec2

�d

2a
ctg2

�x0

2a
):
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������������
������������
������������

������������
������������
������������

������������
������������
������������

������������
������������
������������

d

�¥¯¥àì à áá¬®âà¨¬ ¥¬ª®áâãî

¤¨ äà £¬ã (á¬. à¨á.). � ª ï

¤¨ äà £¬  ¨¬¥¥â ¯®«®¦¨â¥«ì-

ãî à¥ ªâ¨¢ãî ¯à®¢®¤¨¬®áâì

¨, á«¥¤®¢ â¥«ì®, íª¢¨¢ «¥â 

¥¬ª®áâ¨. � á«ãç ¥ á¨¬¬¥âà¨ç-

®£® ®â¢¥àáâ¨ï ¯à®¢®¤¨¬®áâì

®¯à¥¤¥«ï¥âáï ¯à¨¡«¨¦¥ë¬

á®®â®è¥¨¥¬

B =
4b

�
ln csc

�d

2b
:

�à ä¨ª íâ®© ¯à®¢®¤¨¬®áâ¨ ª ª äãªæ¨¨ ®â b=� ¯à¨¢¥¤¥   à¨áãª¥.

b Λ

B

�®ç¥â ¨¥ ¨¤ãªâ¨¢®© ¨ ¥¬ª®áâ®© ¤¨ äà £¬ ¯®§¢®«ï¥â ¯®«ãç¨âì

èãâ¨àãîé¨© à¥§® áë© ª®âãà (á¬. à¨á.). �ë«®  ©¤¥®, çâ® à¥§®-

 á ¨¬¥¥â ¬¥áâ® ¤«ï ¢®«ë, ®¯à¥¤¥«ï¥¬®© ãà ¢¥¨¥¬

a

b

s
1 �

�
�

2a

�2
=

a0

b0

s
1 �

�
�

2a0

�2
:

L
C

a‘ b‘

������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������

b

a
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�âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® ¥á«¨ ãáâà¥¬¨âì b0 ª 0, â® à¥§® á

¨¬¥¥â ¬¥áâ® ¯à¨ � = 2a0, â.¥. ¯à¨ a0 = �=2. � íâ®¬ á«ãç ¥ é¥«ì ¬®¦®

à áá¬ âà¨¢ âì ª ª ª®à®âª®§ ¬ªãâãî á ¤¢ãå ª®æ®¢ é¥«¥¢ãî «¨¨î.

�à®¢®¤¨¬®áâì à¥§® á®£® ª®âãà  á ¯à¨á®¥¤¨¥ë¬ ª ¥¬ã ¢®«®¢®-

¤®¬ ¨¬¥¥â ¢¨¤

Y = 1 + jQ
2�!

!0
;

£¤¥ !0 { à¥§® á ï ç áâ®â . � ç¥¨ï Q ¤«ï ¤¨ äà £¬ ¥¢¥«¨ª¨ (¯®-

àï¤ª  10) ¨ ¢®§à áâ îâ á ã¬¥ìè¥¨¥¬ b0.

�¥â ««¨ç¥áª¨© èâëàì ¬ «®£® ¤¨ ¬¥âà  ¯à¨¬¥ï¥âáï ¤«ï á®£« á®¢ -

¨ï ¢®«®¢®¤®¢. �¥âàã¤® ¢¨¤¥âì, çâ® èâëàì ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥

¯®á«¥¤®¢ â¥«ì® á®¥¤¨¥ë¬¨ ¥¬ª®áâìî ¨ ¨¤ãªâ¨¢®áâìî (á¬. à¨á.).

��
��
��

��
��
��

C

L

�à¨ ¬ «®© £«ã¡¨¥ ¯®£àã¦¥¨ï ¯à¥®¡« ¤ ¥â ¥¬ª®áâ ï ¯à®¢®¤¨¬®áâì.

�à¨ £«ã¡¨¥ ¯®£àã¦¥¨ï, ¯à¨¬¥à® à ¢®© �=4, ¨¬¥¥â ¬¥áâ® à¥§® á.

�à¨ íâ®¬ ¢®«®¢®¤ ®ª §ë¢ ¥âáï § ª®à®ç¥ë¬ ¨ ¯¥à¥áâ ¥â ¯à®¯ãáª âì

¢®«ë. �à¨ ¥é¥ ¡®«ìè¥¬ ¯®£àã¦¥¨¨ ¯à¥®¡« ¤ ¥â ¨¤ãªâ¨¢®áâì, ¨,

å®âï ¨¬¥¥âáï ®âà ¦¥¨¥, ¢®«  ç áâ¨ç® ¯à®å®¤¨â.

�®§¬®¦ë â ª¦¥ ¤àã£¨¥ à¥§® áë¥ ª®¬¡¨ æ¨¨,  ¯à¨¬¥à, ¨¤ãª-

â¨¢ ï ¤¨ äà £¬  á ¥¬ª®áâë¬ èâëà¥¬, ¯®§¢®«ïîé¨¬ ®áãé¥áâ¢«ïâì

 áâà®©ªã à¥§® á®© ¤¨ äà £¬ë.

4.6.9. �®¥¤¨¥¨¥ ¢®«®¢®¤®¢ à §«¨ç®£® á¥ç¥¨ï

� áá¬®âà¨¬ á®ç«¥¥¨¥ ¤¢ãå ¢®«®¢®¤®¢ à §«¨ç®£® á¥ç¥¨ï S1 ¨ S2,

¯à¨ç¥¬ ¢ ®¡®¨å ¢®«®¢®¤ å ¬®£ãâ à á¯à®áâà ïâìáï â®«ìª® ¯® ®¤®©

¬®¤¥. �¡é¥¥ ®â¢¥àáâ¨¥ ¢®«®¢®¤®¢ ®¡®§ ç¨¬ ç¥à¥§ A. �®£¤  ¤«ï ¯®-

¯¥à¥çëå á®áâ ¢«ïîé¨å í«¥ªâà¨ç¥áª®£® ¯®«ï   £à ¨æ¥ ¨¬¥îâ ¬¥áâ®

ãá«®¢¨ï

(1 + �) ~E1 +

1X
n=2

An
~En =

�
~E(x; y) �   A;

0 �   S1 �A

á«¥¢  ¨
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T � ~E01 +

1X
n=2

Bn
~E0n =

�
~E(x; y) �   A;

0 �   S2 �A

á¯à ¢ . �¤¥áì ~En { á®¡áâ¢¥ë¥ ¯®¯¥à¥çë¥ ®à¬¨à®¢ ë¥ ¢¥ªâ®àë¥

äãªæ¨¨ ¢®«®¢®¤  I , ~E0n { â® ¦¥ ¤«ï ¢®«®¢®¤  II , ~E(x; y) { ¥¨§¢¥áâ-

 ï ¯®ª  äãªæ¨ï à á¯à¥¤¥«¥¨ï ¯®¯¥à¥ç®£® í«¥ªâà¨ç¥áª®£® ¯®«ï  

®â¢¥àáâ¨¨. �á«¨ ãª § ë¥ á®¡áâ¢¥ë¥ äãªæ¨¨ ®à¬¨à®¢ ë ª ¥¤¨-

¨æ¥, â®

1 + � =
R
A

~E � ~E�1 dS; An =
R
A

~E � ~E�n dS;
T =

R
A

~E � ~E0� dS; Bn =
R
A

~E � ~E0n� dS:

�®¯¥à¥çë¥ á®áâ ¢«ïîé¨¥ ¬ £¨â®£® ¯®«ï   ®â¢¥àáâ¨¨ á«¥¢  ¨

á¯à ¢  à ¢ë ¤àã£ ¤àã£ã:

(1 � �) � ~H1 �
1X
n=2

An
~Hn = T � ~H 0

1 +

1X
n=2

Bn
~H 0
n;

¨«¨

(1 � �)
~z0 � ~E1

Z1
�

1X
n=2

An

~z0 � ~En

Zn
= T � ~z0 �

~E01
Z 01

+

1X
n=2

Bn

~z0 � ~E0n
Z 0n

:

�¤¥áì Z1, Zn, Z
0
1, Z

0
n { ®â®è¥¨ï ¯®¯¥à¥çëå á®áâ ¢«ïîé¨å í«¥ªâà¨-

ç¥áª®£® ¨ ¬ £¨â®£® ¯®«¥©. �¬®¦ ï íâ® ãà ¢¥¨¥ ¢¥ªâ®à®   ~z0 ¨

à áªàë¢ ï ¤¢®©ë¥ ¢¥ªâ®àë¥ ¯à®¨§¢¥¤¥¨ï, ¯®«ãç¨¬ ãà ¢¥¨¥

(1 � �)
~E1

Z1
�

1X
n=2

An

~En

Zn
= T

~E01
Z 01

+

1X
n=2

Bn

~E0n
Z 0n

:

�á«¨ â¥¯¥àì § ¬¥¨âì �, T , An ¨ Bn ¨å ¢ëà ¦¥¨ï¬¨ ¢ ¢¨¤¥ ¨â¥-

£à «®¢, â® ¬®¦® ¯®«ãç¨âì ¨â¥£à «ì®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì® ¥¨§-

¢¥áâ®© äãªæ¨¨ ~E(x; y):

1X
n=1

~En

Zn

Z
A

~E � ~E�n dS +

1X
n=1

~E0n
Z 0n

Z
A

~E � ~E0n� dS =
2 ~E1

Z1
:
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�®§¬®¦¥, ®¤ ª®, ¤àã£®© ¯ãâì ¯à¥®¡à §®¢ ¨ï ãà ¢¥¨ï. �«ï íâ®-

£® ã¬®¦¨¬ «¥¢ãî ¨ ¯à ¢ãî ç áâ¨ ãà ¢¥¨ï   ~E� ¨ ¯à®¨â¥£à¨àã¥¬

¯® ®â¢¥àáâ¨î. �®«ãç¨¬

1 � �

Z1

Z
A

~E� � ~E1 dS �
1X
n=2

jAnj2
Zn

= jT j2 1

Z 01
+

1X
n=2

jBnj2
Z 0n

:

�¬®¦¨¬ ¨ à §¤¥«¨¬ ¯¥à¢®¥ á« £ ¥¬®¥ ¢ «¥¢®© ç áâ¨   1 + � =

=
R
A

~E ~E�1 dS:

1 � �

1 + �
� 1
Z1

������
Z
A

~E � ~E�1 dS
������
2

�
1X
n=2

jAnj2
Zn

= jT j2 1

Z 01
+

1X
n=2

jBnj2
Z 0n

;

®âªã¤ 

1 � �

1 + �
=

jT j2Z1
Z 01

+
1P
n=2

Z1
Zn
jAnj2 +

1P
n=2

Z1
Z 0n
jBnj2����R

A

~E � ~E�1 dS
����
2

:

�®
1� �
1 + �

= Y { ¢å®¤ ï ¯à®¢®¤¨¬®áâì á®ç«¥¥¨ï,  £àã¦¥®£® á ¤àã-

£®© áâ®à®ë   á®£« á®¢ ãî  £àã§ªã. � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ ¢ë-

à ¦¥¨¥ ¤«ï ¯à®¢®¤¨¬®áâ¨ Y :

Y =

jT j2Z1
Z 01����R

A

~E � ~E�1 dS
����
2
+ j

1P
n=2

Z1
jZn

jAnj2 +
1P
n=2

Z1
jZ 0n

jBnj2����R
A

~E � ~E�1 dS
����
2

:

� ¯®¬¨¬, çâ® ¤«ï H-¬®¤ ZH
n =

j!�
n

, ¤«ï E-¬®¤ ZE
n =

n
j!"

{ ¢¥é¥-

áâ¢¥ë¥ ¤«ï à á¯à®áâà ïîé¥©áï ¨ ç¨áâ® ¬¨¬ë¥ ¤«ï ¥à á¯à®áâà -

ïîé¨åáï ¬®¤.

�âáî¤ , ¥á«¨ S1 ! S2, ¬®¦® ¯®«ãç¨âì ¢ëà ¦¥¨¥ ¤«ï ¯à®¢®¤¨¬®-

áâ¨ ¤¨ äà £¬ë (¯à¨ ~E0n ! ~En ¨ Z 0n ! Zn).

�¥à¢®¥ á« £ ¥¬®¥ ¢ ¯®«ãç¥®© ä®à¬ã«¥ { ¢¥é¥áâ¢¥ ï ç áâì, ¢â®-

à®¥ { ¬¨¬ ï. �¥à¢®¥ á« £ ¥¬®¥ ¯à¥¤áâ ¢«ï¥â ¯à®¢®¤¨¬®áâì ¢â®à®£®
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¢®«®¢®¤ ,  £àã¦¥®£®   á®£« á®¢ ãî  £àã§ªã, ¢â®à®¥ { à¥ ªâ¨¢-

ãî ¯à®¢®¤¨¬®áâì á®ç«¥¥¨ï. �ª¢¨¢ «¥â ï áå¥¬  á®ç«¥¥¨ï ¨¬¥¥â

¢¨¤

jBZ =10

n : 1

Z =10

�à¨ á®ç«¥¥¨¨ ¤¢ãå ¢®«®¢®¤®¢ ®á®¡ë© ¨â¥à¥á ¯à¥¤áâ ¢«ï¥â á«ã-

ç ©, ª®£¤  ¢®«®¢®¤ë ¬ «® ®â«¨ç îâáï ®¤¨ ®â ¤àã£®£®. � íâ®¬ á«ãç ¥

¢ ª ç¥áâ¢¥ ¯¥à¢®£® ¯à¨¡«¨¦¥¨ï ¢¬¥áâ® ~E ¬®¦® ¯®¤áâ ¢¨âì ¯®«¥ ~E1

¢ ¯¥à¢®¬ ¢®«®¢®¤¥. � áá¬®âà¨¬ ¢ ª ç¥áâ¢¥ ¯à¨¬¥à  á®¥¤¨¥¨¥ ¤¢ãå

¯àï¬®ã£®«ìëå ¢®«®¢®¤®¢, ¢ ª®â®àëå ¬®¦¥â à á¯à®áâà ïâìáï â®«ìª®

¬®¤  H10.

�§¬¥¥¨¥ á¥ç¥¨ï ¢ ¯«®áª®áâ¨ H .

� áá¬ âà¨¢ ¥âáï á¨¬¬¥âà¨ç®¥ á®ç«¥¥¨¥, ¯à¥¤áâ ¢«¥®¥   à¨á.

b
z

a‘

x

x

y

a

a

a‘

� íâ®¬ á«ãç ¥ £à ¨çë¥ ãá«®¢¨ï ¬®£ãâ ¡ëâì ã¤®¢«¥â¢®à¥ë á ¨á¯®«ì-

§®¢ ¨¥¬ «¨èì ¬ £¨âëå ¬®¤ Hn0.

�«ï ¨á¯®«ì§®¢ ¨ï á¨¬¬¥âà¨¨ ®áì y ¯®¬¥áâ¨¬ ¯®á¥à¥¤¨¥ ¢®«®¢®-

¤ . �à¨ ¢ëç¨á«¥¨¨ ¯à®¢®¤¨¬®áâ¨ á®ç«¥¥¨ï ¢ ª ç¥áâ¢¥ äãªæ¨¨ ¯®«ï
~E(x; y) ¢ ®â¢¥àáâ¨¨ ¯à¨¬¥¬ ¯à¨¡«¨¦¥® äãªæ¨î ~E1 í«¥ªâà¨ç¥áª®£®

¯®«ï ®á®¢®© ¬®¤ë ¢ ¢®«®¢®¤¥ I . � ª ª ª ~E1 á¨¬¬¥âà¨ç  ®â®á¨â¥«ì-

® ®á¨ y, â® ¯à¨ ¢ëç¨á«¥¨¨ ¨â¥£à «®¢ ¥á¨¬¬¥âà¨çë¥ á®¡áâ¢¥ë¥

äãªæ¨¨ ¤ îâ ã«ì, ¨ ¢ à §«®¦¥¨¨ ®áâ îâáï â®«ìª® á¨¬¬¥âà¨çë¥.

�¨¬¬¥âà¨çë¥ á®¡áâ¢¥ë¥ äãªæ¨¨ í«¥ªâà¨ç¥áª®£® ¯®«ï ¢ ¢®«®-

¢®¤¥ I (®à¬¨à®¢ ë¥ ª ¥¤¨¨æ¥) ¨¬¥îâ ¢¨¤

Eym =

r
2

ab
cos(2m + 1)

�x

a
;
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  ¢ ¢®«®¢®¤¥ II

E0ym =

r
2

a0b
cos(2m + 1)

�x

a0
:

�¥âàã¤® ¢¨¤¥âì, çâ® ¢ íâ®¬ á«ãç ¥Z
A

~E � ~E�m dS =

�
0 ¯à¨ m 6= 0;

1 ¯à¨ m = 0:

�®íâ®¬ã A2m+1 = 0 ¯à¨ m 6= 0.

� «¥¥,

B2m+1 =

Z
A

~E � ~E0m� dS =

r
a

a0
� cos(2m+ 1)�

�2=4 � (2m+ 1)2�2
; � =

�a

2a0
:

�à¨ m = 0 ¨¬¥¥¬

T =

r
a

a0
� � cos �

�2=4 � �2
:

�®¤áâ ¢«ïï ¢ ä®à¬ã«ã ¤«ï Y ¨ ãç¨âë¢ ï, çâ®
Z1
Z 01

=
�0

�
,
Z1
jZ 0n

= �
0
n

�
,

¯®«ãç¨¬

Y =
�0a

�a0

�
� � cos �

�2=4 � �2

�2
� j

a

a0

1X
m=1

02m+1

�

�
� cos(2m+ 1)�

�2=4 � (2m+ 1)2�2

�2

:

�®«ãç¥®¥ á®®â®è¥¨¥ ¯®ª §ë¢ ¥â, çâ® á®ç«¥¥¨¥ ¤¥©áâ¢ã¥â ª ª

âà áä®à¬ â®à á ª®íää¨æ¨¥â®¬ âà áä®à¬ æ¨¨, à ¢ë¬ T . �ª¢¨¢ -

«¥â ï áå¥¬  ¯à¥¤áâ ¢«¥    à¨á.

Y =1

n : 1

L
Y =10 0

�¤¥áì n =

s
�0a
�a0

�
� cos �

�2=4� �2

�2
.
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�®à¬ã«  ã¯à®é ¥âáï, ¥á«¨ áª ç®ª à §¬¥à  ¥¢¥«¨ª:
a
a0
= 1��, ¯à¨-

ç¥¬ �� 1. �®£¤ 

Y � �0

�

0
B@ sin

��
2

��
2

1
CA

2

� j

1X
m=1

02m+1

�

0
B@ sin(2m+ 1)

��
2

�m(m+ 1)

1
CA

2

:

�§¬¥¥¨¥ á¥ç¥¨ï ¢ ¯«®áª®áâ¨ E (á¬. à¨á.).

b b‘y

z

y

b x

b‘

a

�®ç«¥¥¨¥ ¯à¥¤¯®« £ ¥âáï á¨¬¬¥âà¨çë¬. �« £®¤ àï á¨¬¬¥âà¨¨ ¢

à §«®¦¥¨¨ ¯® ¢ëáè¨¬ ¬®¤ ¬ ®áâ îâáï â®«ìª® ¬®¤ë, ç¥âë¥ ¢  ¯à -

¢«¥¨¨ y.

�â®¡ë ã¤®¢«¥â¢®à¨âì £à ¨çë¬ ãá«®¢¨ï¬, ¢ ¤ ®¬ á«ãç ¥ ¥®¡-

å®¤¨¬® ¨á¯®«ì§®¢ âì ª ª í«¥ªâà¨ç¥áª¨¥, â ª ¨ ¬ £¨âë¥ ¬®¤ë. �¤ -

ª® § ¤ ç  ã¯à®é ¥âáï ¡« £®¤ àï â®¬ã, çâ® ¨áå®¤ï ¨§ á¨¬¬¥âà¨¨ ¬®¦®

¯®«ãç¨âì ¨ä®à¬ æ¨î ®â®á¨â¥«ì® ¥¨§¢¥áâ®© äãªæ¨¨ ~E. �à¥¦¤¥

¢á¥£®, ~E ¨¬¥¥â â®«ìª® y-î ª®¬¯®¥âã. � «¥¥, § ¢¨á¨¬®áâì ~E ®â x â ª ï

¦¥, ª ª ¨ ¤«ï ®á®¢®© ¬®¤ë, â ª ª ª £à ¨çë¥ ãá«®¢¨ï ¥ § ¢¨áïâ ®â

x.

� ª ª ª Ex = 0, â® ¯à¨ ¢ëç¨á«¥¨¨ ¨â¥à¥á ¯à¥¤áâ ¢«ïîâ â®«ìª®

y-¥ á®áâ ¢«ïîé¨¥ á®¡áâ¢¥ëå äãªæ¨©, ¯à¨ç¥¬ ¢ª« ¤ ¤ îâ «¨èì á®¡-

áâ¢¥ë¥ äãªæ¨¨ á n = 1, â.¥. § ¢¨áïé¨¥ ®â x â ª ¦¥, ª ª ¨ ®á®¢ ï

¬®¤ . �à®¬¥ â®£®, ¨§ á¨¬¬¥âà¨¨ á«¥¤ã¥â, çâ® ¢ª« ¤ ¤ îâ â®«ìª® â¥

á®¡áâ¢¥ë¥ äãªæ¨¨, ¤«ï ª®â®àëå m ç¥â® (m = 2l).

�®à¬¨à®¢ ë¥ á®¡áâ¢¥ë¥ äãªæ¨¨, ¯à¥¤áâ ¢«ïîé¨¥ ¨â¥à¥á, ¨¬¥-

îâ á«¥¤ãîé¨© ¢¨¤ (á ãç¥â®¬ à á¯®«®¦¥¨ï ®á¥©):

� £¨âë¥ ¬®¤ë (m = 2l)
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�«¥¢  �¯à ¢ 

E2ly =
2�

a � g2l
p
ab

sin
�x
a
cos

2�ly
b

E02ly =
2�

a � g02l
p
ab0

sin
�x
a
cos

2�ly
b0

�à¨ l = 0

E0y =

r
2
ab

sin
�x
a

E00y =

r
2
ab0

sin
�x
a

�«¥ªâà¨ç¥áª¨¥ ¬®¤ë (m = 2l)

E2ly =
4�l

b � g2l
p
ab

sin
�x
a
cos

2�ly
b

E02ly =
4�l

b0 � g02l
p
ab0

sin
�x
a
cos

2�ly
b0

¯à¨ íâ®¬

g2l =

r
�2

a2
+

4�2l2

b2
; g02l =

r
�2

a2
+

4�2l2

b02
:

� ª ç¥áâ¢¥ äãªæ¨¨ ~E, ª®â®à ï, ª ª ãª § ® ¢ëè¥, ¨¬¥¥â â®«ìª® y-î

ª®¬¯®¥âã ¨ § ¢¨á¨â ®â x â ª ¦¥, ª ª ®á®¢ ï ¬®¤ , ¯à¨¬¥¬ äãªæ¨î

á ª®¬¯®¥â ¬¨: Ex = 0; Ey = E(y) sin
�x
a
.

�à¨ íâ®¬ ¢¥é¥áâ¢¥ ï á®áâ ¢«ïîé ï ¯à®¢®¤¨¬®áâ¨ à ¢ 

G =

����R
A

~E � ~E01� dS
����
2

����R
A

~E � ~E�1 dS
����
2

Z1

Z 01
:

�¤¥áì Z1 = Z 01 (â ª ª ª § ¢¨á¨â «¨èì ®â a), E1y =

r
2
ab

sin
�x
a
, E01y =r

2
ab0

sin
�x
a
.

�à¨ ¯®¤áâ ®¢ª¥ E ¨â¥£à «ë á®ªà é îâáï:

G =

�
2p
ab0

�2
�

2p
ab

�2 =
b

b0
:

�¨¬ ï (à¥ ªâ¨¢ ï) á®áâ ¢«ïîé ï ¯à®¢®¤¨¬®áâ¨ à ¢ 
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B =

1P
l=1

Z1
jZ2l

����R
A

E � E�2l dS
����
2

+
1P
l=1

Z1
jZ 02l

����R
A

E � E02l� dS
����
2

����R
A

E �E�1 dS
����
2

:

� ª ç¥áâ¢¥ ¯¥à¢®£® ¯à¨¡«¨¦¥¨ï ¤«ï ~E ¯à¨¬¥¬ ¯®«¥ ®á®¢®© ¬®¤ë

¢ ¯¥à¢®¬ ¢®«®¢®¤¥

Ey =

r
2

ab
sin

�x

a
:

�á¥ An ¤«ï ¬ £¨âëå ¨ í«¥ªâà¨ç¥áª¨å ¬®¤ á®¤¥à¦ â ¬®¦¨â¥«ì

b=2Z
�b=2

cos
2�ly

b
dy = 0 (l 6= 0);

¯®íâ®¬ã ¢á¥ An = 0.

�ëç¨á«¨¬ â¥¯¥àì Bn = B2l ¤«ï ¬ £¨âëå ¨ í«¥ªâà¨ç¥áª¨å ¬®¤.

� £¨âë¥ ¬®¤ë

BH
2l =

r
2

ab

2�

ag02l
p
ab0

a=2Z
�a=2

sin2
�x

a
dx

b=2Z
�b=2

cos
2�ly

b0
dy =

2�
p
2

a2
p
bb0

ab0

2�l
�

� sin
�lb

b0
=

�
p
2

ag02l

r
b

b0
sin l'

l'
;

£¤¥ ' =
�b
b0
. �¢ ¤à â

(BH
2l )

2 =
b0

b
� 2�2

a2g02l
2

�
sin l'

l'

�2
:

�«¥ªâà¨ç¥áª¨¥ ¬®¤ë

BE
2l =

2
p
2�l

g02lb
0

r
b

b0
sin l'

l'
; (BE

2l)
2 =

b

b0
� 8�

2l2

b02g02l
2

�
sin l'

l'

�2

:
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�ëç¨á«¨¬ áã¬¬ã

P2l =
Z1

jZ 02l
H
(BH

2l )
2 +

Z1

jZ 02l
E
(BE

2l)
2:

�¤¥áì Z1 =
!�
�
, Z 02l

H =
j!�
02l

, Z 02l
E =

02l
j!"

.

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï P2l, ¯®«ãç¨¬

P2l =
1

�02l

�
k2 (BE

2l)
2 � 02l

2 (BH
2l )

2
	

=

=
1

�02l

�
sin l'

l'

�2
b

b0

�
k2

8�2l2

b02g02l
2
� 02l

2 2�2

a2g02l
2

�
=

=
1

�02l

b

b0
2�2

g02l
2

�
sin l'

l'

�2 �
k2
4l2

b02
� 02l

2

a2

�
:

� ª ª ª 02l
2 = g02l

2 � k2, â®

P2l =
1

�02l

b

b0
2�2

g02l
2

�
sin l'

l'

�2 �
k2
4l2

b02
� 1

a2
(g02l

2 � k2)

�
:

�ëà ¦¥¨¥ ¢ ¯®á«¥¤¨å áª®¡ª å à ¢®

k2
4l2

b02
� 1

a2
(g02l

2 � k2) = k2
�
4l2

b02
+

1

a2

�
� g02l

2

a2
= k2

g02l
2

�2
� g02l

2

a2
=

=
g02l

2

�2
(k2 � �2

a2
) =

g02l
2

�2
�2:

�®¤áâ ¢«ïï, ¯®«ãç¨¬

P2l =
1

�02l

b

b0
2�2

g02l
2

�
sin l'

l'

�2
g02l

2

�2
�2 =

�

02l

2b

b0

�
sin l'

l'

�2
:

�®¤áâ ¢«ïï ¢ ¢ëà ¦¥¨¥ ¤«ï B (á ãç¥â®¬ â®£®, çâ®
R
A

EE�1 dS = 1,
R
A

EE�2l dS = 0),

¯®«ãç¨¬

B =

1X
l=1

P2l = �
2b

b0

1X
l=1

1

02l

�
sin l'

l'

�2
:

�âáî¤  ¯à®¢®¤¨¬®áâì à ¢ 
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Y =
b

b0
+ 2j�

b

b0

1X
l=1

1

02l

�
sin l'

l'

�2
;

£¤¥

' =
�b

b0
; 02l =

q
g02l

2 � k2:

� ª ª ª B > 0, ¯à®¢®¤¨¬®áâì ¨¬¥¥â ¥¬ª®áâ®© å à ªâ¥à ¨ íª¢¨¢ -

«¥â ï áå¥¬  ¨¬¥¥â ¢¨¤, ¯à¥¤áâ ¢«¥ë©   à¨á.

YY =1 =1

n : 1

C
0 0

�¤¥áì n =

r
b
b0
.

�à¨ ã¬¥ìè¥¨¨ à §¬¥à  áª çª  ¥¬ª®áâì áâà¥¬¨âáï ª ã«î ª ª ª¢ -

¤à â áª çª  �
�
�b
b

�2
, ¤®¡ ¢ª  ª G { ª ª ¯¥à¢ ï áâ¥¯¥ì, ¯®íâ®¬ã ¯à¨

¬ «ëå áª çª å ¥¬ª®áâìî ¬®¦® ¯à¥¥¡à¥çì. � íâ®¬ á«ãç ¥ ®âà ¦¥¨¥

®¯à¥¤¥«ï¥âáï ®â®è¥¨¥¬ ¢®«®¢ëå ¯à®¢®¤¨¬®áâ¥© ¢®«®¢®¤®¢ b=b0.

4.6.10. �®£« á®¢ ¨¥ ¢®«®¢®¤®¢ ¬®£®áâã¯¥ç âë¬¨ ¯¥à¥å®¤ ¬¨

�¤¥áì à áá¬ âà¨¢ ¥âáï á®£« á®¢ ¨¥ ¢®«®¢®¤®¢ ¯à¨ ¨§¬¥¥¨¨ à §¬¥-

à®¢ ¢ ¯«®áª®áâ¨ E, ª®£¤  ¬®¦® ¯à¥¥¡à¥çì à¥ ªâ¨¢®áâìî áª çª  ¨ ®â-

à ¦¥¨¥ ®¯à¥¤¥«ï¥âáï â®«ìª® á®®â®è¥¨¥¬ ¢®«®¢ëå á®¯à®â¨¢«¥¨©,

¯®íâ®¬ã à¥§ã«ìâ âë ¬®£ãâ ¡ëâì ¯à¨¬¥¥ë â ª¦¥ ª TEM «¨¨ï¬. �à®-

¬¥ â®£® ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì áª çª¨ ¬ «ë¬¨. �à¥¥¡à¥£ ¥¬ â ª¦¥

¬®£®ªà âë¬¨ ®âà ¦¥¨ï¬¨. �«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢á¥ íâ¨ ®£à ¨ç¥-

¨ï ¢¢®¤ïâáï ¤«ï ¯à®áâ®âë à áç¥â , ®   «®£¨çë© à¥§ã«ìâ â ¬®¦¥â

¡ëâì ¯®«ãç¥ ¨ ¢ ¡®«¥¥ ®¡é¥¬ á«ãç ¥, ª®£¤  áª çª¨ ¢¥«¨ª¨ ¨ à¥ ªâ¨¢-

®áâï¬¨ ¯à¥¥¡à¥£ âì ¥ á«¥¤ã¥â.

� áá¬®âà¨¬ ¬®£®áâã¯¥ç âë© ¯¥à¥å®¤ ¬¥¦¤ã ¤¢ã¬ï ¢®«®¢®¤ ¬¨,

á®áâ®ïé¨© ¨§ ®âà¥§ª®¢ à ¢®© ¤«¨ë, ® à §«¨ç®£® ¢®«®¢®£® á®¯à®-

â¨¢«¥¨ï (á¬. à¨á.).
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Z1 Z2 ZnZ0
d

Γ Γ Γn

Z

10

�¥«¨ç¨ë �0; �1; : : : ;�n { ¬¥áâë¥ ª®íää¨æ¨¥âë ®âà ¦¥¨ï:

�i =
Zi+1 � Zi

Zi+1 + Zi
:

�ãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ n { ç¥â®¥ ç¨á«®.

�âà ¦¥ ï ¢®«  ¢  ç «¥ ¯¥à¥å®¤  à ¢ , ®ç¥¢¨¤®, áã¬¬¥ ¢®«,

®âà ¦¥ëå ®â ®â¤¥«ìëå á®ç«¥¥¨© (¢ ¯à¥¥¡à¥¦¥¨¨ ¬®£®ªà âë-

¬¨ ®âà ¦¥¨ï¬¨):

b =

nX
m=0

�me
�2jm' = e�jn'

nX
m=0

�me
j(n�2m)' =

= e�jn'
n
�0e

jn' + �1e
j(n�2)' + : : : + �n=2 + : : : + �ne

�jn'
o
;

£¤¥

' =
2�d

�
:

�à¥¤¯®«®¦¨¬, çâ® ¯¥à¥å®¤ ¢ë¯®«¥ á¨¬¬¥âà¨ç®, â ª çâ® �m =

�n�m. �®£¤ 

b = 2e�jn'
�
�0 cosn' + �1 cos(n� 1)' + : : : +

1

2
�n=2

�
;

â.¥. ¢ëà ¦ ¥âáï ç¥à¥§ ª®á¨ãáë ªà âëå ¤ã£. � ª ª ª ª®á¨ãáë ªà âëå

¤ã£ ¬®£ãâ ¡ëâì ¢ëà ¦¥ë ç¥à¥§ áâ¥¯¥¨ cos', â®  ¬¯«¨âã¤  ®âà ¦¥®©

¢®«ë ¢ëà ¦ ¥âáï ç¥à¥§ ¯®«¨®¬ ®â cos'. �¡®§ ç¨¢ cos' = x, ¬®¦¥¬

§ ¯¨á âì

jbj = M Pn(x);

£¤¥ Pn(x) { ¯®«¨®¬ áâ¥¯¥¨ n á ª®íää¨æ¨¥â®¬ ¯à¨ x, à ¢ë¬ ¥¤¨¨æ¥.

�¥à¥å®¤ë, ã ª®â®àëå ª®íää¨æ¨¥â ®âà ¦¥¨ï ¢ëà ¦ ¥âáï ç¥à¥§ ¥-

ª®â®àë© ¯®«¨®¬ á ¢¥é¥áâ¢¥ë¬¨ ª®íää¨æ¨¥â ¬¨ ®â cos',  §ë¢ îâ-

áï ¯®«¨®¬¨ «ìë¬¨. �á«®¢¨¥¬ ¤«ï íâ®£® á«ã¦ â à ¢¥áâ¢® ®â¤¥«ìëå

®âà¥§ª®¢ ¯® ¤«¨¥ ¨ á¨¬¬¥âà¨ï ª®íää¨æ¨¥â®¢ ®âà ¦¥¨ï.
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�®¤¡¨à ï ª®íää¨æ¨¥âë ¯®«¨®¬  ®¯à¥¤¥«¥ë¬ ®¡à §®¬, ¬®¦®

¯®«ãç¨âì å®à®è¥¥ á®£« á®¢ ¨¥ ¢ è¨à®ª®© ¯®«®á¥ ç áâ®â. �á«¨ ¬¥áâ-

ë¥ ª®íää¨æ¨¥âë ¯®¤®¡à ë â ª, çâ® ¨áç¥§ îâ ¢á¥ áâ¥¯¥¨ x, ªà®-

¬¥ ¢ëáè¥©, â® â ª®© ¯¥à¥å®¤  §ë¢ îâ ¡¨®¬¨ «ìë¬ ¨«¨ ¯¥à¥å®¤®¬ á

¬ ªá¨¬ «ì® ¯«®áª®© å à ªâ¥à¨áâ¨ª®© (á¬. à¨á.).

ϕcosx=

| b |

�«ï íâ®£® ¬¥áâë¥ ª®íää¨æ¨¥âë ®âà ¦¥¨ï ¤®«¦ë ¡ëâì ¯à®¯®à-

æ¨® «ìë ª®íää¨æ¨¥â ¬ ¡¨®¬  �ìîâ® :

�m = �Cm
n :

�®£¤ 

b =

nX
m=0

�me
j(n�2m)' = �

�
e j' + e�j'

�n
= � 2n cosn ' = 2n�xn:

�¥«¨ç¨  � ®¯à¥¤¥«ï¥âáï ¯à¨ x = 1 (' = 0):

b(' = 0) =
X
m

�m = 2n�;

®âªã¤  � =
�T
2n

, £¤¥ �T =
P
m

�m { ª®íää¨æ¨¥â ®âà ¦¥¨ï ¯à¨ á®¥¤¨-

¥¨¨ á®£« áã¥¬ëå «¨¨© ¡¥§ ¯¥à¥å®¤ . �âáî¤ 

b = �T x
n:

�á«¨ x ¢ § ¤ ®© ¯®«®á¥ ç áâ®â ¨§¬¥ï¥âáï ¢ ¯à¥¤¥« å �1
t
� x � 1

t
¯à¨ t > 1, â® ¬ ªá¨¬ «ìë© ª®íää¨æ¨¥â ®âà ¦¥¨ï ¢ íâ®© ¯®«®á¥

¡ã¤¥â à ¢¥
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b¬ ªá =
�T

tn
:

�¥«¨ç¨ã K = tn ¢ íâ®¬ á«ãç ¥  §ë¢ îâ ¢ë¨£àëè¥¬, â ª ª ª ® 

¯®ª §ë¢ ¥â, ¢® áª®«ìª® à § ¢ § ¤ ®© ¯®«®á¥ ã¬¥ìè ¥âáï ª®íää¨æ¨-

¥â ®âà ¦¥¨ï. �¥¬ ã¦¥ ¯®«®á , â¥¬ ¡®«ìè¥ ¢ë¨£àëè. � ¬¥â¨¬, çâ®

á¥à¥¤¨  ¤¨ ¯ §®  ®¯à¥¤¥«ï¥âáï â¥¬, çâ® x = 0, â.¥. ' =
�
2
. �®£¤ 

d =
�
4
, â.¥. ®âà¥§ª¨ ¤®«¦ë ¡ëâì ç¥â¢¥àâì¢®«®¢ë¬¨ ¤«ï áà¥¤¥© ¤«¨-

ë ¢®«ë.

�àã£®© ¢ à¨ â ¬®¦¥â ¡ëâì á«¥¤ãîé¨¬. �ë¡¥à¥¬ ¬¥áâë¥ ª®íä-

ä¨æ¨¥âë ®âà ¦¥¨ï â ª, çâ®¡ë áã¬¬ àë© ª®íää¨æ¨¥â ®âà ¦¥¨ï

®¯¨áë¢ «áï ¯®«¨®¬®¬,  ¨¬¥¥¥ ãª«®ïîé¨¬áï ®â ã«ï ¢ ¤ ®¬ ¤¨ -

¯ §®¥. �«ï íâ®£® ¨á¯®«ì§ãîâáï ¯®«¨®¬ë �¥¡ëè¥¢  T �n(y):

T �n(y) =
1

2n�1
Tn(y);

£¤¥ Tn(y) = cos(n arccosy).

�¥¡ëè¥¢ë¬ ¡ë«® ¯®ª § ®, çâ® ¯®«¨®¬ T �n(y) ï¢«ï¥âáï ¯®«¨®¬®¬ á

ª®íää¨æ¨¥â®¬ ¯à¨ áâ àè¥¬ ç«¥¥, à ¢ë¬ 1,  ¨¬¥¥¥ ãª«®ïîé¨¬áï

®â ã«ï ¯à¨ ¨§¬¥¥¨¨ y ¢ ¯à¥¤¥« å �1 < y < +1. �¨¦¥ ¯à¨¢¥¤¥ë

¯¥à¢ë¥ ¯ïâì ¯®«¨®¬®¢ Tn(y) (á¬. à¨á.):

T0 = 1;

T1 = y;

T2 = 2y2 � 1;

T3 = 4y3 � 3y;

T4 = 8y4 � 8y2 + 1:

�®«¨®¬ë ã¤®¢«¥â¢®àïîâ à¥ªãàà¥â®¬ã á®®â®è¥¨î

Tn+1 = 2Tny � Tn�1:
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Tn(x)

1
xn=

2

n=1

-1

-1

1

n=
3

n=
4

� ª ª ª x ¨§¬¥ï¥âáï ¢ ¯à¥¤¥« å

(�1
t
;
1
t
), â® ¥®¡å®¤¨¬® ¢¢¥áâ¨

¬ áèâ ¡ë© ¬®¦¨â¥«ì:

b = M T �n(tx):

�¥«¨ç¨  M  å®¤¨âáï â ª ¦¥, ª ª ¨ ¢ëè¥. �à¨ x = 1 b = �T .

�®íâ®¬ã M =
�T
T �n(t)

. �âáî¤  ¯®«ãç ¥¬

jbj = �T
T �n(tx)

T �n(t)
= �T

Tn(tx)

Tn(t)
:

� ¨¡®«ìè¥¥ § ç¥¨¥ Tn(tx) ¢ à ¡®ç¥¬ ¤¨ ¯ §®¥ à ¢® 1, ¯®íâ®¬ã

b¬ ªá =
�T

Tn(t)
:

�âáî¤  ¢ë¨£àëè à ¢¥ K = Tn(t). �®¦® ¯®ª § âì, çâ® íâ®â ¢ë¨£àëè

§ ¬¥â® ¯à¥¢ëè ¥â ¢ë¨£àëè ¤«ï ¡¨®¬¨ «ì®£® ¯¥à¥å®¤  (¯à¨¬¥à® ¢

2n�1 à §).

�¨¦¥ ¯à¨¢¥¤¥ë á®®â®è¥¨ï ¬¥áâëå ª®íää¨æ¨¥â®¢ ®âà ¦¥¨ï

¤«ï ç¥¡ëè¥¢áª®£® ¯¥à¥å®¤ :

1

1 1

1 2(1� 1=t2) 1

1 3(1� 1=t2) 3(1� 1=t2) 1;

â.¥. ¡®«¥¥ ¯« ¢ë© ¯¥à¥å®¤, ç¥¬ ¡¨®¬¨ «ìë©.

�¯à¥¤¥«¨¬ â¥¯¥àì ¤¨ ¯ §®, â.¥. ¢¥«¨ç¨ã t. �«¨  áâã¯¥ìª¨ ®¯à¥-

¤¥«ï¥âáï ã£«®¬

' =
2�d

�
:

�  ªà ïå ¤¨ ¯ §®  (á¬. à¨á.)
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'¬¨ =
2�d

�¬ ªá

= arccos
1

t
;

'¬ ªá =
2�d

�¬¨

= arccos

�
�1
t

�
= � � '¬¨:

minϕ

minϕ
� §¤¥«¨¬ ®¤® á®®â®è¥¨¥   ¤àã£®¥:

�¬ ªá

�¬¨

=
� � '¬¨

'¬¨
= q |

§ ¤ ®¥ ®â®è¥¨¥.

�âáî¤ 

'¬¨ =
�

1 + q
; '¬ ªá =

�q

1 + q
:

� áèâ ¡ë© ¬®¦¨â¥«ì ¢ëà ¦ ¥âáï ç¥à¥§ q:

t =
1

cos'¬¨
=

1

cos
�

1 + q

:

�®¦®  ©â¨ â ª¦¥ ¤«¨ã áâã¯¥¨:

'¬¨ =
2�d

�¬ ªá

=
�

1 + q
;

®âªã¤ 

d =
�¬ ªá

2(1 + q)
=

�¬¨q

2(1 + q)
=

�¬¨�¬ ªá=�¬¨

2(1 + �¬ ªá=�¬¨)
=

=
1

2

�
1

�¬¨
+

1
�¬ ªá

� =
�áà

4
;

£¤¥

1

�áà

=
1

2

�
1

�¬¨

+
1

�¬ ªá

�
:
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�«ï TEM-«¨¨¨
1
�

=
f
c
, ¯®íâ®¬ã

d =
c

2(f¬ ªá + f¬¨)
=

c

4fáà
=

�áà

4
;

â.¥. ç¥â¢¥àâ¨ ¢®«ë   áà¥¤¥© ç áâ®â¥.

�«ï ¢®«®¢®¤  ¤«¨  d à ¢  ç¥â¢¥àâ¨ ¤«¨ë ¢®«ë   ¥ª®â®à®©

áà¥¤¥© ¢®«¥ ¤¨ ¯ §® .

�à¨¬¥à: �T = 0:5; q = 2; n = 4.

�®£¤ 

t =
1

cos
�
3

= 2:

�ë¨£àëè (¤«ï ç¥¡ëè¥¢áª®£® ¯¥à¥å®¤ ) à ¢¥

K4 = T4(2) = 97:

� ªá¨¬ «ìë© ª®íää¨æ¨¥â ®âà ¦¥¨ï ¢ § ¤ ®¬ ¤¨ ¯ §®¥ à ¢¥

b =
0:5

97
= 0:005:

�¨®¬¨ «ìë© ¯¥à¥å®¤ ¯à¨ íâ¨å ãá«®¢¨ïå ¤ ¥â ¢ë¨£àëèK4 = 24 = 16.

5. ����������� ���������� ���������

������

�® á¨å ¯®à à áá¬ âà¨¢ « áì ®¤®à®¤ ï § ¤ ç , á®®â¢¥âáâ¢ãîé ï à á-

¯à®áâà ¥¨î á¢®¡®¤ëå ¢®«. �® ¨â¥à¥á ¯à¥¤áâ ¢«ï¥â â ª¦¥ § ¤ ç 

® ¢ëã¦¤¥ëå ª®«¥¡ ¨ïå, ¨ ç¥ £®¢®àï, § ¤ ç  ® ¢®§¡ã¦¤¥¨¨ ¢®«

¢ ¢®«®¢®¤¥.

� §«¨ç îâ ¤¢  á¯®á®¡  ¢®§¡ã¦¤¥¨ï: ¢®§¡ã¦¤¥¨¥ § ¤ ë¬¨ (áâ®-

à®¨¬¨) â®ª ¬¨ ¨ ¢®§¡ã¦¤¥¨¥ § ¤ ë¬ ¯®«¥¬   £à ¨æ¥ (¥®¤®à®¤-

ë¥ £à ¨çë¥ ãá«®¢¨ï). �®§¡ã¦¤¥¨¥ ¢®«®¢®¤®¢ â®ª ¬¨ ¢áâà¥ç ¥âáï

¢ ���-í«¥ªâà®¨ª¥, ª®£¤  ¢®«®¢®¤ ¢®§¡ã¦¤ ¥âáï ¯®â®ª ¬¨ § àï¦¥-

ëå ç áâ¨æ. � ���-¬¥âà¨ª¥ ç é¥ ¢áâà¥ç ¥âáï ¢®§¡ã¦¤¥¨¥ ¯®«¥¬  

£à ¨æ¥. � ª ¬ë ã¢¨¤¨¬ ¨¦¥, ä®à¬ «ì® ¢®§¡ã¦¤¥¨¥ ç¥à¥§ £à ¨æã

¬®¦¥â ¡ëâì á¢¥¤¥® ª ¢®§¡ã¦¤¥¨î ¯®¢¥àå®áâë¬¨ â®ª ¬¨.
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5.1. �¥¬¬  �®à¥æ . �«¥ªâà¨ç¥áª¨¥ ¨ ¬ £¨âë¥ â®ª¨

�áå®¤ë¬¨ ¤«ï à¥è¥¨ï § ¤ ç¨ ï¢«ïîâáï ãà ¢¥¨ï � ªá¢¥«« 

rot ~E = � j!� ~H; rot ~H = j!" ~H + ~J:

� â ª®¬ ¢¨¤¥ ãà ¢¥¨ï � ªá¢¥««  § ¯¨á ë ¥á¨¬¬¥âà¨ç®. �¤ ª®

¯à¨ à¥è¥¨¨ ªà ¥¢ëå § ¤ ç ç áâ® ®ª §ë¢ ¥âáï ã¤®¡®© á¨¬¬¥âà¨ç ï

§ ¯¨áì ãà ¢¥¨© � ªá¢¥«« . �¨¬¬¥âà¨§ æ¨ï ¤®áâ¨£ ¥âáï ¯ãâ¥¬ ¢¢¥-

¤¥¨ï ¬ £¨âëå â®ª®¢. �â¨ â®ª¨ ï¢«ïîâáï ä¨ªâ¨¢ë¬¨; ®¨ á«ã¦ â

¤«ï â®£®, çâ®¡ë, ®â¡à áë¢ ï ¥ª®â®àãî ç áâì ¯®«ï ¢¥ ¨â¥à¥áãîé¥©

 á ®¡« áâ¨, § ¬¥¨âì ¥£® ¬ £¨âë¬¨ â®ª ¬¨, â¥ªãé¨¬¨   £à ¨æ¥.

�¯®á®¡ â ª®© § ¬¥ë ¬ë à áá¬®âà¨¬ ¥áª®«ìª® ¯®§¤¥¥.

�à¨ íâ®¬ ãá«®¢¨¨ ãà ¢¥¨ï � ªá¢¥««  ¬®¦® § ¯¨á âì ¢ á«¥¤ãî-

é¥© ä®à¬¥:

rot ~E = � j!� ~H � ~Jm; rot ~H = j!" ~H + ~Je;

£¤¥ ~Jm { ¯«®â®áâì ¬ £¨â®£® â®ª , ~Je { ¯«®â®áâì í«¥ªâà¨ç¥áª®£® â®ª .

�ãé¥áâ¢¥ãî à®«ì ¢ § ¤ ç å ® ¢ëã¦¤¥ëå ª®«¥¡ ¨ïå ¨£à ¥â

«¥¬¬  �®à¥æ . � ¥¥ ¡ë«  ¯®«ãç¥  «¥¬¬  �®à¥æ  ¯à¨ ®âáãâáâ¢¨¨

â®ª®¢.

� áá¬®âà¨¬ ¢ëà ¦¥¨¥

div ( ~E(1) � ~H(2)) � div ( ~E(2) � ~H(1)) = ~H(2)rot ~E(1) � ~E(1)rot ~H(2) �

� ~H(1)rot ~E(2) + ~E(2)rot ~H(1):

�¤¥áì ~E(1), ~H(1) ¨ ~E(2), ~H(2) { ¤¢  à¥è¥¨ï ãà ¢¥¨© � ªá¢¥«« , § ¯¨-

á ëå ¢ëè¥ ¨ á®®â¢¥âáâ¢ãîé¨å â®ª ¬ J
(1)
e ; J

(1)
m ; J

(2)
e ; J

(2)
m . �ç¨âë¢ ï

íâ® ¨ ¯®¤áâ ¢«ïï rot ¨§ ¤ ëå ãà ¢¥¨©, ¯®«ãç¨¬

div ( ~E(1) � ~H(2)) � div ( ~E(2) � ~H(1)) = ~H(2)
h
�j!� ~H(1) � ~J (1)m

i
�

� ~E(1)
h
j!" ~E(2) + ~J (2)e

i
� ~H(1)

h
�j!� ~H(2) � ~J (2)m

i
+

+ ~E(2)
h
j!" ~E(1) + ~J (1)e

i
= ~E(2)� ~J (1)e � ~E(1)� ~J (2)e + ~H(1)� ~J (2)m � ~H(2)� ~J (1)m :

� ®¥ à ¢¥áâ¢® ¯à¥¤áâ ¢«ï¥â á®¡®© «¥¬¬ã �®à¥æ  ¢ ¤¨ää¥à¥æ¨ «ì-

®© ä®à¬¥. �â¥£à¨àãï ¯® ®¡ê¥¬ã V , ®£à ¨ç¥®¬ã ¯®¢¥àå®áâìî S,

¯®«ãç¨¬
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I
S

( ~E(1) � ~H(2) � ~E(2) � ~H(1)) � ~ndS =

=

Z
V

( ~E(2) � ~J (1)e � ~E(1) � ~J (2)e + ~H(1) � ~J (2)m � ~H(2) � ~J (1)m ) dV;

£¤¥ ¨â¥£à « á«¥¢  ¢§ïâ ¯® ¯®¢¥àå®áâ¨ S, ®£à ¨ç¨¢ îé¥© ®¡ê¥¬ V ,

~n {  àã¦ ï ®à¬ «ì ª ¯®¢¥àå®áâ¨. �â® à ¢¥áâ¢®  §ë¢ îâ «¥¬¬®©

�®à¥æ  ¢ ¨â¥£à «ì®© ä®à¬¥.

�à¥¤¯®«®¦¨¬, çâ® ~J
(2)
e (~r) = ~a � �(~r � ~r0), ~J (2)m � 0, £¤¥ ~a { ¥ª®â®àë©

¥¤¨¨çë© ¢¥ªâ®à, ~r { â®çª   ¡«î¤¥¨ï, ~r0 { â®çª  ¨áâ®ª  (¢ãâà¨

®¡ê¥¬ ). � ª¨¬ ®¡à §®¬, ¯®«ï ~E(2), ~H(2) ¬ë ¯à¥¤¯®« £ ¥¬, á®§¤ ë-

¬¨ í«¥ªâà¨ç¥áª¨¬ ¤¨¯®«¥¬, à á¯®«®¦¥ë¬ ¢ â®çª¥ ~r0, í«¥ªâà¨ç¥áª¨©

¬®¬¥â ª®â®à®£® à ¢¥ ~a=j!. �¡®§ ç¨¬ íâ® ¯®«¥ ¨¤¥ªá®¬ \a":

~E(2) = ~Ea(~r; ~r0); ~H(2) = ~Ha(~r; ~r0):

�¤¥ªá®¬ (1) ®¡®§ ç¨¬ ¯®«ï ¨ â®ª¨

~E(1) = ~E(~r); ~H(1) = ~H(~r); ~J (1)e = ~Je(~r); ~J (1)m = ~Jm(~r):

� íâ¨å ¯à¥¤¯®«®¦¥¨ïå ¨ á ¯à¨ïâë¬¨ ®¡®§ ç¥¨ï¬¨ ¨§ ¢ëà ¦¥¨ï

¤«ï «¥¬¬ë �®à¥æ  (~n {  àã¦ ï ®à¬ «ì) ¯®«ãç ¥¬I
S

( ~E � ~Ha + ~H � ~Ea)~n dS = � ~E(~r0) � ~a +

Z
V

( ~Je � ~Ea � ~Jm � ~Ha) dV;

®âªã¤   å®¤¨¬

~E(~r0) � ~a =

Z
V

h
~Je � ~Ea(~r; ~r0) � ~Jm � ~Ha(~r; ~r0)

i
dV +

+

I
S

( ~Ha � ~E � ~Ea � ~H)~n dS =

=

Z
V

( ~Je � ~Ea � ~Jm � ~Ha) dV +

I
S

h
( ~E � ~n) � ~Ha + ( ~H � ~n) � ~Ea

i
dS:
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�á«¨ áç¨â âì, çâ® ¯®«¥ ¢¥ ¯®¢¥àå®áâ¨ S à ¢® ã«î, â®   á ¬®©

¯®¢¥àå®áâ¨ á«¥¤ã¥â ¢¢¥áâ¨ ¯®¢¥àå®áâë¥ â®ª¨

~Ke = ~H � ~n; ~Km = � ~E � ~n;

£¤¥ ~n {  àã¦ ï ®à¬ «ì. �®£¤  ¯®«¥ ¢ â®çª¥ ~r0 ¢ëà ¦ ¥âáï ç¥à¥§

¯®¢¥àå®áâë¥ â®ª¨:

~E(~r0) � ~a =

Z
V

( ~Je � ~Ea � ~Jm � ~Ha) dV +

Z
S

( ~Ke � ~Ea � ~Km � ~Ha) dS:

� ®¥ á®®â®è¥¨¥ ¯®ª §ë¢ ¥â, çâ® § ¤ ë¥   ¯®¢¥àå®áâ¨ S â -

£¥æ¨ «ìë¥ á®áâ ¢«ïîé¨¥ ~E ¨ ~H ¬®£ãâ ¡ëâì § ¬¥¥ë á®®â¢¥âáâ¢ãî-

é¨¬ ®¡à §®¬ à á¯à¥¤¥«¥ë¬¨ â®ª ¬¨.

� ©¤¥ë¥ ¢ëè¥ á®®â®è¥¨ï ¯®§¢®«ïîâ  ©â¨ ¯à®¥ªæ¨î ¢¥ªâ®à 
~E    ¯à ¢«¥¨¥ ¢¥ªâ®à  ~a. �â®¡ë  ©â¨ ¢¥ªâ®àãî äãªæ¨î ~E ¯®«-

®áâìî, ¥®¡å®¤¨¬® § ¤ âì âà¨ ®àâ®£® «ìëå ¢¥ªâ®à  ~a,  ©¤ï á®®â-

¢¥âáâ¢ãîé¨¥ à¥è¥¨ï ¤«ï ~Ea. �®¢®ªã¯®áâì âà¥å ¢¥ªâ®àëå äãª-

æ¨© ~Ea(~r; ~r0) ®¡à §ã¥â â¥§®àãî äãªæ¨î, ª®â®àãî  §ë¢ îâ â¥§®-

à®¬ �à¨ . � ¨¥ â¥§®à  �à¨  ¯®§¢®«ï¥â  ©â¨ à¥è¥¨ï ãà ¢¥¨©

� ªá¢¥««  ¯® § ¤ ë¬ ®¡ê¥¬ë¬ ¨ ¯®¢¥àå®áâë¬ â®ª ¬.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® £à ¨çë¥ ãá«®¢¨ï ¤«ï â¥§®à  �à¨  ãáâ -

 ¢«¨¢ îâáï ¯à®¨§¢®«ì®. �à®é¥ ¢á¥£®  ©â¨ ¯®«¥ ¤¨¯®«ï ¢ á¢®¡®¤®¬

¯à®áâà áâ¢¥, ® ¢ íâ®¬ á«ãç ¥ ¤«ï  å®¦¤¥¨ï à¥è¥¨© ãà ¢¥¨©

� ªá¢¥««  ¯® § ¤ ë¬ â®ª ¬ ¤®«¦ë ¡ëâì § ¤ ë â £¥æ¨ «ìë¥

á®áâ ¢«ïîé¨¥   ¯®¢¥àå®áâ¨ S ª ª í«¥ªâà¨ç¥áª®£®, â ª ¨ ¬ £¨â®£®

¯®«¥© (¨«¨ á®®â¢¥âáâ¢ãîé¨¥ ¯®¢¥àå®áâë¥ â®ª¨). �á«¨ ¦¥ ¤«ï â¥-

§®à  �à¨  § ¤ âì á¯¥æ¨ «ìë¥ £à ¨çë¥ ãá«®¢¨ï, â® § ¤ ç  ¬®¦¥â

¡ëâì ã¯à®é¥ . � ¯à¨¬¥à,  ©¤¥¬ ¯®«¥ í«¥ªâà¨ç¥áª®£® ¤¨¯®«ï ~Ea, ~Ha

á £à ¨çë¬ ãá«®¢¨¥¬

~Eat = 0   S;

â.¥. à ¢¥áâ¢® ã«î â £¥æ¨ «ì®© á®áâ ¢«ïîé¥© í«¥ªâà¨ç¥áª®£® ¯®-

«ï   ¯®¢¥àå®áâ¨ S (ª ª   ¨¤¥ «ì® ¯à®¢®¤ïé¥© ¯®¢¥àå®áâ¨). �®£¤ 

®¤¨ ¨§ ¯®¢¥àå®áâëå ¨â¥£à «®¢,   ¨¬¥®, á®¤¥à¦ é¨© í«¥ªâà¨ç¥-

áª¨© ¯®¢¥àå®áâë© â®ª, ®¡à é ¥âáï ¢ ã«ì. �áª®¬®¥ à¥è¥¨¥ ãà ¢¥-

¨© � ªá¢¥««  ¢ íâ®¬ á«ãç ¥ ¢ëà ¦ ¥âáï â®«ìª® ç¥à¥§ ¯®¢¥àå®áâë©

¬ £¨âë© â®ª ¨«¨ ç¥à¥§ â £¥æ¨ «ìãî á®áâ ¢«ïîéãî í«¥ªâà¨ç¥áª®-

£® ¯®«ï   ¯®¢¥àå®áâ¨ S:
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~E(~r0) � ~a =

Z
V

( ~Je � ~Ea � ~Jm � ~Ha) dV +

I
S

( ~E � ~n) � ~Ha dS =

=

Z
V

( ~Je � ~Ea � ~Jm � ~Ha) dV �
I
S

~Km � ~Ha dS:

��
��
��
��
��

��
��
��
��
��

��
��
��
��
��

��
��
��
��
��

E

�«ï ¨¤¥ «ì® ¯à®¢®¤ïé¨å ¯®¢¥àå®áâ¥©

â £¥æ¨ «ì ï á®áâ ¢«ïîé ï í«¥ªâà¨ç¥áª®£®

¯®«ï à ¢  ã«î ¨ ®â«¨ç ¥âáï ®â ã«ï «¨èì  

¯à®à¥§ ëå ¢ áâ¥ª å ®â¢¥àáâ¨ïå. �§ ¯à¥¤ë-

¤ãé¥£® á«¥¤ã¥â, çâ® ®â¢¥àáâ¨ï ¬®£ãâ ¡ëâì § -

¬¥¥ë á®®â¢¥âáâ¢ãîé¨¬ à á¯à¥¤¥«¥¨¥¬ ¬ £-

¨âëå â®ª®¢   áâ¥ª å.

�á«¨ ®â¢¥àáâ¨¥ ¯¥à¥à¥§ ¥â ¯®¢¥àå®áâë¥

â®ª¨, â® ¬¥¦¤ã ªà ï¬¨ ®â¢¥àáâ¨ï ¢®§¨ª ¥â

í«¥ªâà¨ç¥áª®¥ ¯®«¥ (á¬. à¨á.). � ¬¥ïï íâ®

¯®«¥ ¬ £¨âë¬¨ â®ª ¬¨, £à ¨çãî § ¤ çã

¬®¦® § ¬¥¨âì § ¤ ç¥© ®  å®¦¤¥¨¨ ¯®«ï,

®¯à¥¤¥«ï¥¬®£® â®ª ¬¨.

5.2. �®§¡ã¦¤¥¨¥ ¢®«®¢®¤®¢ í«¥ªâà¨ç¥áª¨¬¨

¨ ¬ £¨âë¬¨ â®ª ¬¨

�à¥¤¯®«®¦¨¬, çâ® ¢á¥ ¨áâ®ç¨ª¨ ¯®«ï ¢ ¢®«®¢®¤¥ à á¯®«®¦¥ë ¢ ®¡« -

áâ¨ z1 < z < z2 (á¬. à¨á.). �¥ íâ®© ®¡« áâ¨ ¯®«¥ ã¤®¢«¥â¢®àï¥â ®¤®-

à®¤ë¬ ãà ¢¥¨ï¬ � ªá¢¥««  ¨ ®¤®à®¤ë¬ £à ¨çë¬ ãá«®¢¨ï¬  

áâ¥ª å ¢®«®¢®¤ . �«ï â®£® çâ®¡ë § ¤ ç  à¥è « áì ®¤®§ ç®, ¯®«ï

��������
��������
��������
��������
��������

��������
��������
��������
��������
��������

=0 z zz 1 2

á«¥¤ã¥â â ª¦¥ ¯®¤ç¨¨âì ãá«®¢¨î

¨§«ãç¥¨ï, ª®â®à®¥ âà¥¡ã¥â, çâ®¡ë

á«¥¢  ®â z1 ¢®«ë à á¯à®áâà ï-

«¨áì â®«ìª® ¢ áâ®à®ã ®âà¨æ â¥«ì-

ëå z,   á¯à ¢  ®â z2 { ¢ áâ®à®ã

¯®«®¦¨â¥«ìëå z.

�¥è¥¨¥ á¯à ¢  ¬®¦¥â ¡ëâì § ¯¨á ® ¢ ¢¨¤¥
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~E¯à =
X
m

Am
~Eme

�mz; ~H¯à =
X
m

Am
~Hme

�mz;

  á«¥¢ 

~E«¥¢ =
X
m

Bm
~E�me

mz; ~H«¥¢ =
X
m

Bm
~H�me

mz:

�¤¥áì ~Em, ~Hm { ¢¥ªâ®àë¥ äãªæ¨¨ á¥ç¥¨ï, á®®â¢¥âáâ¢ãîé¨¥ à á¯à®-

áâà ¥¨î ¢ áâ®à®ã +z,   ~E�m, ~H�m { ¢ áâ®à®ã �z. �®¯¥à¥çë¥ ¨
¯à®¤®«ìë¥ ª®¬¯®¥âë íâ¨å äãªæ¨© ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬

~E¯®¯
�m = ~E¯®¯

m ; ~H¯®¯
�m = � ~H¯®¯

m ;

~E¯à®¤
�m = � ~E¯à®¤

m ; ~H¯à®¤
�m = ~H¯à®¤

m :

�à®¬¥ â®£®, ®â¬¥â¨¬, çâ® ¯®¯¥à¥çë¥ ¢¥ªâ®àë¥ äãªæ¨¨ ¬®¦®

áç¨â âì ¢¥é¥áâ¢¥ë¬¨, ¯®áª®«ìªã ¨å  ç «ì ïä §  ¬®¦¥â § ª«îç âì-

áï ¢ Am ¨ Bm.

�«ï ®¯à¥¤¥«¥¨ï ª®íää¨æ¨¥â®¢ Am ¨ Bm ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢  

«¥¬¬  �®à¥æ . �«ï íâ®£® ¢ «¥¬¬¥ �®à¥æ  ¯®«®¦¨¬ ~E(1); ~H(1) { ¯®«ï,

¢®§¡ã¦¤ ¥¬ë¥ § ¤ ë¬¨ â®ª ¬¨ ~Je; ~Jm,

~E(2) = ~E�ne
nz; ~H(2) = ~H�ne

nz ; ~J (2)e � 0; ~J (2)m � 0:

�®¢¥àå®áâì S ¢ë¡¥à¥¬, ª ª ¯®ª § ®   à¨á. (S = S1 + S2 + S3).

��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������

n

2

S
S S1 2

3

n

1 zz

�â¥£à « ¯® ¯®¢¥àå®áâ¨ áâ¥®ª

(S3) ®¡à é ¥âáï ¢ ã«ì, â ª ª ª

  ¥© â £¥æ¨ «ìë¥ á®áâ ¢«ïî-

é¨¥ ~E(1) ¨ ~E(2) à ¢ë ã«î. �áâ -

îâáï â®«ìª® ¨â¥£à «ë ¯® S1 ¨ S2:

Z
S1

"
�
X
m

Bm( ~E�m � ~H�n)~z0e
mz enz +

+
X
m

Bm( ~E�n � ~H�m)~z0e
mz enz

#
dS +
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+

Z
S2

"X
m

Am( ~Em � ~H�n)~z0e
nz e�mz �

�
X
m

Am( ~E�n � ~Hm)~z0e
�mz enz

#
dS =

=

Z
V

( ~E�n ~Jee
nz � ~H�n ~Jme

nz) dV:

�ç¨âë¢ ï ãá«®¢¨ï ®àâ®£® «ì®áâ¨ ¨ á®®â®è¥¨ï ¬¥¦¤ã ¯®¯¥à¥ç-

ë¬¨ á®áâ ¢«ïîé¨¬¨ ¯®«¥© ¯à®â¨¢®¯®«®¦®£®  ¯à ¢«¥¨ï à á¯à®áâà -

¥¨ï, ¥âàã¤® ¢¨¤¥âì, çâ® á« £ ¥¬ë¥, á®¤¥à¦ é¨¥ ¨â¥£à «ë ¯® S1,

¨áç¥§ îâ (á« £ ¥¬ë¥ á m 6= n| ¢á«¥¤áâ¢¨¥ ®àâ®£® «ì®áâ¨, á« £ ¥¬ë¥

á m = n | ¢§ ¨¬® ã¨çâ®¦ îâáï). �« £ ¥¬ë¥ á ¨â¥£à « ¬¨ ¯® S2
áª« ¤ë¢ îâáï, â ª ª ª ( ~En � ~H�n)~z0 = �( ~E�n � ~Hn)~z0.

� à¥§ã«ìâ â¥ ¯®«ãç ¥¬

�2
Z
S

An( ~En � ~Hn)~z0 dS =

Z
V

( ~E�n ~Jee
nz � ~H�n ~Jme

nz) dV:

�â¥£à « á«¥¢  ¡¥à¥âáï ¯® ¯à®¨§¢®«ì®¬ã á¥ç¥¨î ¢®«®¢®¤ , â ª

ª ª ¯®¤ëâ¥£à «ì®¥ ¢ëà ¦¥¨¥ ¥ § ¢¨á¨â ®â z.

�â¥£à « Z
S

( ~En � ~Hn)~z0 dS

®¯à¥¤¥«ï¥âáï ®à¬¨à®¢ª®©. � ª ª ª ~H¯®¯
n =

1
Zn

(~z0 � ~En¯®¯), â®

( ~En � ~Hn)~z0 =
1
Zn

( ~E¯®¯)2, ®âªã¤  á«¥¤ã¥â, çâ®
R
S

( ~En� ~Hn)~z0 dS =
1
Zn

R
S

( ~E¯®¯
n )2 dS.

�á«¨ ¯à¨ïâì ®à¬¨à®¢ªã ¤«ï ¯®¯¥à¥çëå äãªæ¨©Z
S

( ~E¯®¯
n )2 dS = 1;

â®
R
S

( ~En � ~Hn)~z0 dS =
1
Zn

.

�®£¤ 
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An = � 1

2
Zn �

Z
V

( ~E�n ~Jee
nz � ~H�n ~Jme

nz) dV:

� «®£¨ç® ¬®¦®  ©â¨ ¢¥«¨ç¨ë Bn:

Bn = � 1

2
Zn

Z
V

( ~En
~Jee

�nz � ~Hn
~Jme

�nz) dV:

�®«ãç¥ë¥ ä®à¬ã«ë á¯à ¢¥¤«¨¢ë ¤«ï ¯®«¥© ¢¥ ®¡« áâ¨, ¢ ª®â®à®©

¨¬¥îâáï â®ª¨. � ®¡« áâ¨, § ïâ®© â®ª ¬¨, ¥®¡å®¤¨¬® ãç¨âë¢ âì ¯®«ï,

á®§¤ ¢ ¥¬ë¥ ¥¯®áà¥¤áâ¢¥® § àï¤ ¬¨ ¨ â®ª ¬¨ (â ª ª ª ¢ íâ®© ®¡« áâ¨

div ~E 6= 0).

�á«¨ ¯®«ï ¢ ¢®«®¢®¤¥ ¢®§¡ã¦¤ îâáï â®«ìª® í«¥ªâà¨ç¥áª¨¬¨ â®ª ¬¨,

â®

An = � 1

2
Zn

Z
V

~E�n ~Jee
nz) dV;

Bn = � 1

2
Zn

Z
V

~En
~Jee

�nz dV:

�§ ¯®«ãç¥ëå ä®à¬ã« ¢¨¤®, çâ®  ¨¡®«¥¥ íää¥ªâ¨¢® ¢®§¡ã¦¤ -

îâáï â¥ ¢®«ë, ¤«ï ª®â®àëå à á¯à¥¤¥«¥¨¥ í«¥ªâà¨ç¥áª¨å â®ª®¢, ¨å  -

¯à ¢«¥¨¥ ¨ ä §  á®¢¯ ¤ îâ á à á¯à¥¤¥«¥¨¥¬ í«¥ªâà¨ç¥áª®£® ¯®«ï.

� «®£¨ç® íâ®¬ã  ¯à ¢«¥¨¥ é¥«¨ ¢ áâ¥ª¥ ¢®«®¢®¤  ¤«ï íää¥ª-

â¨¢®£® ¢®§¡ã¦¤¥¨ï ¤®«¦® á®¢¯ ¤ âì á  ¯à ¢«¥¨¥¬ ¬ £¨â®£® ¯®-

«ï (â ª ª ª ¬ £¨âë© â®ª â¥ç¥â ¢¤®«ì é¥«¨) (á¬. à¨á.).

E

Km

t � ª ª ª â®ª¨ ¢ áâ¥ª å ¤® ¯à®à¥§ -

¨ï é¥«¨ ¯¥à¯¥¤¨ªã«ïàë ¬ £-

¨â®¬ã ¯®«î, â® é¥«ì ¤®«¦ 

¯¥à¥à¥§ âì «¨¨¨ â®ª®¢ ¢ áâ¥ª å

(á¬. à¨á.).

�®§¡ã¦¤¥¨¥ ¢®«®¢®¤®¢ ®áãé¥áâ¢«ïîâ â ª¦¥ á ¯®¬®éìî  â¥ë ¨

¯¥â«¨.
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�â¥  (èâëàì) ¯à¥¤áâ ¢«ï¥â á®¡®© áâ¥à¦¥ì, ¯® ª®â®à®¬ã â¥ªãâ

â®ª¨, ¯®íâ®¬ã  â¥ã ¯®¬¥é îâ ¢ ¬ ªá¨¬ã¬ í«¥ªâà¨ç¥áª®£® ¯®«ï (á¬.

à¨á.).

�¥â«ï íª¢¨¢ «¥â  ¬ £¨â®¬ã

¤¨¯®«î. �¥ ¥®¡å®¤¨¬® ¯®¬¥é âì

¢ ¬ ªá¨¬ã¬¥ ¬ £¨â®£® ¯®«ï, ¯à¨-

ç¥¬ ¯«®áª®áâì ¯¥â«¨ ¤®«¦  ¡ëâì

¯¥à¯¥¤¨ªã«ïà  ¬ £¨â®¬ã ¯®«î

(á¬. à¨á.).

�¥«ì ¯à®à¥§ îâ ¯¥à¯¥¤¨ªã«ïà® â®ª ¬ ¢ áâ¥ª¥, £¤¥ â®ª¨ ¬ ªá¨¬ «ì-

ë.

�¥à¥¤ª® ¢®«®¢®¤ ¡ë¢ ¥â § ª®à®ç¥ á ®¤®© áâ®à®ë. � íâ®¬ á«ãç ¥

á«¥¢  ®â S1 ¨¬¥îâáï ¢®«ë, à á¯à®áâà ïîé¨¥áï ¢ ®¡¥ áâ®à®ë, ã¤®¢«¥-

â¢®àïîé¨¥ £à ¨çë¬ ãá«®¢¨ï¬   § ¬ëª îé¥© ¯¥à¥¬ëçª¥:

~E«¥¢ =
X
m

Bm( ~E�me
mz � ~Eme

�mz);

~H«¥¢ =
X
m

Bm( ~H�me
mz � ~Hme

�mz):

� ®¥ ¯®«¥ ã¤®¢«¥â¢®àï¥â £à ¨ç®¬ã ãá«®¢¨î   ª®à®âª®§ ¬ëª -

îé¥© ¯¥à¥¬ëçª¥ ¯à¨ z = 0.

� íâ®¬ á«ãç ¥ ¯à¨ ¢ëç¨á«¥¨¨ An á«¥¤ã¥â ¯®«®¦¨âì

~E(2) = ~E�ne
nz � ~Ene

�nz;

~H(2) = ~H�ne
nz � ~Hne

�nz:

�¥âàã¤® ¢¨¤¥âì, çâ® ¢ íâ®¬ á«ãç ¥ ¨â¥£à « ¯® S1 ®¡à é ¥âáï ¢ ã«ì.

�â¥£à « ¯® S2 ¨¬¥¥â â®â ¦¥ ¢¨¤, ¯®íâ®¬ã

An = � 1

2
Zn

Z
V

h
( ~E�ne

nz � ~Ene
�nz) � ~Je �

� ( ~H�ne
nz � ~H�ne

�nz) � ~Jm
i
dV:

�ãáâì,  ¯à¨¬¥à, ¢®«®¢®¤ ¢®§¡ã¦¤ ¥âáï  â¥®©, à á¯®«®¦¥®©

  à ááâ®ï¨¨ l ®â § ª®à ç¨¢ îé¥© ¯¥à¥¬ëçª¨. �®£¤  ¬®¦® áç¨â âì,

çâ® â®ª¨ ~Je á®áà¥¤®â®ç¥ë ¢ ¯«®áª®áâ¨ z = l ¨ ¯®íâ®¬ã (n = j�n)
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An = � 1

2
Zn

Z
V

( ~E�ne
j�nl � ~Ene

�j�nl) � ~Je dV:

� ª ª ª â®ª¨ â¥ªãâ â®«ìª® ¢ ¯®¯¥à¥ç®© ¯«®áª®áâ¨, â® ¨£à îâ à®«ì

â®«ìª® ¯®¯¥à¥çë¥ ª®¬¯®¥âë En; ¯®íâ®¬ã ¬®¦® § ¬¥¨âì En   E�n.

�®£¤  ¯®«ãç¨¬

An = � 1

2
Zn

Z
V

(e j�nl � e�j�nl) � ~E�n � ~Je dV =

= � jZn sin�nl

Z
V

~E�n � ~Je dV:

�ç¥¢¨¤®, çâ® ¢®§¡ã¦¤¥¨¥ ¡ã¤¥â  ¨¡®«¥¥ íää¥ªâ¨¢® ¯à¨ �nl =
�
2
,

â.¥. l =
�
4
.

�á«¨ ¯à®¨â¥£à¨à®¢ âì ¯«®â®áâì â®ª  ¯® á¥ç¥¨î  â¥ë, â® ¯®-

«ãç¨¬ â®ª ~Ie. �®£¤ 

An = � jZn sin�nl

Z
l

~E�n~Ie dl;

£¤¥ ¨â¥£à « ¡¥à¥âáï ¢¤®«ì  â¥ë.

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ¢®§¡ã¦¤¥¨¥ ¯àï¬®ã£®«ì®£® ¢®«®-

¢®¤  èâëà¥¬, ¢ ª®â®à®¬ § ¤ ® à á¯à¥¤¥«¥¨¥ â®ª  (á¬. à¨á.).

x0

a

b

h

�®à¬¨à®¢  ï äãªæ¨ï E10 ¨¬¥¥â

¢¨¤

E10y =

r
2

ab
sin

�x

a
:

�®«®¢®¥ á®¯à®â¨¢«¥¨¥ à ¢®

Z10 =
!�

�
=

�p
1 � (�=2a)2

;

£¤¥
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� =

r
�

"
:

�®¤áâ ¢«ïï E10y ¢ ¨â¥£à «, ¯®«ãç¨¬ ¢¥«¨ç¨ã A10:

A10 = � j
� sin�lp

1 � (�=2a)2

r
2

ab
sin

�x0

a

hZ
0

~Ie d~l:

�¡®§ ç¨¬

hZ
0

~Ie d~l = I0h¤;

£¤¥ I0 { â®ª ã ®á®¢ ¨ï èâëàï, h¤ { ¤¥©áâ¢ãîé ï ¢ëá®â  èâëàï. �®£¤ 

A10 = � j
� sin�lp

1 � (�=2a)2

r
2

ab
sin

�x0

a
I0h¤:

�«¥ªâà¨ç¥áª®¥ ¯®«¥ à ¢®

E = A10E10 = � j
� sin�lp

1 � (�=2a)2

2

ab
sin

�x0

a
I0h¤ sin

�x

a
:

5.3. �àã£®© ¢ë¢®¤ ä®à¬ã«ë ¢®§¡ã¦¤¥¨ï

í«¥ªâà¨ç¥áª¨¬¨ ¨ ¬ £¨âë¬¨ â®ª ¬¨

� ¤ ë â®ª¨ ¢ ¢®«®¢®¤¥ ¢ ®¡« áâ¨ z1 < z < z2 (á¬. à¨á.).

��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������

n n

1 2z

S
S S1 2

3

S

z z

�®«ï ¬®¦® § ¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

181



1. � á¥ç¥¨¨ S

~E(x; y; z) =
X
m

n
Am(z) � ~E¯®¯

m (x; y) + A�m(z) � ~E¯®¯
�m(x; y)

o
+ ~Ez :

2. � á¥ç¥¨¨ S1

~E(x; y; z) =
X
m

A�m(z) � ~E¯®¯
�m(x; y) + ~Ez:

3. � á¥ç¥¨¨ S2

~E(x; y; z) =
X
m

Am(z) � ~E¯®¯
m (x; y) + ~Ez:

�¤¥áì ~E¯®¯
m , ~E¯®¯

�m { ¯®¯¥à¥çë¥ á®¡áâ¢¥ë¥ äãªæ¨¨ ¢®«®¢®¤  ¯à¨ à á-

¯à®áâà ¥¨¨ á®®â¢¥âáâ¢¥® ¢ ¯®«®¦¨â¥«ì®¬ ¨ ®âà¨æ â¥«ì®¬  ¯à -

¢«¥¨¨ ®á¨ z.

� «®£¨ç® ¤«ï ¬ £¨â®£® ¯®«ï:

1. � á¥ç¥¨¨ S

~H(x; y; z) =
X
m

Am(z) � ~H¯®¯
m (x; y) + A�m(z) � ~H¯®¯

�m(x; y) + ~Hz:

2. � á¥ç¥¨¨ S1

~H(x; y; z) =
X
m

A�m(z) � ~H¯®¯
�m(x; y) + ~Hz:

3. � á¥ç¥¨¨ S2

~H(x; y; z) =
X
m

Am(z) � ~H¯®¯
m (x; y) + ~Hz:

�®íää¨æ¨¥âë Am ¨ A�m ¬®£ãâ ¡ëâì  ©¤¥ë á ¯®¬®éìî «¥¬¬ë

�®à¥æ I
S

( ~E(1) � ~H(2) � ~E(2) � ~H(1)) � ~n dS =

Z
V

( ~E(2) � ~J (1) � ~E(1) � ~J (2)) dV:
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�¤¥áì S { ¯à®¨§¢®«ì ï § ¬ªãâ ï ¯®¢¥àå®áâì, ®£à ¨ç¨¢ îé ï ®¡ê¥¬

V , ~n { ¢¥èïï ®â®á¨â¥«ì® ¯®¢¥àå®áâ¨ S ®à¬ «ì, ~E(1), ~H(1), ~E(2),
~H(2) { ¯®«ï, ã¤®¢«¥â¢®àïîé¨¥ ãà ¢¥¨ï¬ � ªá¢¥««  á â®ª ¬¨ ~J (1),
~J (2).

�ãáâì ~E(1), ~H(1) { ¨áª®¬ë¥ ¯®«ï.

1: ~E(2) = ~E�n � e nz; ~H(2) = ~H�n � e nz; ~J (2) = 0:

�¤¥áì ~E�n � e nz ¨ ~H�n � e nz { á®¡áâ¢¥ë¥ äãªæ¨¨ n-© ¬®¤ë ¯ãáâ®£®

¢®«®¢®¤ , á®®â¢¥âáâ¢ãîé¨¥ ®âà¨æ â¥«ì®¬ã  ¯à ¢«¥¨î à á¯à®áâà -

¥¨ï. �¡« áâì ¨â¥£à¨à®¢ ¨ï { ãç áâ®ª ¢®«®¢®¤  ®â S ¤® S1.

�â¥£à « ¯® S3 ®¡à é ¥âáï ¢ ã«ì ª ª ¯à¨ ®âáãâáâ¢¨¨, â ª ¨ ¯à¨  -

«¨ç¨¨ ¯®â¥àì (á¬. [1], á.431). �®íâ®¬ã á«¥¢  ¢ «¥¬¬¥ �®à¥æ  ®áâ îâáï

«¨èì ¨â¥£à «ë ¯® S1 ¨ S, ¯à¨ç¥¬ ~Ez ¨ ~Hz ¨áç¥§ îâ:

�
Z
S1

(X
m

A�m( ~E
¯®¯
�m � ~H�n)~z0e

nz �
X
m

A�m( ~E�n � ~H¯®¯
�m)~z0e

nz

)
dS +

+

Z
S

X
m

n
Am( ~E

¯®¯
m � ~H�n)~z0e

nz + A�m( ~E
¯®¯
�m � ~H�n)~z0e

nz
o
dS �

�
Z
S

X
m

n
Am( ~E�n � ~H¯®¯

m )~z0e
nz + A�m( ~E�n � ~H¯®¯

�m)~z0e
nz
o
dS =

�â¥£à «ë, á®¤¥à¦ é¨¥ ¯à®¨§¢¥¤¥¨ï á®¡áâ¢¥ëå äãªæ¨© á à §«¨ç-

ë¬¨ ¨¤¥ªá ¬¨ ¨áç¥§ îâ ¢á«¥¤áâ¢¨¥ ®àâ®£® «ì®áâ¨. � à¥§ã«ìâ â¥, ¢

áã¬¬ å ¯®¤ ¨â¥£à « ¬¨ ®áâ ¥âáï ¯® ®¤®¬ã á« £ ¥¬®¬ã

= �
Z
S1

n
A�n( ~E�n � ~H�n)~z0e

nz � A�n( ~E�n � ~H�n)~z0e
nz
o
dS +

+

Z
S

n
An( ~En � ~H�n)~z0e

nz + A�n( ~E�n � ~H�n)~z0e
nz
o
dS �

�
Z
S

n
An( ~E�n � ~Hn)~z0e

nz + A�n( ~E�n � ~H�n)~z0e
nz
o
dS =

� ¨â¥£à «¥ ¯® S1 á« £ ¥¬ë¥ ¢§ ¨¬® ã¨çâ®¦ îâáï, ¢ ¨â¥£à «¥ ¯® S

ã¨çâ®¦ îâáï ¢â®à®¥ ¨ ç¥â¢¥àâ®¥ á« £ ¥¬ë¥. �¥à¢®¥ ¨ âà¥âì¥ á« £ ¥¬ë¥
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¢ ¨â¥£à «¥ ¯® S,  ®¡®à®â, áª« ¤ë¢ îâáï ¯à¨ § ¬¥¥ �n   n á ®¤®-

¢à¥¬¥®© ¯¥à¥¬¥®© § ª®¢ ¢ á®®â¢¥âáâ¢¨¨ á ¯à ¢¨«®¬ H�n = �Hn,

E�n = En

= � 2An � e nz
Z
S

( ~En � ~Hn)~z0 dS =

Z
V (z1;z)

~J � ~E�ne nz dV:

�âáî¤   å®¤¨¬

An(z) = � 1

2
e�nz

R
V (z1;z)

~J � ~E�ne nz dV
R
S

( ~En � ~Hn)~z0 dS
:

2. �ãáâì E(2) = Ene
�nz , H(2) = Hne

�nz. �¡« áâì ¨â¥£à¨à®¢ ¨ï

{ ãç áâ®ª ¢®«®¢®¤  ®â S ¤® S2. � «®£¨ç® ¯®«ãç ¥¬

A�n(z) = � 1

2
e nz

R
V (z;z2)

~J � ~Ene
�nz dV

R
S

( ~En � ~Hn)~z0 dS
:

�à®¤®«ìë¥ ª®¬¯®¥âë  å®¤ïâáï á ¯®¬®éìî ãà ¢¥¨©� ªá¢¥«« 

rot ~E = � j!� ~H; rot ~H = j!" ~E + ~J:

�§ ¢â®à®£® ãà ¢¥¨ï

Ez =
1

j!"
rot z ~H � 1

j!"
~Jz =

1

j!"
rot z ~H

¯®¯ � 1

j!"
~Jz =

=
1

j!"

X
m

n
Am(z)rot z ~H

¯®¯
m + A�m(z)rot z ~H

¯®¯
�m

o
� 1

j!"
~Jz:

� ª®¥ ¢ëà ¦¥¨¥ ¯®«ãç ¥âáï ¯®â®¬ã, çâ® rot z ~H
¯®¯
m ¥ á®¤¥à¦¨â ¤¨ä-

ä¥à¥æ¨à®¢ ¨ï ¯® z, ¯®íâ®¬ã Am(z) ¨ A�m(z) ¢ëå®¤ïâ ¨§-¯®¤ § ª 

rot z.

�®¡áâ¢¥ë¥ äãªæ¨¨ ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î

rot ( ~Hm � e�mz) = j!" � ~Eme
�mz;

®âªã¤ 
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rot z ~Hm = j!" � ~Emz :

� ª¨¬ ®¡à §®¬,

Ez =
X
m

[Am(z)Emz + A�m(z)Emz] � 1

j!"
Jz:

�ª« ¤ë¢ ï ¯®¯¥à¥ç®¥ ¨ ¯à®¤®«ì®¥ ¯®«ï,  å®¤¨¬ ¯®«®¥ ¯®«¥:

~E(x; y; z) =
X
m

h
Am(z) � ~Em + A�m(z) � ~E�m

i
� 1

j!"
~Jz:

� «®£¨ç® ¤«ï ¬ £¨â®£® ¯®«ï ¯®«ãç ¥¬

~H(x; y; z) =
X
m

h
Am(z) � ~Hm + A�m(z) � ~H�m

i
:

6. ����������

6.1. �¢®¡®¤ë¥ ª®«¥¡ ¨ï ¢ à¥§® â®à å

�à¨ ®ç¥ì ª®à®âª¨å ¢®« å ª®«¥¡ â¥«ìë¥ á¨áâ¥¬ë, á®áâ®ïé¨¥ ¨§ ¨-

¤ãªâ¨¢®áâ¥© ¨ ª®¤¥á â®à®¢, ®áãé¥áâ¢¨¬ë á âàã¤®¬ ¢á«¥¤áâ¢¨¥ ¬ -

«ëå à §¬¥à®¢. �à®¬¥ â®£®, ¢ ¨å áâ ®¢ïâáï á«¨èª®¬ ¡®«ìè¨¬¨ ¯®-

â¥à¨, ¯®íâ®¬ã ¢ íâ®© ®¡« áâ¨ ç áâ®â ®á®¢ãî à®«ì ¨£à îâ ®¡ê¥¬ë¥

à¥§® â®àë, ¯à¥¦¤¥ ¢á¥£® § ªàëâë¥.

�à®áâ¥©è¨© ®¡ê¥¬ë© à¥§® â®à ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡ê¥¬, ®£à ¨-

ç¥ë© á® ¢á¥å áâ®à® ¬¥â ««¨ç¥áª®© ®¡®«®çª®©. � ¯¥à¢®¬ ¯à¨¡«¨¦¥-

¨¨ ¬®¦® ¯à¥¤¯®«®¦¨âì, çâ® áâ¥ª¨ ï¢«ïîâáï ¨¤¥ «ì® ¯à®¢®¤ïé¨¬¨.

�á«¨ ¢ â ª®¬ ®¡ê¥¬¥ ¢®§¡ã¦¤¥ë í«¥ªâà®¬ £¨âë¥ ª®«¥¡ ¨ï, â® ®¨

¡ã¤ãâ ¯®áâ®ï® â ¬ áãé¥áâ¢®¢ âì.

6.2. �®¡áâ¢¥ë¥ äãªæ¨¨ ¨ á®¡áâ¢¥ë¥ § ç¥¨ï.

�àâ®£® «ì®áâì á®¡áâ¢¥ëå äãªæ¨©

�¢®¡®¤ë¥ ª®«¥¡ ¨ï ¢ à¥§® â®à¥ ®¯¨áë¢ îâáï ®¤®à®¤ë¬¨ ãà ¢¥-

¨ï¬¨ � ªá¢¥«« 
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rot ~E = � �
@ ~H

@t
; rot ~H = "

@ ~E

@t
:

�à¨ íâ®¬ ¯®«ï ~E ¨ ~H ¤®«¦ë ã¤®¢«¥â¢®àïâì £à ¨çë¬ ãá«®¢¨ï¬  

¯®¢¥àå®áâ¨ ¬¥â ««  (¨¤¥ «ì® ¯à®¢®¤ïé¥£®)

~n� ~E = 0; â® ¥áâì ~Et = 0;

~n � ~H = 0; â® ¥áâì Hn = 0;

£¤¥ n { ¢¥ªâ®à ®à¬ «¨. �ã¤¥¬ ¨áª âì à¥è¥¨¥ ãà ¢¥¨© ¢ ¢¨¤¥

~E = ~E(x; y; z) e j!t;

~H = ~H(x; y; z) e j!t;

£¤¥ ! { ¯®ª  ¥¨§¢¥áâ ï ¢¥«¨ç¨ .

�®¤áâ ¢«ïï íâ¨ ¯®«ï ¢ ãà ¢¥¨¥ � ªá¢¥«« , ¯®«ãç¨¬

rot ~E = � j!� ~H; rot ~H = j!" ~E:

�áª«îç ï ~H ¨ ãç¨âë¢ ï, çâ® div ~E = 0, ¯®«ãç¨¬ ãà ¢¥¨¥ ¤«ï ~E

� ~E + k2 ~E = 0;

£¤¥ k2 = !2"�, � { « ¯« á¨ , ¯à¨¬¥ï¥¬ë© ª ¤¥ª àâ®¢ë¬ á®áâ ¢«ï-

îé¨¬ ~E. � ®¡é¥¬ á«ãç ¥ ¯à®¨§¢®«ìëå ª®®à¤¨ â ãà ¢¥¨¥ ¨¬¥¥â

¢¨¤

rot rot ~E � k2 ~E = 0:

� ®¥ ãà ¢¥¨¥ ¤®«¦® ¡ëâì à¥è¥® ¯à¨ ãª § ëå à ¥¥ £à ¨ç-

ëå ãá«®¢¨ïå. �¥âà¨¢¨ «ì®¥ à¥è¥¨¥ áãé¥áâ¢ã¥â «¨èì ¯à¨ ¥ª®â®-

àëå ®¯à¥¤¥«¥ëå § ç¥¨ïå k2m ¯®áâ®ï®© k2, ¢å®¤ïé¥© ¢ ãà ¢¥¨¥.

�â¨ § ç¥¨ï  §ë¢ îâ á®¡áâ¢¥ë¬¨. �®®â¢¥âáâ¢ãîé¨¥ ¨¬ à¥è¥¨ï
~Em(x; y; z) ¨ ~Hm(x; y; z)  §ë¢ îâ á®¡áâ¢¥ë¬¨ äãªæ¨ï¬¨.

� «®£¨ç®¬ã ãà ¢¥¨î ã¤®¢«¥â¢®àï¥â ¬ £¨â®¥ ¯®«¥:

rot rot ~H � k2 ~H = 0:
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�®¡áâ¢¥ë¥ § ç¥¨ï, ª ª ¬®¦® ¯®ª § âì, á®áâ ¢«ïîâ ¡¥áª®¥ç-

ãî áç¥âãî ¯®á«¥¤®¢ â¥«ì®áâì, ¥ ¨¬¥îéãî ª®¥çëå â®ç¥ª á£ãé¥-

¨ï. �®ª ¦¥¬, çâ® á®¡áâ¢¥ë¥ § ç¥¨ï ¢¥é¥áâ¢¥ë ¨ ¯®«®¦¨â¥«ìë.

�«ï íâ®£® ¢ëç¨á«¨¬ á«¥¤ãîé¥¥ ¢ëà ¦¥¨¥:

div ( ~H�
m � rot ~Hm) = rot ~Hm � rot ~H�

m � ~H�
m � rot rot ~Hm =

= jrot ~Hmj2 � k2m � j ~Hmj2:
�â¥£à¨à®¢ ¨¥ ¯® ®¡ê¥¬ã à¥§® â®à  ¤ ¥â

k2m

Z
V

j ~Hmj2 dV =

Z
V

jrot ~Hmj2 dV �
I
S

( ~H�
m � rot ~Hm)~n dS:

�â®à®© ¨â¥£à « á¯à ¢  ®¡à é ¥âáï ¢ ã«ì ¢ á¨«ã £à ¨çëå ãá«®¢¨© ¨

â®£¤ 

k2m =

R
V

jrot ~Hmj2 dVR
V

j ~Hmj2 dV
:

�®«ãç¥®¥ á®®â®è¥¨¥ ¤®ª §ë¢ ¥â, çâ® á®¡áâ¢¥ë¥ § ç¥¨ï ¢¥-

é¥áâ¢¥ë ¨ ¯®«®¦¨â¥«ìë. � ª ª ª k2m = !2�", â® !2 > 0 ¨ ! { ¢¥-

é¥áâ¢¥®¥ ç¨á«®. � ª¨¬ ®¡à §®¬, à¥è¥¨ï ãà ¢¥¨ï � ªá¢¥««  ¤«ï

à¥§® â®à  á ¨¤¥ «ì® ¯à®¢®¤ïé¨¬¨ áâ¥ª ¬¨ ¯à¥¤áâ ¢«ïîâ á®¡®© ¥-

§ âãå îé¨¥ í«¥ªâà®¬ £¨âë¥ ª®«¥¡ ¨ï. � áâ®âë ¨ ¤«¨ë ¢®« íâ¨å

ª®«¥¡ ¨© ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬:

!m = ckm =
kmp
�"
; �m =

2�

km
:

�¤®¬ã ¨ â®¬ã ¦¥ á®¡áâ¢¥®¬ã § ç¥¨î k2m ¬®¦¥â á®®â¢¥âáâ¢®¢ âì

¥áª®«ìª® á®¡áâ¢¥ëå äãªæ¨©. � ª¨¥ à¥è¥¨ï  §ë¢ îâ ¢ëà®¦¤¥-

ë¬¨.

�®¡áâ¢¥ë¥ äãªæ¨¨ ®¡« ¤ îâ á¢®©áâ¢®¬ ®àâ®£® «ì®áâ¨ ¢ â®¬

á¬ëá«¥, çâ® ¯à¨ k2m 6= k2n ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢ Z
V

~Em � ~En dV = 0;

Z
V

~Hm � ~Hn dV = 0;

¯à¨ç¥¬ ¨â¥£à «ë ¡¥àãâáï ¯® ¢á¥¬ã ®¡ê¥¬ã à¥§® â®à .

187



�â®¡ë íâ® ¯®ª § âì, § ¯¨è¥¬ ¤¢  ãà ¢¥¨ï, ª®â®àë¬ ã¤®¢«¥â¢®àï-

îâ ~Em ¨ ~En:

rot rot ~Em � k2m
~Em = 0;

rot rot ~En � k2n
~En = 0:

�ëç¨á«¨¬ ¢ëà ¦¥¨¥

div ( ~En�rot ~Em) � div ( ~Em�rot ~En) = rot ~Em�rot ~En � ~En�rot rot ~Em �
� rot ~En � rot ~Em + ~Em � rot rot ~En = ~Em � rot rot ~En � ~En � rot rot ~Em:

�ç¨âë¢ ï ãà ¢¥¨ï, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ ~Em ¨ ~En, ¯®«ãç¨¬

div ( ~En � rot ~Em) � div ( ~Em � rot ~En) = (k2n � k2m)
~Em � ~En:

�â¥£à¨àãï ¯® ®¡ê¥¬ã à¥§® â®à , ¯®«ãç¨¬

(k2n � k2m)

Z
V

~Em � ~En dV =

I
S

( ~En � rot ~Em � ~Em � rot ~En)~n dS:

�¯à ¢  ¨â¥£à « à ¢¥ ã«î ¢ á¨«ã £à ¨çëå ãá«®¢¨©:

(k2n � k2m)

Z
V

~Em � ~En dV = 0;

� ª ª ª ¯® ãá«®¢¨î k2m 6= k2m, â®Z
V

~Em � ~En dV = 0 :

� «®£¨ç® ¤®ª §ë¢ ¥âáï ¢â®à®¥ à ¢¥áâ¢®. �á«¨ ~Em ¨ ~En á®®â¢¥â-

áâ¢ãîâ ®¤®¬ã ¨ â®¬ã ¦¥ á®¡áâ¢¥®¬ã § ç¥¨î, â® íâ¨ äãªæ¨¨, ¢®®¡-

é¥ £®¢®àï, ¥ ®àâ®£® «ìë, ® ¬®¦® ¯®«ãç¨âì ®àâ®£® «ìë¥ äãª-

æ¨¨ á ¯®¬®éìî ¯à®æ¥áá  ®àâ®£® «¨§ æ¨¨.

�à¥¤¯®«®¦¨¬, çâ® ~Em ¨ ~Hm { à¥è¥¨ï, á®®â¢¥âáâ¢ãîé¨¥ ¥ª®â®-

à®¬ã á®¡áâ¢¥®¬ã ç¨á«ã, ¯à¨ç¥¬ ¢ëà®¦¤¥¨¥ ®âáãâáâ¢ã¥â. �á«¨ ~Em ¨
~Hm { ª®¬¯«¥ªáë¥ äãªæ¨¨, â® ¨å ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë

¢¥é¥áâ¢¥®© ¨ ¬¨¬®© ç áâ¥©
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~Em = ~E(r)
m + ~E(i)

m ; ~Hm = ~H(r)
m + ~H(i)

m :

�¥âàã¤® ¢¨¤¥âì, çâ® ¢ à¥§® â®à¥ ¡¥§ ¯®â¥àì £à ¨çë¬ ãá«®¢¨ï¬

¤®«¦ë ã¤®¢«¥â¢®àïâì ®â¤¥«ì® ¢¥é¥áâ¢¥ ï ¨ ¬¨¬ ï ç áâ¨ ~Em ¨
~Hm, â.¥.

~E
(r)
mt = 0; ~E

(i)
mt = 0; H(r)

mn = 0; H(i)
mn = 0   S:

�®¤áâ ¢«ïï ~Em ¨ ~Hm ¢ ãà ¢¥¨ï � ªá¢¥««  ¨ à §¤¥«ïï ¢¥é¥áâ¢¥-

ë¥ ¨ ¬¨¬ë¥ ç áâ¨, ¯®«ãç¨¬

rot ~E
(r)
m = � j!m� � ~H(i)

m ; rot ~E
(i)
m = � j!m� � ~H(r)

m ;

rot ~H
(i)
m = j!m" � ~E(r)

m ; rot ~H
(r)
m = j!m" � ~E(i)

m :

� ª¨¬ ®¡à §®¬, ~E
(r)
m ¨ ~H

(i)
m â ª¦¥ ã¤®¢«¥â¢®àïîâ ãà ¢¥¨ï¬ � ªá-

¢¥««  ¨ £à ¨çë¬ ãá«®¢¨ï¬ ¨, á«¥¤®¢ â¥«ì®, ¯à¨ ®âáãâáâ¢¨¨ ¢ëà®-

¦¤¥¨ï ¬®£ãâ ®â«¨ç âìáï ®â ~Em ¨ ~Hm â®«ìª® ¯®áâ®ïë¬ ¬®¦¨â¥«¥¬.

�® ¦¥ ¬®¦® áª § âì ®â®á¨â¥«ì® ~E
(i)
m ¨ ~H

(r)
m . � ª ª ª ¬®¦¨â¥«ì ¥-

áãé¥áâ¢¥, â® ¢ ª ç¥áâ¢¥ á®¡áâ¢¥ëå äãªæ¨© ¬®¦® ¯à¨ïâì,  ¯à¨-

¬¥à, ~E
(r)
m ¨ ~H

(i)
m . �â® ®§ ç ¥â, çâ® í«¥ªâà¨ç¥áª®¥ ¯®«¥ ¢® ¢á¥å â®çª å

à¥§® â®à  ª®«¥¡«¥âáï ¢ ®¤®© ¨ â®© ¦¥ ä §¥. � £¨â®¥ ¯®«¥ â ª¦¥ ª®-

«¥¡«¥âáï ¢® ¢á¥å â®çª å ¢ ®¤®© ä §¥, ® á® á¤¢¨£®¬   90o ®â®á¨â¥«ì®

í«¥ªâà¨ç¥áª®£® ¯®«ï.

�ª § ®¥ á¯à ¢¥¤«¨¢® «¨èì ¯à¨ ®âáãâáâ¢¨¨ ¢ëà®¦¤¥¨ï. �á«¨ ¨¬¥-

¥â ¬¥áâ® ¢ëà®¦¤¥¨¥, â® íâ®, ¢®®¡é¥ £®¢®àï, ¥á¯à ¢¥¤«¨¢®. �à¨¬¥à {

à¥§® â®àë ¡¥£ãé¥© ¢®«ë.

�¥à¥¬áï â¥¯¥àì ª ¢ëà ¦¥¨î ¤«ï k2m:

k2m

Z
V

j ~Hmj2 dV =

Z
V

jrot ~Hmj2 dV:

�®¤áâ ¢«ïï áî¤  rot ~Hm = j!m" ~Em ¨ k2 = !2m � �", ¯®«ãç¨¬Z
V

�jHmj2
2

dV =

Z
V

"jEmj2
2

dV;

â.¥. áà¥¤¨¥ § ¯ áë í«¥ªâà¨ç¥áª®© ¨ ¬ £¨â®© í¥à£¨© ¢ à¥§® â®à¥ ¡¥§

¯®â¥àì à ¢ë. �®â ¦¥ ¢ë¢®¤ ¬®¦® á¤¥« âì ¨§ ä §®¢ëå á®®â®è¥¨©
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¤«ï í«¥ªâà¨ç¥áª®£® ¨ ¬ £¨â®£® ¯®«¥© ¢ á«ãç ¥ ®âáãâáâ¢¨ï ¢ëà®¦¤¥-

¨ï. � ¬¥â¨¬, çâ® ¯à¨¢¥¤¥ë© ¢ëè¥ ¢ë¢®¤ ¯à¨£®¤¥ ¨ ¯à¨  «¨ç¨¨

¢ëà®¦¤¥¨ï.

6.3. �¥§® â®àë, ®¡à §®¢ ë¥ ¨§ ®âà¥§ª®¢ «¨¨¨ ¯¥à¥¤ ç¨

�à®áâ¥©è¨¥ à¥§® â®àë ¯®«ãç îâáï, ¥á«¨ ¯¥à¥£®à®¤¨âì «¨¨î ¯¥à¥¤ -

ç¨ ¬¥â ««¨ç¥áª¨¬¨ ¯¥à¥£®à®¤ª ¬¨ ¢ ¤¢ãå á¥ç¥¨ïå. �¥£ª® ¯®ª § âì, çâ®

¢ â ª®© á¨áâ¥¬¥ ¢®§¬®¦ë á¢®¡®¤ë¥ ª®«¥¡ ¨ï.

�¥©áâ¢¨â¥«ì®, ¯ãáâì   áâ¥ªã, § ª®à ç¨¢ îéãî ¢®«®¢®¤, ¯ ¤ ¥â

¢®« . �à¨ íâ®¬ ¢á«¥¤áâ¢¨¥ ¯®«®£® ®âà ¦¥¨ï ¢®§¨ª ¥â áâ®ïç ï ¢®«-

 , ¢ ª®â®à®© ¨¬¥îâáï á¥ç¥¨ï, £¤¥ Ex = 0 ¨ Ey = 0. �á«¨ ¢ â ª®¥

á¥ç¥¨¥ ¯®¬¥áâ¨âì ¬¥â ««¨ç¥áªãî ¯¥à¥£®à®¤ªã, â® ¨ç¥£® ¥ ¨§¬¥¨âáï.

�®«  ¡ã¤¥â ¬®£®ªà â® ®âà ¦ âìáï, ¥ § âãå ï (¯à¨ ¨¤¥ «ì®© ¯à®¢®-

¤¨¬®áâ¨ áâ¥®ª). �ç¥¢¨¤®, çâ® íâ® ¢®§¬®¦®, ª®£¤  ¤«¨  à¥§® â®à 

ªà â  ¤«¨¥ ¯®«ã¢®«ë (�=2) ¢ ¢®«®¢®¤¥ (á¬. à¨á.).

� â ª¨å ¢®«®¢®¤ëå à¥§® â®à å ª®«¥¡ â¥«ìë¥ ¬®¤ë ¤¥«ïâáï, ª ª

¨ ¢ ¢®«®¢®¤ å,   í«¥ªâà¨ç¥áª¨¥ ¨ ¬ £¨âë¥, ¨ ¤«ï ¨å ®¯¨á ¨ï ¬®¦®

¯®«ì§®¢ âìáï â¥¬ ¦¥  ¯¯ à â®¬ ¯®â¥æ¨ «ìëå äãªæ¨© � ¨  . �à¨

íâ®¬, ®¤ ª®, § ¢¨á¨¬®áâì ®â z ®¯¨áë¢ ¥âáï ã¦¥ ¥ ¬®¦¨â¥«ï¬¨ e�j�z ,

  ¬®¦¨â¥«ï¬¨ sin�z ¨ cos�z. �â® á¢ï§ ® á â¥¬, çâ® ¯®«ï ¯®«ãç îâáï

¯ãâ¥¬ áã¬¬¨à®¢ ¨ï ¯àï¬®© ¨ ®¡à â®© ¢®« à ¢®©  ¬¯«¨âã¤ë.

� ©¤¥¬,  ¯à¨¬¥à, ¯®«ï ¬ £¨âëå ¬®¤.

z

L

z=0

�«ï ¢®«®¢®¤  (¯àï¬ ï ¢®« )

Hz = (k2 � �2) e�j�z:

�®«¥ ¢ à¥§® â®à¥ ¯®«ãç ¥âáï ¯ã-

â¥¬ ¢ëç¨â ¨ï ¯ ¤ îé¥© ¨ ®â-

à ¦¥®© ¢®« (çâ®¡ë ã¤®¢«¥-

â¢®à¨âì £à ¨ç®¬ã ãá«®¢¨î ¯à¨

z = 0)

:

Hz =
1

2
(k2 � �2) (e�j�z � ej�z) = � j(k2 � �) sin�z:

� «¥¥, ¤«ï ¢®«®¢®¤ 

Hx = � j�
@ 

@x
e�j�z ; Hy = � j�

@ 

@y
e�j�z :
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�«ï à¥§® â®à  á®®â¢¥âáâ¢¥®

Hx = � 1

2
j�
@ 

@x
(e�j�z + e j�z) = � j�

@ 

@x
cos�z;

Hy = � 1

2
j�
@ 

@y
(e�j�z + e j�z) = � j�

@ 

@y
cos�z:

�«ï ¢®«®¢®¤ 

Ex = � j!� � @ 
@y

e�j�z ; Ey = j!� � @ 
@x

e�j�z :

�«ï à¥§® â®à  á®®â¢¥âáâ¢¥®

Ex = � 1

2
j!�

@ 

@y
(e�j�z � e j�z) = � !�

@ 

@y
sin�z;

Ey =
1

2
j!�

@ 

@x
(e�j�z � e j�z) = � !�

@ 

@x
sin�z:

�â®¡ë ã¤®¢«¥â¢®à¨âì £à ¨ç®¬ã ãá«®¢¨î   ¢â®à®© ¯¥à¥£®à®¤ª¥,

¤®«¦® ¡ëâì

sin�L = 0; ®âªã¤  �L = l�;

â.¥.

2�

�
= l�; L = l

�

2
; l = 1; 2; : : : :

�®¦® ¯®«ãç¨âì â ª¦¥ á®¡áâ¢¥ë¥ § ç¥¨ï, ãç¨âë¢ ï, çâ®

�2 = k2 � g0mn
2; �2L2 = l2�2; �2 =

�
�l

L

�2
:

�®¤áâ ¢«ïï �2 ¢ ¯à¥¤ë¤ãé¥¥ ¢ëà ¦¥¨¥, ¯®«ãç¨¬

k2mnl = g0mn
2 +

�
�l

L

�2
:

�¥âàã¤® ¢¨¤¥âì, çâ® ¯à¨ l = 0 ¯®«¥ ¨áç¥§ ¥â, â ª ª ª ¤«ï íâ®£®

¥®¡å®¤¨¬®, çâ®¡ë � = 0 (â ª ª ª L 6= 0).
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�«¥ªâà¨ç¥áª¨¥ ¬®¤ë ¢ à¥§® â®à¥ ¬®£ãâ ¡ëâì § ¯¨á ë ¢ á«¥¤ãîé¥¬

¢¨¤¥:

Ez = (k2 � �2) � � cos�z;

Ex = � � � @�
@x

sin�z;

Ey = � � � @�
@y

sin�z;

Hx = j!" � @�
@y

cos�z;

Hy = � j!"
@�

@x
cos�z:

�à ¨çë¥ ãá«®¢¨ï ¯à¨ z = L ¢ë¯®«ïîâáï â ª¦¥ ¯à¨ sin�L = 0,

â.¥. ¯à¨ �L = l�, ®âªã¤ 

k2mnl = g2mn +

�
�l

L

�2

:

� íâ®¬ á«ãç ¥ ¯à¨ l = 0 (â.¥. ¯à¨ � = 0) ¯®«¥ ¥ ¨áç¥§ ¥â. �¡à -

é îâáï ¢ ã«ì «¨èì Ex ¨ Ey. �â® § ç¨â, çâ® ¯®«¥ ®ª §ë¢ ¥âáï ç¨áâ®

¯à®¤®«ìë¬. �®¡áâ¢¥ë¥ § ç¥¨ï ¯à¨ íâ®¬ à ¢ë

k2mn0 = g2mn;

â.¥. à¥§® áë¥ ç áâ®âë á®¢¯ ¤ îâ á ªà¨â¨ç¥áª¨¬¨ ç áâ®â ¬¨ ¢®«®-

¢®¤  ¨ ¥ § ¢¨áïâ ®â ¤«¨ë à¥§® â®à .

6.4. �à¨¬¥àë à¥§® â®à®¢, ®¡à §®¢ ëå ¨§ ®âà¥§ª®¢

«¨¨¨ ¯¥à¥¤ ç¨

�àï¬®ã£®«ìë© à¥§® â®à

�«ï ¯àï¬®ã£®«ì®£® ¢®«®¢®¤ 

g2nm =
�n�
a

�2
+
�m�
b

�2
;

®âªã¤ 
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k2nml =
�n�
a

�2
+
�m�
b

�2
+

�
l�

L

�2
:

� ª ¢¨¤®, ¢á¥ à §¬¥àë à¥§® â®à  ¢å®¤ïâ á¨¬¬¥âà¨ç®, çâ® ¢¯®«-

¥ ¥áâ¥áâ¢¥®, â ª ª ª ¢ â ª®¬ à¥§® â®à¥ «î¡ ï ¨§ ®á¥© ¬®¦¥â ¡ëâì

¯à¨ïâ  §  ®áì z.

� ª ª ª g
(H)
nm = g

(E)
nm ¤«ï ¯àï¬®ã£®«ì®£® ¢®«®¢®¤ , â® ª ¦¤ ï ¨§ á®¡-

áâ¢¥ëå ¬®¤ à¥§® â®à  ï¢«ï¥âáï ¤¢ ¦¤ë ¢ëà®¦¤¥®© (¬ £¨âë¥ ¨

í«¥ªâà¨ç¥áª¨¥ ¬®¤ë). �à®¬¥ â®£®, ¢ â ª®¬ à¥§® â®à¥ ¥â à §«¨ç¨ï

¬¥¦¤ã ¬ £¨âë¬¨ ¨ í«¥ªâà¨ç¥áª¨¬¨ ¬®¤ ¬¨, â ª ª ª íâ® § ¢¨á¨â ®â

¢ë¡®à  ®á¥©.

�áª«îç¥¨¥ ¢ á¬ëá«¥ ¢ëà®¦¤¥¨ï á®áâ ¢«ïîâ ¬®¤ë á ®¤¨¬ ¨§ ¨-

¤¥ªá®¢, à ¢ë¬ ã«î, â ª ª ª í«¥ªâà¨ç¥áª¨¥ ¬®¤ë á ã«¥¢ë¬ ¨¤¥ªá®¬

®âáãâáâ¢ãîâ. �«ï ¢ëà®¦¤¥ëå ¬®¤ á¢®¡®¤ë¥ ª®«¥¡ ¨ï ¬®£ãâ ¡ëâì

¯à¥¤áâ ¢«¥ë ¢ ¢¨¤¥ áã¯¥à¯®§¨æ¨¨ ¤¢ãå á®¡áâ¢¥ëå äãªæ¨©.

�àã£®¢®© æ¨«¨¤à¨ç¥áª¨© à¥§® â®à

� ¤ ®¬ á«ãç ¥ à §«¨ç îâ ¬ £¨âë¥ ¨ í«¥ªâà¨ç¥áª¨¥ ¬®¤ë ª®«¥-

¡ ¨©:

k
(H)

mnl
2 =

�
t0mn

a

�2
+

�
l�

L

�2
;

k
(E)

mnl
2 =

�
tmn

a

�2
+

�
l�

L

�2
:

�à¨ íâ®¬, ª ª ¨ ¢ ªàã£«®¬ ¢®«®¢®¤¥, ¯à¨ m 6= 0 ¬®¤ë ¤¢ ¦¤ë ¢ëà®-

¦¤¥ë (¯®«ïà¨§ æ¨®®¥ ¢ëà®¦¤¥¨¥). �ëà®¦¤¥¨¥ ®âáãâáâ¢ã¥â ¤«ï

á¨¬¬¥âà¨çëå ¬®¤, â.¥. ¤«ï ¬®¤ á m = 0.

� ¨¡®«ìè¨© ¨â¥à¥á ¯à¥¤áâ ¢«ïîâ à¥§® â®àë á ¬®¤ ¬¨E010 ¨H01n.

�«ï ¯¥à¢®£® à¥§® á ï ç áâ®â  § ¢¨á¨â ¥ ®â ¤«¨ë à¥§® â®à ,  

â®«ìª® ®â ¥£® à ¤¨ãá . �¥«¨ç¨  t01 � 2:4. �®íâ®¬ã k
(E)
010 � 2:4

a
, ®âªã¤ 

á«¥¤ã¥â, çâ®
2�
�à¥§

=
2:4
a

¨ �à¥§ � 2:6 a = 1:3 d, ¨«¨ d � 0:75�à¥§ =
3
4
�à¥§
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(â®ç¥¥ 0.764�à¥§), £¤¥ d { ¤¨ ¬¥âà à¥§® â®à .

� ª®© à¥§® â®à (á¬. à¨á.) ®ç¥ì ã¤®¡¥ ¢

ãáª®à¨â¥«ì®© â¥å¨ª¥, â ª ª ª   ®á¨ ¯à®-

¤®«ì ï ª®¬¯®¥â  í«¥ªâà¨ç¥áª®£® ¯®«ï ¬ ª-

á¨¬ «ì ,   ¤«¨  à¥§® â®à  ¬®¦¥â ¡ëâì ¢ë-

¡à   ®¯â¨¬ «ì®© ¤«ï ãáª®à¥¨ï ç áâ¨æ ¢ § -

¢¨á¨¬®áâ¨ ®â ¨å áª®à®áâ¨.

�«ï ¬®¤ë E010 ¨¬¥¥¬ á«¥¤ãîé¨¥ á®®â®è¥¨ï

¤«ï á®áâ ¢«ïîé¨å ¯®«ï:

Ez = J0(kr);

H' =
1

j!�

dEz

dr
=

k

j!�
J 00(kr) = j

r
"

�
J1(kr):

�«ï à¥§® â®à  á ¬®¤®© H01 ¨¬¥¥¬

k
(H)
011

2 =

�
t001
a

�2
+
��
L

�2
=

�
3:83

a

�2
+
��
L

�2
:

� ª ¢¨¤¨¬, à¥§® á ï ç áâ®â  ¢ íâ®¬ á«ãç ¥ § ¢¨á¨â ®â ¤«¨ë

à¥§® â®à . �« £®¤ àï ¬ «ë¬ ¯®â¥àï¬ â ª®© à¥§® â®à ¬®¦¥â ¨¬¥âì

¡®«ìèãî ¤®¡à®â®áâì.

�® ªá¨ «ìë¥ à¥§® â®àë

�â«¨ç¨¥ ª® ªá¨ «ìëå à¥§® â®à®¢ ®â ¢®«®¢®¤ëå á®áâ®¨â ¢ â®¬,

çâ® ¢ ª® ªá¨ «ì®© «¨¨¨ «¥£ç¥ ®áãé¥áâ¢¨âì ¥ â®«ìª® ª®à®âª®¥ § ¬ë-

ª ¨¥, ® ¨ å®«®áâ®© å®¤. �®íâ®¬ã §¤¥áì ¬ë ¨¬¥¥¬ âà®©®©  ¡®à à¥§®-

 áëå ¬®¤. �®§¬®¦ë âà¨ á®ç¥â ¨ï £à ¨çëå ãá«®¢¨©, ¯®ª § ë¥
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  à¨á.

L

�á«®¢¨¥ à¥§® á :

L = n � �à¥§
2

=
�à¥§

4
2n

n = 1; 2; 3; : : :

L

L =
�à¥§

4
(2n + 1)

n = 0; 1; 2; : : :

L

L =
�à¥§

4
2n

n = 1; 2; 3; : : :

� à¥§® â®à å á å®«®áâë¬ å®¤®¬   ®¤®¬ ¨«¨ ¤¢ãå ª®æ å ¨®£¤ 

¥®¡å®¤¨¬® ãç¨âë¢ âì ª®æ¥¢ãî ¥¬ª®áâì. �ç¥â ª®æ¥¢®© ¥¬ª®áâ¨ ¯à¨-

¢®¤¨â ª ã¤«¨¥¨î à¥§® á®© ¢®«ë ¨«¨ ãª®à®ç¥¨î á ¬®£® à¥§® -

â®à  ¯à¨ § ¤ ®© à¥§® á®© ¤«¨¥ ¢®«ë, ¯®íâ®¬ã ¥¬ª®áâì  §ë¢ îâ

ãª®à ç¨¢ îé¥©. �®æ¥¢ãî ¥¬-

ª®áâì ¬®¦® ¨áªãááâ¢¥® ã¢¥«¨-

ç¨âì,çâ®¡ë ã¬¥ìè¨âì ¤«¨ã à¥§®-

 â®à . �à¨ ®ç¥ì á¨«ì®¬ ãª®-

à®ç¥¨¨ ®á®¢ ï ç áâì § ¯ á¥®©

í«¥ªâà¨ç¥áª®© í¥à£¨¨  å®¤¨âáï ¢
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§ §®à¥,   ¬ £¨â®© { ¢ ª® ªá¨ «ì®© ç áâ¨, â®

¥áâì í«¥ªâà¨ç¥áª ï ¨ ¬ £¨â ï í¥à£¨¨ ¯à®áâà -

áâ¢¥® à §¤¥«¥ë. � ª®© à¥§® â®à  §ë¢ îâ

ª¢ §¨áâ â¨ç¥áª¨¬. �£® à §¬¥àë ¬®£® ¬¥ìè¥

¤«¨ë ¢®«ë,   ¯®«ï ¬®¦® à ááç¨âë¢ âì ¯®

ãà ¢¥¨ï¬ áâ â¨ç¥áª¨å ¯®«¥©. � ª¨¥ à¥§® â®-

àë ¯à¨¬¥ïîâ ¢ ãáª®à¨â¥«ì®© â¥å¨ª¥ ¨ ���-

í«¥ªâà®¨ª¥.

6.5. �à¨¡«¨¦¥ë¥ ¬¥â®¤ë à áç¥â  ç áâ®âë

á¢®¡®¤ëå ª®«¥¡ ¨© à¥§® â®à®¢

�®çë© à áç¥â à¥§® áëå ç áâ®â à¥§® â®à®¢ ¢ ¡®«ìè¨áâ¢¥ á«ãç ¥¢

¥¢®§¬®¦¥, ç é¥ ¢®§¬®¦¥ ¯à¨¡«¨¦¥ë© à áç¥â á ¯®¬®éìî ç¨á«¥-

ëå ¬¥â®¤®¢. �ãé¥áâ¢ãîâ â ª¦¥ ¯à¨¡«¨¦¥ë¥   «¨â¨ç¥áª¨¥ ¬¥â®¤ë,

ª®â®àë¥ ¡ã¤ãâ à áá¬®âà¥ë ¢ ¤ ®¬ ¯®¤à §¤¥«¥,   ¨¬¥®: ª¢ §¨áâ -

â¨ç¥áª¨© ¬¥â®¤, ¬¥â®¤ áè¨¢ ¨ï, ¨«¨ ¬¥â®¤ ç áâ¨çëå ®¡« áâ¥©, ¢ à¨-

 æ¨®ë¥ ¬¥â®¤ë ¨ ¬¥â®¤ ¢®§¬ãé¥¨©.

6.5.1. �¢ §¨áâ â¨ç¥áª¨© ¬¥â®¤

�®«ìè®¥ ç¨á«® ®¡ê¥¬ëå à¥§® â®à®¢ ¯à¨ ¤«¥¦¨â ª« ááã ª¢ §¨áâ â¨-

ç¥áª¨å à¥§® â®à®¢. � ª¨¥ à¥§® â®àë á®¤¥à¦ â ¤¢¥ ç¥âª® à §¤¥«¥ë¥

®¡« áâ¨, ¢ ®¤®© ¨§ ª®â®àëå áãé¥áâ¢¥® ¯à¥®¡« ¤ îâ § ¯ áë ¬ £¨â-

®© í¥à£¨¨,   ¢ ¤àã£®© { § ¯ áë í«¥ªâà¨ç¥áª®© í¥à£¨¨. �â® ¢®§¬®¦®

«¨èì ¢ â®¬ á«ãç ¥, ª®£¤  à §¬¥àë à¥§® â®à  ¬ «ë ¯® áà ¢¥¨î á

¤«¨®© ¢®«ë.

�ª § ®¥ ¢ëè¥ ¯®§¢®«ï¥â ¯à¨ ®¯à¥¤¥«¥¨¨ í«¥ªâà¨ç¥áª®£® ¯®«ï ¯à¥-

¥¡à¥çì ¢ ¯¥à¢®¬ ãà ¢¥¨¨ � ªá¢¥««  ç«¥®¬ �
@H
@t

¢ í«¥ªâà¨ç¥áª®©

®¡« áâ¨ ¨ â¥¬ á ¬ë¬ á¢¥áâ¨ § ¤ çã ª í«¥ªâà®áâ â¨ç¥áª®©. �à¨ ®¯à¥¤¥-

«¥¨¨ ¦¥ ª®ä¨£ãà æ¨¨ ¬ £¨â®£® ¯®«ï ¢ ¬ £¨â®© ®¡« áâ¨ ¬®¦®

®â¡à®á¨âì ç«¥ "
@E
@t

, ¨ â®£¤  ¬ £¨â®¥ ¯®«¥ ®¯¨áë¢ ¥âáï áâ â¨ç¥áª¨¬

ãà ¢¥¨¥¬

rot ~H = ~J:
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�â ª, ª¢ §¨áâ â¨ç¥áª¨© ¬¥â®¤ á®áâ®¨â ¢ â®¬, çâ® ¯à¨ ®¯à¥¤¥«¥¨¨

ª®ä¨£ãà æ¨¨ í«¥ªâà¨ç¥áª®£® ¨ ¬ £¨â®£® ¯®«¥© íâ¨ ¯®«ï áç¨â îâáï

¥ § ¢¨áïé¨¬¨ ¤àã£ ®â ¤àã£  ¨ ¢á«¥¤áâ¢¨¥ íâ®£® áâ â¨ç¥áª¨¬¨. �á«®¢¨¥

à¥§® á  á®áâ®¨â ¢ â®¬, çâ® § ¯ áë í¥à£¨¨ í«¥ªâà¨ç¥áª®£® ¨ ¬ £¨â-

®£® ¯®«¥© à ¢ë ¤àã£ ¤àã£ã. � ª®© ¬¥â®¤ ¬®¦¥â ¡ëâì ¯à¨¬¥¥ ¯à¨

ãá«®¢¨¨ ¬ «®áâ¨ à §¬¥à®¢ à¥§® â®à  ¯® áà ¢¥¨î á ¤«¨®© ¢®«ë.

6.5.2. �à¨¬¥àë: â®à®¨¤ «ìë© à¥§® â®à, à¥§® â®à \é¥«ì { ®â¢¥àáâ¨¥"

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ¥ª®â®àë¥ ª¢ §¨áâ â¨ç¥áª¨¥ à¥§® â®-

àë.

�
�
�
�
�

�
�
�
�
�

r

d

2adS

S

�®à®¨¤ «ìë© à¥§® â®à ®¡à §ã-

¥âáï ¢à é¥¨¥¬ ¯«®áª®© ®¡« áâ¨

S ¢®ªàã£ ®á¨, «¥¦ é¥© ¢ íâ®©

¦¥ ¯«®áª®áâ¨, ® ¥ ¯¥à¥á¥ª îé¥©

®¡« áâì S (á¬. à¨á.). �«¥ªâà¨ç¥-

áª®¥ ¯®«¥ á®áà¥¤®â®ç¥® ¢ § §®à¥

è¨à¨®© d, ¬ £¨â®¥ ¯®«¥ { ¢ ¯®-

«®áâ¨ S. �¥à£¨ï í«¥ªâà¨ç¥áª®£®

¯®«ï ¢ § §®à¥ à ¢ 

WE = V
"0E

2

2
= �a2d

"0E
2

2
=

�a2"0

d

U2

2
=

CU2

2
;

£¤¥ C =
�a2"0
d

, U = dE.

� £¨â ï í¥à£¨ï à ¢ 

WH =

Z
VH

�0H
2

2
dV;

¯à¨ç¥¬ H =
I
2�r

, dV = 2�r dS. �â¥£à¨àãï, ¯®«ãç ¥¬

W =

Z
SH

�0H
2

2
2�r � dS =

Z
SH

�0

2
� I2

4�2r2
2�r � dS =

I2�0

4�

Z
SH

dS

r
=

LI2

2
;

£¤¥ L =
�0
4�

R
SH

dS
r
.
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�¥§® á ï ¤«¨  ¢®«ë à¥§® â®à  ¬®¦¥â ¡ëâì ¢ëç¨á«¥  ¯® ¥¬-

ª®áâ¨ ¨ ¨¤ãªâ¨¢®áâ¨ C ¨ L:

�à¥§ = 2�c
p
LC = 2�c

vuut�a2"0

d

�0

2�
�
Z
SH

dS

r
= 2�a

vuut 1

2d

Z
SH

dS

r
:

�â¥£à «

Z
SH

dS

r
=

S

ráà
:

�®¤áâ ¢«ïï áî¤  L ¨ C,  å®¤¨¬

�à¥§ = 2�a

s
S

2d ráà
:

�á«®¢¨¥ ¯à¨¬¥¨¬®áâ¨ ª¢ §¨áâ æ¨® à®£® ¬¥â®¤  ¢ ¤ ®¬ á«ãç ¥

S

2d ráà
� 1;

â.¥. § §®à d ¤®«¦¥ ¡ëâì ¬ « ¯® áà ¢¥¨î á ¯®¯¥à¥çë¬¨ à §¬¥à ¬¨

®¡« áâ¨ S (¯«®é ¤ì d ráà � S).

�àã£®© ¯à¨¬¥à { à¥§® â®à \é¥«ì { ®â¢¥àáâ¨¥", ¯à¨¬¥ï¥¬ë© ¢ ¬ £-

¥âà® å (á¬. à¨á.).

���
���
���
���

��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������

a

l

d

�â®â à¥§® â®à â ª¦¥ ï¢«ï¥âáï ª¢ §¨-

áâ â¨ç¥áª¨¬. �á«¨ ¢ëá®â  à¥§® â®à 

h § ç¨â¥«ì® ¡®«ìè¥ ¤¨ ¬¥âà  ®â¢¥à-

áâ¨ï (ª ª íâ® ®¡ëç® ¡ë¢ ¥â), â® ¬ £¨â-

®¥ ¯®«¥ ¢ ®â¢¥àáâ¨¨ ¬®¦® ¯à¨¡«¨¦¥-

® áç¨â âì ®¤®à®¤ë¬. � £¨â®¥ ¯®«¥

à ¢®

H =
I

h
:

� £¨âë© ¯®â®ª

� = L I = �0H S = �0
I

h
�a2 = �0

�a2

h
I:
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�âáî¤  ¨¤ãªâ¨¢®áâì ¯®«ãç ¥âáï à ¢®©

L = �0
�a2

h
:

�¬ª®áâì ª®¤¥á â®à  (é¥«¨) à ¢ 

C = "0
lh

d
:

�¥§® á ï ¤«¨  ¢®«ë ¢ëà ¦ ¥âáï ç¥à¥§ ¨¤ãªâ¨¢®áâì ¨ ¥¬-

ª®áâì:

�à¥§ = 2�c

r
�0
�a2

h
"0
lh

d
= 2�a

r
�l

d
:

6.5.3. �¥â®¤ ç áâ¨çëå ®¡« áâ¥©

� ë© ¬¥â®¤ á®áâ®¨â ¢ â®¬, çâ® ¢¥áì à¥§® â®à à §¡¨¢ îâ   ®â¤¥«ì-

ë¥ ®¡« áâ¨, ¯®«ï ¢ ª®â®àëå ¨§¢¥áâë ¨«¨ «¥£ª® à ááç¨âë¢ îâáï. � -

â¥¬ à¥è¥¨ï ¤«ï ®â¤¥«ìëå ®¡« áâ¥© \áè¨¢ îâáï"   ¯®¢¥àå®áâïå à §-

¤¥«  ¬¥¦¤ã ®¡« áâï¬¨. �è¨¢ ¨¥ á®áâ®¨â ¢ ¯à¨¡«¨¦¥®¬ ã¤®¢«¥â¢®-

à¥¨¨ £à ¨çëå ãá«®¢¨©   ¯®¢¥àå®áâïå à §¤¥« . �à¨ íâ®¬ ¯®«ãç îâ-

áï ãà ¢¥¨ï, ¨§ ª®â®àëå ¬®£ãâ ¡ëâì ®¯à¥¤¥«¥ë à¥§® áë¥ ç áâ®âë.

�§¢¥áâë à §«¨çë¥ ¢ à¨ âë ãá«®¢¨©   £à ¨æ¥. �à®áâ¥©è¥¥ ¨§

¨å { ãá«®¢¨¥ ¤«ï á®¯à®â¨¢«¥¨ï   £à ¨æ¥, ª®â®à®¥ ¬®¦¥â ¡ëâì ¯®«ã-

ç¥® á«¥¤ãîé¨¬ ®¡à §®¬. �áï ®¡« áâì à §¤¥«¥    ®¡« áâ¨ 1 ¨ 2 (á¬.

à¨á.).

1

1

2

1 Z

i

i

Z

i

2

i

2

2

1

� ª ¨§¢¥áâ®, ¯à¨ à¥§® á¥ áà¥¤-

¨¥ § ¯ áë í«¥ªâà¨ç¥áª®© ¨ ¬ £-

¨â®© í¥à£¨¨ à ¢ë ¤àã£ ¤àã£ã,

â.¥.

WE1 + WE2 = WH1 + WH2:

�â® à ¢¥áâ¢® ¬®¦¥â ¡ëâì § ¯¨á -

® ¢ ¢¨¤¥

(WH1 � WE1) + (WH2 � WE2) = 0:

� §®áâ¨ ¢ áª®¡ª å ¬®£ãâ ¡ëâì ¢ëà ¦¥ë ç¥à¥§ ¢å®¤ë¥ á®¯à®â¨-

¢«¥¨ï:
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WH1 � WE1 =
1

2j!
Z1

1

2
jI1j2;

WH2 � WE2 =
1

2j!
Z2

1

2
jI2j2:

�à¨à ¢¨¢ ï áã¬¬ã ã«î, ¯®«ãç¨¬ ãà ¢¥¨¥ áè¨¢ ¨ï

Z1 � jI1j2 + Z2 � jI2j2 = 0;

¯à¨ç¥¬ Z1 ¨ Z2 { ¯®«ë¥ á®¯à®â¨¢«¥¨ï ç áâ¨çëå ®¡« áâ¥©   £à ¨ç-

®© ¯®¢¥àå®áâ¨. �®¯®«¨â¥«ì®¥ ãá«®¢¨¥   £à ¨æ¥ á®áâ®¨â ¢ â®¬,

çâ®

jI1j = jI2j;
â ª ª ª «¨¨¨ â®ª  ¥¯à¥àë¢ë. �®íâ®¬ã ãá«®¢¨¥   £à ¨æ¥ á¢®¤¨âáï

ª á«¥¤ãîé¥¬ã (¤«ï ¤¢ãå ®¡« áâ¥©):

Z1 + Z2 = 0:

�àã£®© ¢¨¤ â ª®£® £à ¨ç®£® ãá«®¢¨ï

Y1 + Y2 = 0:

�ëç¨á«¥¨¥ Z1 ¨ Z2 ç áâ® ¯à®¨§¢®¤¨âáï ¯à¨¡«¨¦¥®, ¡¥§ ãç¥â  ¢ëá-

è¨å ¬®¤   £à ¨æ¥. �à¨ íâ®¬ à¥§ã«ìâ â â ª¦¥ ¯®«ãç ¥âáï ¯à¨¡«¨-

¦¥ë¬. � á«ãç ¥ ¥®¡å®¤¨¬®áâ¨ ¬®¦® ãç¥áâì ¨ ¢ëáè¨¥ ¬®¤ë, çâ®

¯®§¢®«ï¥â ãâ®ç¨âì à¥§ã«ìâ â.

6.5.4. �à¨¬¥àë

�® ªá¨ «ì ï «¨¨ï,  £àã¦¥ ï ¥¬ª®áâìî

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

l

C

�® ªá¨ «ì ï «¨¨ï å à ªâ¥à¨-

§ã¥âáï ¢®«®¢ë¬ á®¯à®â¨¢«¥¨¥¬

Z0. �ãáâì ª®à®âª®§ ¬ªãâë©

®âà¥§®ª «¨¨¨  £àã¦¥   ¥¬-

ª®áâì. � ©¤¥¬ à¥§® áë¥ ç áâ®-

âë â ª®£® à¥§® â®à  (á¬. à¨á.).

�å®¤®¥ á®¯à®â¨¢«¥¨¥ ª®à®âª®-

§ ¬ªãâ®£® ®âà¥§ª  «¨¨¨ à ¢®
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Z¢å = jZ0 tg kl;

â ª ª ª k =
!
c
, â®

Z¢å = jZ0 tg
!

c
l:

�á«®¢¨¥ à¥§® á 

1

j!C
+ jZ0 tg

!

c
l = 0:

�â® ãá«®¢¨¥ ¬®¦® ¨ ç¥ § ¯¨á âì ¢ ¢¨¤¥

ctg
!

c
l = Z0!C:

�á«¨ ®¡®§ ç¨âì
!
c
l = x, â® ãà ¢¥¨¥ ¯à¨¬¥â ¢¨¤

ctgx = Ax:

�¤¥áì A =
Z0C c
l

=
C
C1 l

, £¤¥ C1 { ¯®£® ï ¥¬ª®áâì «¨¨¨.

�®«ãç¥®¥ âà áæ¥¤¥â®¥ ãà ¢¥¨¥ à¥è ¥âáï £à ä¨ç¥áª¨ (á¬.

à¨á.).

� ©¤ï ª®à¨ x1; x2; : : :, ¬®¦® ®¯à¥¤¥«¨âì à¥§® áë¥ ¤«¨ë ¢®«,

¨áå®¤ï ¨§ á®®â®è¥¨ï

�n =
2�

xn
l:

x x x321

x

�â¬¥â¨¬, çâ® íâ® à¥è¥¨¥ â¥àï¥â

á¨«ã â ¬, £¤¥ ¥¬ª®áâì C à áá¬ -

âà¨¢ ¥âáï ¥ ª ª ç¨áâ ï ¥¬ª®áâì,

  ª ª à ¤¨ «ì ï «¨¨ï.

�¢¥ ª® ªá¨ «ìë¥ «¨¨¨ á à §«¨çë¬¨ ¢®«®¢ë¬¨ á®¯à®â¨¢«¥¨ï¬¨
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�áâà®©áâ¢® à¥§® â®à  ¨§ ¤¢ãå ª® ªá¨ «ìëå «¨¨© á à §«¨çë¬

¢®«®¢ë¬ á®¯à®â¨¢«¥¨¥¬ ¯®ª § ®   à¨á.

l l1 2

21l l

Z 01 02Z

�¤¥áì ãá«®¢¨¥ à¥§® á  ¨¬¥¥â ¢¨¤

jZ01 tg
!l1

c
+ jZ02 tg

!l2

c
= 0

¨«¨

Z02

Z01
tg
!l2

c
= � tg

!l1

c
:

�¡®§ ç¨¢

!l1

c
= x;

¯à¥®¡à §ã¥¬ ãà ¢¥¨¥ ª ¢¨¤ã

Z02

Z01
tg
l2

l1
� x = � tg x:

� ®¥ ãà ¢¥¨¥ â ª¦¥ ¬®¦¥â ¡ëâì à¥è¥® £à ä¨ç¥áª¨ (á¬. à¨á.).

� ©¤ï ª®à¨ ãà ¢¥¨ï x,  ©¤¥¬ à¥§® áë¥ ¤«¨ë ¢®«.

x

x

1

2 x

�à¨ â ª®¬ à¥è¥¨¨ ¥ ãç¨âë¢ -

¥âáï ¯®«¥, ¢®§¨ª îé¥¥ ¢¡«¨§¨

áª çª®®¡à §®£® ¨§¬¥¥¨ï á¥-

ç¥¨ï. �â® ¯®«¥ ¬®¦® áç¨-

â âì í«¥ªâà®áâ â¨ç¥áª¨¬. �®

íª¢¨¢ «¥â® ¥ª®â®à®© ¥¬ª®-

áâ¨, ¢ª«îç¥®© ¯ à ««¥«ì®

«¨¨¨ ¢ ¬¥áâ¥ áª çª  (á¬. à¨á.).

� ãç¥â®¬ ¥¬ª®áâ¨ ãá«®¢¨¥ à¥§®-

 á  ¬®¦¥â ¡ëâì § ¯¨á ® ¢ ¢¨-

¤¥ (áã¬¬  ¯à®¢®¤¨¬®áâ¥©)
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1

jZ01 � tg !l1c
+

1

jZ02 � tg !l2c
+ j!C = 0:

Z 01 02ZC

�¨«¨¤à¨ç¥áª¨© à¥§® â®à, ç áâ¨ç® § ¯®«¥ë© ä¥àà¨â®¬

����
����
����
����
����

����
����
����
����
����

�����
�����
�����
�����
�����

�����
�����
�����
�����
�����

h

2b

2a

2 1
� áá¬®âà¨¬ æ¨«¨¤à¨ç¥áª¨© à¥§®-

 â®à   ¬®¤¥ E01, ç áâ¨ç® § ¯®«-

¥ë© ä¥àà¨â®¬, â.¥. ¥¯à®¢®¤ï-

é¨¬ ¬ £¥â¨ª®¬ (á¬. à¨á.). �

®¡« áâ¨ 1 á¨¬¬¥âà¨ç ï ¬®¤  ¨¬¥¥â

í«¥ªâà¨ç¥áª®¥ ¯®«¥ Ez = J0(k1r).

� £¨â®¥ ¯®«¥ à ¢®

H' =
1

j!�1

@Ez

@r
=

k1

j!�1
J 00(k1r) = � k1

j!�1
J1(k1r):

�  à ¤¨ãá¥ r = a â®ª à ¢¥

I = 2�aH' = � 2�a
k1

j!�1
J1(k1a):

�å®¤®¥ á®¯à®â¨¢«¥¨¥ ¤«ï ®¡« áâ¨ 1 ¡ã¤¥â

Z1 =
Ez h

I
= � h j!�1

2�a k1

J0(k1a)

J1(k1a)
:

�«ï ®¡« áâ¨ 2

Ez = AJ0(k2r) + BN0(k2r):

�â®è¥¨¥ ¯®áâ®ïëå A=B ®¯à¥¤¥«ï¥âáï ¨§ ãá«®¢¨ï   ¢¥è¥¬

à ¤¨ãá¥
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AJ0(k2b) + BN0(k2b) = 0;

®âªã¤ 

B

A
= � J0(k2b)

N0(k2b)
:

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï Ez , ¯®«ãç¨¬

Ez = A
J0(k2r)N0(k2b) � J0(k2b)N0(k2r)

N0(k2b)
:

� £¨â®¥ ¯®«¥ à ¢®

H' =
1

j!�2

@Ez

@r
= A

k2

j!�2

J 00(k2r)N0(k2b) � J0(k2b)N
0
0(k2r)

N0(k2b)
:

�å®¤®¥ á®¯à®â¨¢«¥¨¥ ®¡« áâ¨ 2 à ¢®

Z2 =
hEz

2�aH'

����
r=a

=
h j!�2

2�a k2

J0(k2a)N0(k2b) � J0(k2b)N0(k2a)

J 00(k2a)N0(k2b) � J0(k2b)N
0
0(k2a)

:

�á«®¢¨¥ à¥§® á  ¨¬¥¥â ¢¨¤

Z1 + Z2 = 0;

¯®¤áâ ¢«ïï áî¤  Z1 ¨ Z2, ¯®«ãç¨¬ à¥§® á®¥ ãà ¢¥¨¥r
�2

"2

J0(k2r)N0(k2b) � J0(k2b)N0(k2r)

J 00(k2r)N0(k2b) � J0(k2b)N
0
0(k2r)

�
r
�1

"1

J0(k1a)

J1(k1a)
= 0:

�¥è ï íâ® ãà ¢¥¨¥, ¬®¦®  ©â¨ à¥§® áë¥ ç áâ®âë à¥§® â®à  ¨

í«¥ªâà®¬ £¨â®¥ ¯®«¥. �®ç¥â ¨ï äãªæ¨©, ¢å®¤ïé¨¥ ¢ íâ¨ ãà ¢¥¨ï,

â ¡ã«¨à®¢ ë, çâ® ¯®§¢®«ï¥â  ©â¨ à¥è¥¨ï.

6.5.5. � à¨ æ¨®ë© ¬¥â®¤. �®à¬ã«  ¢®§¬ãé¥¨©

� à¨ æ¨®ë© ¬¥â®¤ ®á®¢    ¢ à¨ æ¨®ëå á¢®©áâ¢ å ä®à¬ã«ë

k2 =

R jrotH j2 dVR jH j2 dV ;
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£¤¥ ¨â¥£à «ë ¢§ïâë ¯® ¢á¥¬ã ®¡ê¥¬ã à¥§® â®à .

�á«¨ à áá¬ âà¨¢ âì ¤ ®¥ á®®â®è¥¨¥ ª ª äãªæ¨® « ®â®á¨-

â¥«ì® äãªæ¨¨ ¬ £¨â®£® ¯®«ï ~H, â® ¬®¦® ¯®ª § âì, çâ® íâ®â äãª-

æ¨® « áâ æ¨® à¥ ®â®á¨â¥«ì® ¬ «ëå ¨§¬¥¥¨© ~H , ¥á«¨ ¤  ï äãª-

æ¨ï ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

rot rot ~H � k2 ~H = 0

¯à¨ ãá«®¢¨¨   £à ¨æ¥ ®¡« áâ¨ ~n � rot ~H = 0. � ç¥ £®¢®àï, äãªæ¨-

® « áâ æ¨® à¥, ¥á«¨ ~H ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨© � ªá¢¥««  ¨

ã¤®¢«¥â¢®àï¥â ®¡ëçë¬ í«¥ªâà®¤¨ ¬¨ç¥áª¨¬ £à ¨çë¬ ãá«®¢¨ï¬.

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ á®®â®è¥¨¥ ¢ ¢¨¤¥

k2
Z
V

jH j2 dV =

Z
V

jrot ~Hj2 dV:

�ã¤¥¬ ¢ àì¨à®¢ âì äãªæ¨î ~H , ¯à¥¤¯®« £ ï ¤«ï ã¯à®é¥¨ï ~H ¢¥-

é¥áâ¢¥®© äãªæ¨¥© ª®®à¤¨ â. � ¬¥â¨¬, çâ®   «®£¨ç® ¬®¦® ¤®-

ª § âì áâ æ¨® à®áâì (¥áª®«ìª® ¡®«¥¥ £à®¬®§¤ª®) ¨ ¥ ¤¥« ï íâ®£®

¯à¥¤¯®«®¦¥¨ï. �®«ãç ¥¬

�k2
Z
V

jH j2 dV + 2k2
Z
V

~H � ~H dV = 2

Z
V

rot ~H rot � ~H dV:

�¥¯¥àì ¢®á¯®«ì§ã¥¬áï â®¦¤¥áâ¢®¬ ¢¥ªâ®à®£®   «¨§ 

div (� ~H � rot ~H) = rot ~H � rot � ~H � � ~H � rot rot ~H;

®âªã¤ 

rot ~H � rot � ~H = � ~H � rot rot ~H + div (� ~H � rot ~H):

�®¤áâ ¢«ïï íâ® ¢ à ¥¥  ©¤¥®¥ ãà ¢¥¨¥, ¯®«ãç¨¬

�k2
Z
V

j ~H j2 dV = 2

Z
V

(rot rot ~H � k2 ~H) � � ~H dV +

Z
V

div (� ~H � rot ~H) dV:

� ¬¥ïï ¨â¥£à « ®â ¤¨¢¥à£¥æ¨¨ ¯®¢¥àå®áâë¬ ¨â¥£à «®¬, ¨¬¥¥¬
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�k2
Z
V

j ~H j2 dV = 2

Z
V

(rot rot ~H � k2 ~H) � � ~H dV �
I
S

(~n� rot ~H) � � ~H dS:

�§ ¯®«ãç¥®£® á®®â®è¥¨ï á«¥¤ã¥â, çâ® �k2 = 0 ¢á«¥¤áâ¢¨¥ ¯à®¨§¢®«ì-

®áâ¨ � ~H â®«ìª® ¯à¨ ãá«®¢¨¨:

1)rot rot ~H � k2 ~H = 0 ¢® ¢á¥¬ ®¡ê¥¬¥ V ¨

2)~n� rot ~H = 0   ¯®¢¥àå®áâ¨ S; ®£à ¨ç¨¢ îé¥© íâ®â ®¡ê¥¬:

� ª¨¬ ®¡à §®¬, í«¥ªâà®¤¨ ¬¨ç¥áª®¥ £à ¨ç®¥ ãá«®¢¨¥ ï¢«ï¥âáï ¢ ¤ -

®¬ á«ãç ¥ ¥áâ¥áâ¢¥ë¬ £à ¨çë¬ ãá«®¢¨¥¬ ¢ à¨ æ¨®®© § ¤ ç¨.

�®íâ®¬ã äãªæ¨¨ áà ¢¥¨ï ¥ ®¡ï§ â¥«ì® ¤®«¦ë ã¤®¢«¥â¢®àïâì £à -

¨çë¬ ãá«®¢¨ï¬.

�ë ¤®ª § «¨, çâ® k2 áâ æ¨® à® ¯à¨ ~H , ï¢«ïîé¥©áï ®¤®© ¨§ á®¡-

áâ¢¥ëå äãªæ¨© à¥§® â®à .

�¢®©áâ¢® áâ æ¨® à®áâ¨ ¯®§¢®«ï¥â ¯à¨¬¥¨âì ¬¥â®¤ �¨âæ ,  ¯à¨-

¬¥à, ¤«ï  å®¦¤¥¨ï á®¡áâ¢¥ëå äãªæ¨© ¨ á®¡áâ¢¥ëå § ç¥¨©.

�àã£®© ¢ à¨ â { ¯®¤áâ ®¢ª  ¢ äãªæ¨® « ¯à¨¡«¨¦¥®© äãª-

æ¨¨ ¯®«ï. � íâ®¬ á«ãç ¥ áâ æ¨® à®áâì ¤ ¥â ¢®§¬®¦®áâì ã¬¥ìè¨âì

¯®£à¥è®áâì. � ç áâ®áâ¨, â ª¨¬ ®¡à §®¬ ¬®¦® ¯®«ãç¨âì â ª  §ë¢ -

¥¬ãî ä®à¬ã«ã ¢®§¬ãé¥¨©.

����
����
����
����

����
����
����
����

V2V

V

1

�ãáâì,  ¯à¨¬¥à, à¥§® â®à ¤¥ä®à-

¬¨à®¢  â ª, çâ® ¥£® ®¡ê¥¬ V ¯à¥-

¢à â¨«áï ¢ ®¡ê¥¬ V1 §  áç¥â ¨á-

ª«îç¥¨ï ¬ «®£® ®¡ê¥¬  V2 (á¬.

à¨á.). �ëïá¨¬, ª ª ¨§¬¥¨âáï á®¡-

áâ¢¥®¥ § ç¥¨¥ k21 :

k2 =

R
V1

jrot ~H(2)j2 dV
R
V1

j ~H(2)j2 dV
;

£¤¥ ~H(2) { á®¡áâ¢¥ ï äãªæ¨ï ¤¥ä®à¬¨à®¢ ®£® à¥§® â®à . �®«ì-

§ãïáì áâ æ¨® à®áâìî k2, ¢¬¥áâ® ~H(2) ¯®¤áâ ¢¨¬ ~H(1) { á®¡áâ¢¥ãî

äãªæ¨î ¥¤¥ä®à¬¨à®¢ ®£® à¥§® â®à . �®£¤  ¯®«ãç¨¬:
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k2 �

R
V1

jrot ~H(1)j2 dV
R
V1

j ~H(1)j2 dV
=

R
V

jrot ~H(1)j2 dV � R
V2

jrot ~H(1)j2 dV
R
V

j ~H(1)j2 dV � R
V2

j ~H(1)j2 dV
=

= k21

8><
>:1 +

R
V2

j ~H(1)j2 dV
R
V

j ~H(1)j2 dV
�

R
V2

jrot ~H(1)j2 dV
R
V

jrot ~H(1)j2 dV

9>=
>; =

= k21

�
1 +

�WE � �WH

W0

�
;

£¤¥

�WH = � �

2

Z
V2

j ~H(1)j2 dV � ¯à¨à é¥¨¥ § ¯ á®¢ ¬ £¨â®© í¥à£¨¨;

�WE = � "
2

Z
V2

j ~E(1)j2 dV � ¯à¨à é¥¨¥ § ¯ á®¢ í«¥ªâà¨ç¥áª®© í¥à£¨¨;

(â ª ª ª rot ~H = j!" ~E); W0 { ¯®«ë© § ¯ á í¥à£¨¨ ¢ à¥§® â®à¥.

�®«ãç¥®¥ á®®â®è¥¨¥ ¯®§¢®«ï¥â ª ç¥áâ¢¥®,   ¢ ¥ª®â®àëå á«ã-

ç ïå ¨ ª®«¨ç¥áâ¢¥® ®æ¥¨¢ âì ¨§¬¥¥¨ï à¥§® á®© ç áâ®âë ¯à¨

¬ «ëå ¤¥ä®à¬ æ¨ïå à¥§® â®à . �® ¤ ¥â ¢®§¬®¦®áâì ¯®«ãç¨âì ¥é¥

®¤® ¢ ¦®¥ á®®â®è¥¨¥.

�à¥¦¤¥ ¢á¥£®, ¯®«ãç¥ãî ä®à¬ã«ã ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

k2 � k21
k21

=
�WE � �WH

W0

¨«¨, ãç¨âë¢ ï, çâ® k2 = !2�",

k2 � k21
k21

� 2�!

!1
=

�WE � �WH

W0

:

�§¬¥¥¨ï í¥à£¨¨ ¬®£ãâ ¡ëâì ¢ëà ¦¥ë ç¥à¥§ ¯«®â®áâ¨ í«¥ªâà¨-

ç¥áª®© ¨ ¬ £¨â®© í¥à£¨© ¢¡«¨§¨ áâ¥ª¨ wE ¨ wH :

�WE � �WH = (wE � wH) ��V;
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£¤¥ �V { ¨§¬¥¥¨¥ ®¡ê¥¬  à¥§® â®à .

�¤ ª® ¢¥«¨ç¨ 
1
2
(wH � wE) = p (p { áà¥¤¥¥ ¤ ¢«¥¨¥   áâ¥ªã

à¥§® â®à  á® áâ®à®ë í«¥ªâà®¬ £¨â®£® ¯®«ï). � ª¨¬ ®¡à §®¬,

�WE � �WH = � 2p�V;

® p��V = ��W0, £¤¥ �W0 ¥áâì ¨§¬¥¥¨¥ § ¯ á¥®© í¥à£¨¨ í«¥ªâà®-

¬ £¨â®£® ¯®«ï ¯à¨  ¤¨ ¡ â¨ç¥áª®© ¤¥ä®à¬ æ¨¨ à¥§® â®à . �®íâ®¬ã

�WE � �WH = 2�W0:

�®¤áâ ¢«ïï, ¯®«ãç¨¬

�!

!0
=

�W0

W0

;

®âªã¤ , ¨â¥£à¨àãï, ¯®«ãç ¥¬ á®®â®è¥¨¥

W0

!0
= const:

�¥«¨ç¨ 
W0

!0
, ª®â®à ï ®áâ ¥âáï ¯®áâ®ï®© ¯à¨ ¬¥¤«¥®© ( ¤¨ ¡ â¨ç¥-

áª®©) ¤¥ä®à¬ æ¨¨ áâ¥®ª, ï¢«ï¥âáï  ¤¨ ¡ â¨ç¥áª¨¬ ¨¢ à¨ â®¬. � -

«¨ç¨¥  ¤¨ ¡ â¨ç¥áª®£® ¨¢ à¨ â  ¯®§¢®«ï¥â ¢ àï¤¥ á«ãç ¥¢ ®¯à¥¤¥«ïâì

ãå®¤ë ç áâ®âë ¯à¨ ¤¥ä®à¬ æ¨¨ áâ¥®ª (á¬. à¨á.).

���
���
���
���

��
��
��

��
��
��

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

6.6. �®â¥à¨ ¢ à¥§® â®à å

�á«¨ áâ¥ª¨ à¥§® â®à  ¥ ï¢«ïîâáï ¨¤¥ «ì® ¯à®¢®¤ïé¨¬¨, â® á¢®¡®¤-

ë¥ ª®«¥¡ ¨ï ¡ã¤ãâ § âãå îé¨¬¨. � â¥¬ â¨ç¥áª¨ íâ® ¯à®ï¢«ï¥âáï

¢ â®¬, çâ® á®¡áâ¢¥ë¥ § ç¥¨ï ¯à¨®¡à¥â îâ ¬¨¬ãî ç áâì (®¡ëç®
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¬ «ãî). �¥ ¢¥«¨ç¨ã ¬®¦® ¢ëç¨á«¨âì á ¯®¬®éìî á®®â®è¥¨ï, ¯®«ã-

ç¥®£® à ¥¥:

k2m

Z
V

j ~Hmj2 dV =

Z
V

jrot ~Hmj2 dV �
I
S

( ~H�
m � rot ~Hm)~n dS:

� ª ª ª rot ~Hm = j!m" ~Em, â® íâ® á®®â®è¥¨¥ ¬®¦¥â ¡ëâì § ¯¨á ®

¢ ¢¨¤¥

k2m

Z
V

j ~Hmj2 dV =

Z
V

jrot ~Hmj2 dV + j!m"

I
S

( ~Em � ~H�
m)~n dS:

�à¨ ¥¨¤¥ «ì®© ¯à®¢®¤¨¬®áâ¨ ¯®¢¥àå®áâë© ¨â¥£à « ¢ ã«ì ¥

®¡à é ¥âáï. �§ íâ®£® á®®â®è¥¨ï ¬®¦®  ©â¨ k2m:

k2m =

R
V

jrot ~Hmj2 dVR
V

j ~Hmj2 dV
+ j!"

H
S

( ~Em � ~H�
m)~n dSR

V

j ~Hmj2 dV
;

� §¤¥«ïï ¢¥é¥áâ¢¥ãî ¨ ¬¨¬ãî ç áâ¨ ¢â®à®£® á« £ ¥¬®£®, ¯®«ãç¨¬

k2m = k0m
2 + j!m"

Re
H
S

( ~Em � ~H�
m)~n dSR

V

j ~Hmj2 dV
;

£¤¥ k0m
2 { á®¡áâ¢¥®¥ § ç¥¨¥ á ¬ «®© ¯®¯à ¢ª®© §  áç¥â ¢¥é¥áâ¢¥®©

ç áâ¨ ¤®¡ ¢®ç®£® ç«¥ . �â®à®¥ á« £ ¥¬®¥ ¤ ¥â ¬¨¬ãî ¤®¡ ¢ªã, ®¡ã-

á«®¢«¨¢ îéãî § âãå ¨¥ á¢®¡®¤ëå ª®«¥¡ ¨© ¢ à¥§® â®à¥. � ¯¥à¢®¬

¯à¨¡«¨¦¥¨¨ k0m
2 = !0m

2�", !0m � !m.

�ç¨âë¢ ï ¬ «®áâì ¬¨¬®© ¯®¯à ¢ª¨, ¬®¦® § ¯¨á âì

km � k0m

8><
>:1 + j

!m"

2k0m
2

Re
H
S

( ~Em � ~H�
m)~n dSR

V

j ~Hmj2 dV

9>=
>; =

= k0m

8>><
>>:1 + j

1
2
Re
H
S

( ~Em � ~H�
m)~n dS

2!m
R
V

�
2
j ~Hmj2 dV

9>>=
>>; :
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� áª®¡ª å

1

2
Re

I
S

( ~Em � ~H�
m)~n dS = P |

¯®â®ª í¥à£¨¨,  ¯à ¢«¥ë© ¢ áâ¥ª¨, â.¥. ¬®é®áâì ¯®â¥àì ¢ áâ¥ª å,Z
V

�

2
j ~Hmj2 dV = W |

§ ¯ á í¥à£¨¨ ¢ à¥§® â®à¥. �â®è¥¨¥

!mW

P
= Q

 §ë¢ îâ ¤®¡à®â®áâìî à¥§® â®à , ¢¥«¨ç¨ã Pr = !mW { à¥ ªâ¨¢®©

¬®é®áâìî ¢ à¥§® â®à¥. �®¡à®â®áâì, â ª¨¬ ®¡à §®¬, à ¢  ®â®è¥-

¨î à¥ ªâ¨¢®© ¬®é®áâ¨ ª ¬®é®áâ¨ ¯®â¥àì. � íâ¨å ®¡®§ ç¥¨ïå

¯®«ãç ¥¬

km = k0m (1 + j
1

2Q
):

�âáî¤   å®¤¨¬, çâ® § âãå ¨¥ ¯à®¨áå®¤¨â ¯® íªá¯®¥æ¨ «ì®¬ã § -

ª®ã

e j!mt e�!mt=2Q:

�à¨¢¥¤¥¬ ¢ë¢®¤ íâ®£® à¥§ã«ìâ â  ¤àã£¨¬, ¡®«¥¥ ¯à®§à çë¬ á¯®á®-

¡®¬. �§¬¥¥¨¥ § ¯ á  í¥à£¨¨ §  ¢à¥¬ï dt à ¢®

dW = � P dt:

�®é®áâì ¯®â¥àì, ¢ á¢®î ®ç¥à¥¤ì, ¯à®¯®àæ¨® «ì  § ¯ áã í¥à£¨¨ ¢ à¥-

§® â®à¥, ¯à¨ç¥¬ ª®íää¨æ¨¥â ¯à®¯®àæ¨® «ì®áâ¨ ¨¬¥¥â à §¬¥à®áâì

®¡à â®£® ¢à¥¬¥¨. �£® ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ !m=Q, ¯à¨ç¥¬ !m {

ç áâ®â  á¢®¡®¤ëå ª®«¥¡ ¨©. �®¤áâ ¢«ïï, ¯®«ãç¨¬

dW = � !m

Q
W dt;

®âªã¤ 
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W = W0e
�!mt=Q;

¯à¨ç¥¬ Q =
!mW
P

.

�ëç¨á«¥¨¥ ¯®â¥àì ¢ áâ¥ª å âà¥¡ã¥â § ¨ï â £¥æ¨ «ì®© á®áâ -

¢«ïîé¥© í«¥ªâà¨ç¥áª®£® ¯®«ï   ¯®¢¥àå®áâ¨ áâ¥ª¨ ~Emt, ®  ¬®¦¥â

¡ëâì  ©¤¥  á ¯®¬®éìî £à ¨ç®£® ãá«®¢¨ï �¥®â®¢¨ç , á¯à ¢¥¤«¨¢®-

£® ¯à¨ á¨«ì®¬ áª¨-íää¥ªâ¥.

�¥©áâ¢¨â¥«ì®,

P =
1

2
Re

I
S

( ~Em � ~H�
m)~n dS =

1

2
Re

I
S

(~n� ~Em) ~H
�
m dS:

�®£« á® £à ¨ç®¬ã ãá«®¢¨î �¥®â®¢¨ç 

~n� ~Em = � � ~Hm;

£¤¥ � =
1 + j
��

{ ¯®¢¥àå®áâ®¥ á®¯à®â¨¢«¥¨¥. �®¤áâ ¢«ïï íâ® ¯®¤ ¨â¥-

£à «,  å®¤¨¬

P =
1

2
Re �

I
S

j ~Hmj2 dS =
1

2��

I
S

j ~Hmj2 dS:

�®¤áâ ¢«ïï ¬®é®áâì ¢ ¢ëà ¦¥¨¥ ¤«ï Q, ¯®«ãç¨¬

Q =

!m
R
V

�
2
j ~Hmj2 dV

1
2��

H
S

j ~Hmj2 dS
= !m���

R
V

j ~Hmj2 dVH
S

j ~Hmj2 dS
:

�ç¨âë¢ ï, çâ® !m� =
2

�2 ��
, £¤¥ �� { ¬ £¨â ï ¯à®¨æ ¥¬®áâì

¬¥â ««  áâ¥ª¨, ¯®«ãç¨¬

Q =
2�

���

R
V

j ~Hmj2 dVH
S

j ~Hmj2 dS
:
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�á«¨ ¨§¢¥áâ® à á¯à¥¤¥«¥¨¥ ¯®«ï ¢ à¥§® â®à¥, â® ¤®¡à®â®áâì ¬®-

¦¥â ¡ëâì ¢ëç¨á«¥  ¯® ¯®«ãç¥®© ä®à¬ã«¥. �¤ ª® ®¯à¥¤¥«¥ë© ¨-

â¥à¥á ¯à¥¤áâ ¢«ï¥â ¢®§¬®¦®áâì áà ¢¨â¥«ì® £àã¡® ¯à®¨§¢®¤¨âì ®æ¥-

ªã ¤®¡à®â®áâ¨. � ª ï ®æ¥ª  ¬®¦¥â ¡ëâì ¯®«ãç¥ , ¥á«¨ ¨â¥£à «ë

¢ëà §¨âì ç¥à¥§ áà¥¤¨¥ § ç¥¨ï:

Q =
2�

���

V jHmj2V
S jHmj2S

;

£¤¥ V { ®¡ê¥¬ à¥§® â®à , S { ¯®¢¥àå®áâì à¥§® â®à , jHmj2V { áà¥¤¨©

ª¢ ¤à â ¬ £¨â®£® ¯®«ï ¯® ®¡ê¥¬ã à¥§® â®à , jHmj2S { áà¥¤¨© ª¢ -

¤à â ¬ £¨â®£® ¯®«ï ¯® ¯®¢¥àå®áâ¨ à¥§® â®à . �¢¥¤¥¬ ª®íää¨æ¨¥â

ä®à¬ë à¥§® â®à  A á®£« á® á«¥¤ãîé¥¬ã á®®â®è¥¨î:

2 jHmj2V = A jHmj2S :

�à¨ â ª®¬ ®¯à¥¤¥«¥¨¨ ¤«ï à¥§® â®à®¢, ¨¬¥îé¨å ¡«¨§ª¨¥ à §¬¥àë ¢®

¢á¥å  ¯à ¢«¥¨ïå, ¢¥«¨ç¨  A ¡«¨§ª  ª ¥¤¨¨æ¥. � íâ¨å ®¡®§ ç¥¨ïå

Q =
V

� S

�

��
A =

V

V�

�

��
A;

£¤¥ V� { ®¡ê¥¬ áª¨-á«®ï. �á®¡¥® ¯à®áâ® ¢ë£«ï¤¨â íâ  ä®à¬ã« , ¥á«¨

� = �� ¨ A = 1. �®£¤  ¤®¡à®â®áâì à ¢  Q =
V
V�
. � ¬¥â¨¬, çâ® íâ 

ã¯à®é¥ ï ä®à¬ã«  ¥ ¤ ¥â ¯à¨«¨ç®© â®ç®áâ¨, ¥á«¨ A á¨«ì® ®â«¨-

ç ¥âáï ®â ¥¤¨¨æë. � ¯à¨¬¥à, ¤«ï ¬®¤ â¨¯  H0mn ¢ ªàã£«®¬ ¢®«®¢®¤¥

íâ  ä®à¬ã«  ¥¯à¨¬¥¨¬ , â ª ª ª ¯à¨ ¡®«ìè®¬ ¤¨ ¬¥âà¥ (� � �ªà)

¯®«¥   áâ¥ª å ¬ «�® ¯® áà ¢¥¨î á ¯®«¥¬ ¢ ®¡ê¥¬¥, ¡« £®¤ àï ç¥¬ã

A� 1.

�«ï à¥§® â®à®¢, ¨¬¥îé¨å ¯à¨¬¥à® ®¤¨ ª®¢ë¥ à §¬¥àë ¢® ¢á¥å

 ¯à ¢«¥¨ïå, íâã ä®à¬ã«ã ¬®¦® ¥é¥ ã¯à®áâ¨âì. � ¯à¨¬¥à, ¤«ï ªã¡ 

V = a3; S = 6a2;
V

S
=

1

6
a;

¤«ï è à 

V =
�d3

6
; S = �d2;

V

S
=

1

6
d:

�à¨¡«¨¦¥® ¬®¦® ¯®«®¦¨âì
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V

S
=

1

6
aáà:

�®¤áâ ¢«ïï íâ® ®â®è¥¨¥ ¢ ¢ëà ¦¥¨¥ ¤«ï ¤®¡à®â®áâ¨, ¯®«ãç¨¬ ®æ¥-

ªã

Q � 1

6

aáà

�

�

��
A:

�ç¨âë¢ ï, çâ® aáà � �à¥§ ¨ � �
p
�à¥§,  å®¤¨¬, çâ®

Q � �1=2;

â.¥. á ã¬¥ìè¥¨¥¬ ¤«¨ë ¢®«ë ¤®¡à®â®áâì ¯ ¤ ¥â.

6.6.1. �à¨¬¥àë à áç¥â  ¤®¡à®â®áâ¨

� áç¥â ¤®¡à®â®áâ¨ à¥§® â®à  á ¬®¤®© E010.

� £¨â®¥ ¯®«¥ ¢ â ª®¬ à¥§® â®à¥ ¥ § ¢¨á¨â ®â ª®®à¤¨ âë z. � -

¢¨á¨¬®áâì ®â r ¨¬¥¥â ¢¨¤

H' = J1(kr):

�â¥£à « ¯® ®¡ê¥¬ã à ¢¥

Z
V

j ~Hmj2 dV =

aZ
0

J21 (kr) 2�r h dr = 2� h

aZ
0

J21 (kr)r dr = 2�h
a2

2
J21 (ka) =

= �ha2J21 (ka):

�®¢¥àå®áâë© ¨¥â¥£à « áª« ¤ë¢ ¥âáï ¨§ ã¤¢®¥®£® ¨â¥£à «  ¯®

â®àæ¥¢®© ¯®¢¥àå®áâ¨ ¨ ¨â¥£à «  ¯® ¡®ª®¢®© æ¨«¨¤à¨ç¥áª®© ¯®¢¥àå-

®áâ¨:

I
S

j ~Hmj2 dS = 2

aZ
0

J21 (kr) 2�r dr + 2�ah J21 (ka) = 2 � 2�a
2

2
J21 (ka) +

+ 2�ah J21 (ka) = 2�a(a + h) J21 (ka):
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�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï ¤®¡à®â®áâ¨ (¯à¨ �� = �) ¯®«ãç¨¬

Q =
2

�

�ha2J21 (ka)

2�a(a + h) J21 (ka)
=

1

�

a h

a + h
:

�¨á«¥ë© ¯à¨¬¥à.

�ãáâì,  ¯à¨¬¥à, à¥§® â®à ¨§ ¬¥¤¨ ¨¬¥¥â á«¥¤ãîé¨¥ ¯ à ¬¥âàë:

a=30 á¬, h=30 á¬, �=80 á¬, �=2:9 � 10�4 á¬. �®£¤  Q =
1
�
a � h
a+ h

=

5 � 104.
�®¡à®â®áâì à¥§® â®à , ®¡à §®¢ ®£® ¨§ ®âà¥§ª  «¨¨¨,

§ ª®à®ç¥®£®   ª®æ å.

�á«¨ ¤«¨  â ª®£® à¥§® â®à  ¢¥«¨ª  ¯® áà ¢¥¨î á ¯®¯¥à¥çë¬

à §¬¥à®¬, â® ¢ ¯¥à¢®¬ ¯à¨¡«¨¦¥¨¨ ¬®¦® ¯à¥¥¡à¥çì ¯®â¥àï¬¨ ¢ § -

¬ëª îé¨å ¯¥à¥¬ëçª å. �®£¤  ãç¨âë¢ îâáï â®«ìª® ¯®â¥à¨ ¢ ¡®ª®¢ëå

áâ¥ª å.

� ¥¥ ¤«ï § âãå ¨ï ¢ ¢®«®¢®¤¥ ¬ë ¨¬¥«¨ á«¥¤ãîé¥¥ ¢ëà ¦¥¨¥:

� = �� =
�

2

�

�

�¬

�

1s
1 �

�
�
�ªà

�2
H
C

j ~Hmj2 dCR
S

j ~Hmj2 dS
:

�â®è¥¨¥ ¨â¥£à «®¢, ¥®¡å®¤¨¬®¥ ¤«ï ¢ëç¨á«¥¨ï ¤®¡à®â®áâ¨,

¬®¦® ¢ëç¨á«¨âì á«¥¤ãîé¨¬ ®¡à §®¬:

Q =
2

�

�

��

R
V

j ~Hmj2 dVR
S

j ~Hmj2 dS
� 2

�

�

��

R
S

j ~Hmj2 dSH
C

j ~Hmj2 dC
:

� â® ¦¥ ¢à¥¬ï ¨§ á®®â®è¥¨ï ¤«ï § âãå ¨ï  å®¤¨¬R
S

j ~Hmj2 dSH
C

j ~Hmj2 dC
=

�

2�

�

�

��

�

1s
1 �

�
�
�ªà

�2 :

�®¤áâ ¢«ïï íâ® ®â®è¥¨¥ ¢ ¢ëà ¦¥¨¥ ¤«ï ¤®¡à®â®áâ¨, ¯®«ãç¨¬

214



Q =
�

��

1s
1 �

�
�
�ªà

�2 :

�®«ãç¥®¥ á®®â®è¥¨¥ ¯®§¢®«ï¥â ¥¯®áà¥¤áâ¢¥® ®æ¥¨âì ¤®¡à®â-

®áâì, ¥á«¨ ¨§¢¥áâ® § âãå ¨¥ ¢®«®¢®¤ , ¨§ ª®â®à®£® ®¡à §®¢  à¥§®-

 â®à.

�«ï ¨««îáâà æ¨¨ ¢ëç¨á«¨¬ ¤®¡à®â®áâì à¥§® â®à , ®¡à §®¢ ®£®

¨§ ªàã£«®£® ¢®«®¢®¤  á ¬®¤®© ~H01, ¤«ï ª®â®à®©

� =
��

��

�
�
�ªà

�2
s
1 �

�
�
�ªà

�2 :

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï ¤®¡à®â®áâ¨, ¯®«ãç¨¬

Q =
a

�

�
�ªà

�

�2
;

â.¥. ¯à¨ ¯®áâ®ï®© ¢¥«¨ç¨¥ �ªà (¯à¨ ¯®áâ®ï®¬ à §¬¥à¥) ¤®¡à®â-

®áâì à áâ¥â á ã¬¥ìè¥¨¥¬ ¤«¨ë ¢®«ë ª ª ��5=2. �®â¥à¨ ¢ â®àæ¥-

¢ëå áâ¥ª å á à®áâ®¬ ç áâ®âë à áâãâ, ¯®íâ®¬ã ¨¬¥¥âáï ®¯â¨¬ã¬, ª®£¤ 

¤®¡à®â®áâì ®¡ãá«®¢«¥  ¢ ®á®¢®¬ ¯®â¥àï¬¨ ¢ â®àæ å.

�¨á«¥ë© ¯à¨¬¥à.

�ãáâì � = 10 á¬, a = 20 á¬, �ªà = 1:64a = 33 á¬, � � 10�4 á¬ (¤«ï

¬¥¤¨).

�®«ì§ãïáì ¯à¨¢¥¤¥®© ¢ëè¥ ä®à¬ã«®©, ¯®«ãç¨¬

Q = 2 � 106:
�à¨¬¥à.

� ª ç¥áâ¢¥ ¤àã£®£® ¯à¨¬¥à  ¢ëç¨á«¨¬ ¤®¡à®â®áâì ®âà¥§ª  ª® ªá¨-

 «ì®© «¨¨¨, ¤«ï ª®â®à®©

� =
R1

2Z0
;
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£¤¥ R1 { á®¯à®â¨¢«¥¨¥ ¥¤¨¨æë ¤«¨ë «¨¨¨. �®¤áâ ¢«ïï ¢ ä®à¬ã«ã,

¯®«ãç¨¬

Q =
2�Z0

R1�
:

� à ªâ¥à®, çâ® ¢ëç¨á«¥ ï â ª¨¬ ®¡à §®¬ (¡¥§ ãç¥â  ¯®â¥àì ¢ â®à-

æ å) ¤®¡à®â®áâì ¥ § ¢¨á¨â ®â ç¨á«  ¯®«ã¢®« ¢ à¥§® â®à¥. �à¨ç¨ 

®ç¥¢¨¤ .

6.6.2. �®â¥à¨ ¢ áà¥¤¥

�á«¨ à¥§® â®à § ¯®«¥ ¯à®¢®¤ïé¥© áà¥¤®©, â® ¤®¡à®â®áâì ®¯à¥¤¥«ï-

¥âáï â ª¦¥ ¯®â¥àï¬¨ ¢ íâ®© áà¥¤¥.

�®â¥à¨ í¥à£¨¨ à ¢ë

P =

Z
V

�E2

2
dV;

  ¯®« ï í¥à£¨ï ¢ à¥§® â®à¥ ¢ëà ¦ ¥âáï ¨â¥£à «®¬

W =

Z
V

"E2

2
dV;

¯®íâ®¬ã ¤®¡à®â®áâì à ¢ 

Q =
!W

P
=

! "

�
:

�¥«¨ç¨ 

�=!

"
=

"00

"0
= tg � |

â £¥á ã£«  ¯®â¥àì ¢ áà¥¤¥, ¯®íâ®¬ã

Q =
1

tg �
:

�á«¨ ¯®â¥à¨ ¥áâì ¨ ¢ áâ¥ª å ¨ ¢ áà¥¤¥, â® ®¡é ï ¤®¡à®â®áâì ¡ã¤¥â

Q =
!W

Páà + Páâ

¨«¨

1

Q
=

Páà

!W
+

Páâ

!W
=

1

Qáà

+
1

Qáâ

:

� ª¨¬ ®¡à §®¬, áã¬¬¨àãîâáï ®¡à âë¥ ¢¥«¨ç¨ë ¤®¡à®â®áâ¥©.
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6.6.3. �®â¥à¨   ¨§«ãç¥¨¥

�á«¨ ¢ áâ¥ª å à¥§® â®à  ¨¬¥îâáï ®â¢¥àáâ¨ï, â® ç¥à¥§ ¨å ¬®¦¥â ¨§-

«ãç âìáï í«¥ªâà®¬ £¨â ï í¥à£¨ï. �§«ãç¥¨¥ ¬®¦¥â ¯à®¨áå®¤¨âì ¢

á¢®¡®¤®¥ ¯à®áâà áâ¢® ¨«¨ ¢®«®¢®¤.

� ¨¡®«ìè¨© ¨â¥à¥á ¯à¥¤áâ ¢«ï¥â ¨§«ãç¥¨¥ ¢ á®£« á®¢ ãî «¨-

¨î ¯¥à¥¤ ç¨. � ª ª ª ¬®é®áâì ¨§«ãç¥¨ï ¯à®¯®àæ¨® «ì  § ¯ -

á¥®© í¥à£¨¨, â® ¨§«ãç¥¨¥ ¬®¦¥â ¡ëâì ®å à ªâ¥à¨§®¢ ® ¥ª®â®à®©

¤®¡à®â®áâìî, ª®â®àãî  §ë¢ îâ ¢¥è¥© ¤®¡à®â®áâìî

Q¢ =
!W

P¨§«
:

�®¡à®â®áâì à¥§® â®à ,  £àã¦¥®£® á®£« á®¢ ®© «¨¨¥©,  -

§ë¢ îâ  £àã¦¥®© ¤®¡à®â®áâìî Q,   ¤®¡à®â®áâì á®¡áâ¢¥® à¥-

§® â®à  (®¯à¥¤¥«ï¥¬ãî ¯®â¥àï¬¨ ¢ à¥§® â®à¥)  §ë¢ îâ á®¡áâ¢¥®©

¤®¡à®â®áâìî Q0.

�ç¥¢¨¤®, çâ®

1

Q

=
1

Q0

+
1

Q¢

:

�®£¤  ¤«ï ¢ëç¨á«¥¨ï ¤®¡à®â®áâ¨ ¨á¯®«ì§ãîâ ¯®ïâ¨¥ \£¥®¬¥âà¨-

ç¥áª¨© ä ªâ®à". �® ®¯à¥¤¥«¥¨î £¥®¬¥âà¨ç¥áª¨¬ ä ªâ®à®¬  §ë¢ îâ

¢¥«¨ç¨ã, ¢ëç¨á«ï¥¬ãî ¯® ä®à¬ã«¥

G = ! �0

R
V

jH j2 dVR
S

jH j2 dS :

�â  ¢¥«¨ç¨  ¨¬¥¥â à §¬¥à®áâì á®¯à®â¨¢«¥¨ï. �®áª®«ìªã   «®£¨ç-

®¥ á®ç¥â ¨¥ ¨â¥£à «®¢ ¨¬¥¥â ¬¥áâ® â ª¦¥ ¢ ¢ëà ¦¥¨¨ ¤«ï á®¡áâ¢¥-

®© ¤®¡à®â®áâ¨, â® ¤®¡à®â®áâì ¬®¦¥â ¡ëâì ¢ëà ¦¥  á«¥¤ãîé¨¬ ®¡à -

§®¬:

Q =
G

�
;

£¤¥

� =

r
!�

2�
|

¯®¢¥àå®áâ®¥ á®¯à®â¨¢«¥¨¥.

217



6.7. �ëã¦¤¥ë¥ ª®«¥¡ ¨ï ¢ à¥§® â®à å

� ¥¥ à áá¬ âà¨¢ «¨áì á¢®¡®¤ë¥ ª®«¥¡ ¨ï, ª®â®àë¥ ¢ à¥ «ì®¬ à¥-

§® â®à¥ § âãå îâ. �¥§ âãå îé¨¥ ª®«¥¡ ¨ï ¬®£ãâ áãé¥áâ¢®¢ âì ¢ à¥-

§® â®à¥, ¥á«¨ ¬®é®áâì ¯®â¥àì ª®¬¯¥á¨àã¥âáï ¥§ ¢¨á¨¬ë¬ ¨áâ®ç¨-

ª®¬. �®§¡ã¦¤¥¨¥ à¥§® â®à  ¬®¦¥â ®áãé¥áâ¢«ïâìáï § ¤ ë¬¨ â®ª -

¬¨ ¨«¨ ç¥à¥§ £à ¨æã ®â ¢¥è¥£® £¥¥à â®à . �®á«¥¤¨© á¯®á®¡ ¬®¦¥â

¡ëâì á¢¥¤¥ ª ¢®§¡ã¦¤¥¨î ¯®¢¥àå®áâë¬¨ â®ª ¬¨.

�à¨ à¥è¥¨¨ § ¤ ç¨ ® ¢ëã¦¤¥ëå ª®«¥¡ ¨ïå ¬ë ¡ã¤¥¬ ¯à¥¤¯®« -

£ âì, çâ® ¨§¢¥áâ® à¥è¥¨¥ § ¤ ç¨ ® á¢®¡®¤ëå ª®«¥¡ ¨ïå ¤«ï ¤ ®£®

à¥§® â®à  á ®¡ëçë¬¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨   ¢á¥© ¯®¢¥àå®áâ¨,

®£à ¨ç¨¢ îé¥© ®¡ê¥¬ à¥§® â®à .

6.7.1. �®§¡ã¦¤¥¨¥ à¥§® â®à  § ¤ ë¬¨ â®ª ¬¨

�à¥¤¯®«®¦¨¬, çâ® ¢ãâà¨ ®¡ê¥¬  à¥§® â®à  § ¤ ë ¯«®â®áâ¨ í«¥ª-

âà¨ç¥áª®£® ( ~Je) ¨ ¬ £¨â®£® ( ~Jm) â®ª®¢. �á«¨ ¢®§¡ã¦¤¥¨¥ ®áãé¥-

áâ¢«ï¥âáï ç¥à¥§ £à ¨æã,   ª®â®à®© § ¤   â £¥æ¨ «ì ï á®áâ ¢«ïî-

é ï í«¥ªâà¨ç¥áª®£® ¯®«ï, â® § ¤ ç  á¢®¤¨âáï ª ¢®§¡ã¦¤¥¨î à¥§® â®à 

¯®¢¥àå®áâë¬ ¬ £¨âë¬ â®ª®¬ á ¯«®â®áâìî

~Km = � ~E � ~n;
£¤¥ ~n { ¢¥èïï ®à¬ «ì.

�¥è¥¨¥ § ¤ ç¨  ©¤¥¬ ¢ ¢¨¤¥ à §«®¦¥¨ï ¯® á®¡áâ¢¥ë¬ ¢¥ªâ®à-

ë¬ äãªæ¨ï¬ à¥§® â®à . �¤ ª® ®¤¨å á®¡áâ¢¥ëå äãªæ¨©, ¢®®¡-

é¥ £®¢®àï, ¥¤®áâ â®ç®. �¥©áâ¢¨â¥«ì®, á®¡áâ¢¥ë¥ äãªæ¨¨ ã¤®¢«¥-

â¢®àïîâ ãá«®¢¨î div ~Es = 0 ¨ div ~Hs = 0, ª®â®à®¬ã ¯®«®¥ ¯®«¥ ¬®¦¥â ¥

ã¤®¢«¥â¢®àïâì (â ª ª ª ¯à¨  «¨ç¨¨ â®ª®¢ ¨¬¥îâáï ¨ § àï¤ë). �®íâ®¬ã

à¥è¥¨ï á«¥¤ã¥â § ¯¨á âì ¢ ¢¨¤¥

~E =
X
s

As
~Es � grad'e; ~H =

X
s

Bs
~Hs � grad'm:

�§ £à ¨çëå ãá«®¢¨© ¤«ï ~E ¨ ~H á«¥¤ã¥â, çâ®   ¯®¢¥àå®áâ¨, ®£à ¨-

ç¨¢ îé¥© ®¡ê¥¬ à¥§® â®à ,

'ejS = 0;
@'m

@n

����
S

= 0:

�à®¬¥ â®£®, ¯®â¥æ¨ «ìë¥ á« £ ¥¬ë¥ ¯®«ï ®¡« ¤ îâ á¢®©áâ¢®¬ ®à-

â®£® «ì®áâ¨ ¯® ®â®è¥¨î ª á®¡áâ¢¥ë¬ äãªæ¨ï¬. �â®¡ë íâ® ¯®-

ª § âì, ¢ëç¨á«¨¬ div ( ~Hs � grad'e):
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div ( ~Hs � grad'e) = grad'e � rot ~Hs = j!s" ~Es � grad'e:

�â¥£à¨àãï ¯® ®¡ê¥¬ã à¥§® â®à , ¯®«ãç¨¬I
S

( ~Hs � grad'e) � ~ndS = j!"

Z
V

~Es � grad'e � dV:

�âáî¤  (¢ á¨«ã £à ¨çëå ãá«®¢¨© «¥¢ ï ç áâì à ¢  ã«î)Z
V

~Es � grad'e � dV = 0:

� «®£¨ç® íâ®¬ã Z
V

~Hs � grad'm � dV = 0:

� ©¤¥¬ ãà ¢¥¨ï ¤«ï äãªæ¨© 'e ¨ 'm. �«ï íâ®£® § ¯¨è¥¬ ãà ¢-

¥¨ï � ªá¢¥«« 

rot ~E = � j!� ~H � ~Jm;

rot ~H = j!" ~E + ~Je

¨ ¢®§ì¬¥¬ ¤¨¢¥à£¥æ¨î ®â ®¡®¨å ãà ¢¥¨©. �®«ãç¨¬

0 = �j!� � div ~H � div ~Je;

0 = j!" � div ~E + div ~Jm:

�¨¢¥à£¥æ¨ï ®â«¨ç  ®â ã«ï â®«ìª® ¤«ï ¯®â¥æ¨ «ì®© ç áâ¨ ~E ¨ ~H:

j!� � div grad'm = div ~Jm;

j!" � div grad'e = div ~Je;

¨«¨
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�'m =
div ~Jm

j!�
; �'e =

div ~Je

j!"
:

� â® ¦¥ ¢à¥¬ï ¨¬¥îâ ¬¥áâ® ãà ¢¥¨ï ¥¯à¥àë¢®áâ¨

@�e

@t
+ div ~Je = 0;

®âªã¤ 

div ~Je = � j!�e;

¨

@�m

@t
+ div ~Jm = 0;

®âªã¤ 

div ~Jm = � j!�m:

�®¤áâ ¢«ïï íâ® ¢ ãà ¢¥¨¥, ã¡¥¦¤ ¥¬áï, çâ® 'e ¨ 'm ã¤®¢«¥â¢®àïîâ

áâ â¨ç¥áª¨¬ ãà ¢¥¨ï¬ �ã áá® 

�'e = � �e

"
; �'m = � �m

�
:

�â®¡ë  ©â¨ As ¨ Bs, ¢ëç¨á«¨¬ á«¥¤ãîé¨¥ ¢ëà ¦¥¨ï:

div ( ~E�s � ~H) = ~H � rot ~E�s � ~E�s � rot ~H;
div ( ~E � ~H�

s ) = ~H�
s � rot ~E � ~E � rot ~H�

s :

�à¨ íâ®¬ á«¥¤ã¥â ãç¥áâì, çâ® ~Es ¨ ~Hs ã¤®¢«¥â¢®àïîâ ãà ¢¥¨ï¬

rot ~Es = � j!s� ~Hs; rot ~Hs = j!s" ~Es:

�ç¨âë¢ ï íâ¨ ãà ¢¥¨ï ¤«ï ~Es ¨ ~Hs , ¯®«ãç¨¬

div ( ~E�s � ~H) = ~H � (j!s� ~H�
s ) � ~E�s � (j!" ~E + ~Je) =

= j!s� ~H � ~H�
s � j!" ~E � ~E�s � ~Je � ~E�s ;

div ( ~E � ~H�
s ) = ~H�

s � (�j!� ~H � ~Jm) � ~E � (�j!s" ~E�s ) =

= � j!� ~H � ~Hs + j!" ~E � ~E�s � ~Jm ~H�
s :
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�â¥£à¨àãï ¯® ®¡ê¥¬ã à¥§® â®à  ¨ ãç¨âë¢ ï, çâ® â £¥æ¨ «ìë¥

á®áâ ¢«ïîé¨¥ ~E ¨ ~Es à ¢ë ã«î   ¢á¥© ¯®¢¥àå®áâ¨ S (á ãç¥â®¬

§ ¬¥ë ~Et ¬ £¨âë¬ â®ª®¬   ¢®§¡ã¦¤ îé¥© £à ¨æ¥), § ¬¥ïï ~E

¨ ~H ¨å à §«®¦¥¨¥¬ ¢ àï¤ ¨ ãç¨âë¢ ï á®®â®è¥¨ï ®àâ®£® «ì®áâ¨,

¯®«ãç¨¬

j!s�Bs

Z
V

~Hs � ~H�
s dV � j!"As

Z
V

~Es � ~E�s dV =

Z
V

~Je ~E
�
s dV;

�j!�Bs

Z
V

~Hs � ~H�
s dV + j!s"A

Z
V

~Es � ~E�s dV =

Z
V

~Jm ~H�
s dV:

� ¥¥ ¬ë ¯®«ãç¨«¨

"

Z
V

~Es � ~E�s dV = �

Z
V

~Hs � ~H�
s dV:

�®¤áâ ¢«ïï, ¯®«ãç¨¬ á¨áâ¥¬ã ¨§ ¤¢ãå ãà ¢¥¨©

j! � As � j!sBs = as;

j!sAs � j! �Bs = bs;

£¤¥

as = �

R
V

~Je ~E
�
s dV

�
R
V

~Hs � ~H�
s dV

; bs =

R
V

~Jm ~H�
s dV

�
R
V

~Hs � ~H�
s dV

:

�¥è ï íâã á¨áâ¥¬ã ®â®á¨â¥«ì® As ¨ Bs, ¯®«ãç¨¬

As =
!as � !sbs

j(!2 � !2s)
; Bs =

!sas � !bs

j(!2 � !2s)
:

�á«¨ à¥§® â®à ¥ ¨¬¥¥â ¯®â¥àì, â® !s { ¢¥é¥áâ¢¥ ï ¢¥«¨ç¨ .

�®íâ®¬ã As ¨ Bs ®¡à é îâáï ¢ ¡¥áª®¥ç®áâì ¯à¨ ! = !s, â.¥. ¯à¨ à¥§®-

 á¥. �¥ «ì® à®áâ  ¬¯«¨âã¤ë ®£à ¨ç¨¢ ¥âáï ¯®â¥àï¬¨ ¢ à¥§® â®à¥.

�à¨  «¨ç¨¨ ¯®â¥àì

!2s = !0s
2(1 +

j

Qs

);

221



¯®íâ®¬ã

!2 � !2s = !2 � !0s
2 � j

!0s
2

Qs

:

� ª ª ª ! { ¢¥é¥áâ¢¥ ï ¢¥«¨ç¨ , â® § ¬¥ â¥«ì ¢ ¢ëà ¦¥¨ïå

¤«ï As ¨ Bs ¥ ¬®¦¥â ®¡à â¨âìáï ¢ ã«ì. �à¨ ! = !s ¯®«ãç¨¬

As = Qs

as � bs

!0s
; Bs = Qs

as � bs

!0s
;

â.¥. As = Bs.

�§ ¯®«ãç¥ëå á®®â®è¥¨© á«¥¤ã¥â, çâ® ¥á«¨ ç áâ®â  ¡«¨§ª  ª ®¤®©

¨§ á®¡áâ¢¥ëå ç áâ®â, â®  ¬¯«¨âã¤  á®®â¢¥âáâ¢ãîé¨å ¯®«¥© ®á®¡¥®

¢¥«¨ª . � ª ª ª ¤®¡à®â®áâì Qs ®¡ëç® ¢¥áì¬  ¡®«ìè ï ¢¥«¨ç¨ , â®

¢¡«¨§¨ à¥§® á  ¬®¦® ¯à¥¥¡à¥çì ¢á¥¬¨ ¥à¥§® áë¬¨ ¬®¤ ¬¨ ¢

à §«®¦¥¨¨ ~E ¨ ~H .

� ¯¨è¥¬ § ¢¨á¨¬®áâì  ¬¯«¨âã¤ ¢¡«¨§¨ à¥§® á®© ç áâ®âë. �à¨

íâ®¬ ¬®¦® ¯®« £ âì ! � !0s ¢¥§¤¥, ªà®¬¥ à §®áâ®£® ç«¥  ¢ § ¬¥ -

â¥«¥. �®£¤ 

As � Bs � !0s(as � bs)

j(!2 � !0s
2) +

!0s
2

Qs

=
Qs(as � bs)=!

0
s

1 + j
Qs

!0s
2 (!

2 � !0s
2)

=

=
Qs(as � bs)=!

0
s

1 + jQsx
;

£¤¥

x =
!

!0s
� !0s

!
� 2�!

!0s
:

�â® à¥§® á ï § ¢¨á¨¬®áâì á ã§ª®© ¯®«®á®©, ®¯à¥¤¥«ï¥¬®© ¢¥«¨ç¨®©

Qs.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® As ¨ Bs â®ç® à ¢ë ¤àã£ ¤àã£ã ¯à¨ à¥§® á-

®© ç áâ®â¥. �  ç áâ®â¥, ¥ à ¢®© à¥§® á®©, íâ¨ ª®íää¨æ¨¥âë ¥

à ¢ë, çâ® ®¡ãá«®¢«¨¢ ¥â ¥à ¢¥áâ¢® § ¯ á¥®© í«¥ªâà¨ç¥áª®© ¨ ¬ £-

¨â®© í¥à£¨©.
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6.7.2. �®§¡ã¦¤¥¨¥ à¥§® â®à  ¯®â®ª®¬ § àï¦¥ëå ç áâ¨æ

� í«¥ªâà®ëå ¯à¨¡®à å ��� ¨ ãáª®à¨â¥«ïå áª¢®§ì à¥§® â®à ¯à®å®-

¤¨â ¯®â®ª § àï¦¥ëå ç áâ¨æ, á£àã¯¯¨à®¢ ëå ¢ á£ãáâª¨, ¡« £®¤ àï

ç¥¬ã ¢ à¥§® â®à¥ ¬®£ãâ ¢®§¡ã¦¤ âìáï í«¥ªâà®¬ £¨âë¥ ¯®«ï. �®â®ª

§ àï¦¥ëå ç áâ¨æ ¯à¥¤áâ ¢«ï¥â á®¡®© í«¥ªâà¨ç¥áª¨© ¯¥à¥¬¥ë© â®ª.

�à¥¤¯®«®¦¨¬,  ¯à¨¬¥à, çâ® ç áâ®â  á£ãáâª®¢, ¯à®«¥â îé¨å ç¥à¥§

à¥§® â®à, à ¢  à¥§® á®© ç áâ®â¥. �®£¤ 

As =
Qs

!s
as = � Qs

!s

R
V

~Je ~E
�
s dV

�
R
V

~Hs � ~H�
s dV

:

�à¥¤¯®«®¦¨¬, çâ® ¯ãç®ª ¤®áâ â®ç® â®ª¨©, â ª çâ® ¢ ¥£® á¥ç¥¨¨
~Es = const. �®£¤  Z

V

~Je ~E
�
s dV =

Z
L

~E�s � ~Ie dl;

£¤¥ ~Ie =
R
~Je dS { â®ª ¯ãçª  (¨â¥£à « ¯® á¥ç¥¨î ¯ãçª ). �à¥¤¯®«®¦¨¬

â ª¦¥, çâ® § §®à, ç¥à¥§ ª®â®àë© ¯à®«¥â ¥â ¯ãç®ª, ¬®£® ¬¥ìè¥, ç¥¬

à ááâ®ï¨¥ ¬¥¦¤ã á£ãáâª ¬¨. �®£¤  ¬®¦® ¯à¨ïâì, çâ® ~Ie = const ¢®

¢á¥¬ § §®à¥ à¥§® â®à  ¨Z
L

~E�s � ~Ie dl = Ie

Z
L

~E�s d
~l = � Ie U

�
s ;

£¤¥ Us {  ¯àï¦¥¨¥   § §®à¥ ¯à¨ ¥¤¨¨ç®©  ¬¯«¨âã¤¥ (As = 1).

�®¤áâ ¢«ïï, ¯®«ãç¨¬

As =
Qs

!s

U�sR
V

�jHsj2 dV Ie:

� â® ¦¥ ¢à¥¬ï ¬ë ¨¬¥«¨

~E = As � ~Es:

�â¥£à¨àãï ~E ¢¤®«ì ¯ãçª , ¯®«ãç¨¬

U = As Us:
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�®¤áâ ¢«ïï áî¤   ©¤¥®¥ ¢ëè¥ ¢ëà ¦¥¨¥ ¤«ï As, ¤«ï  ¯àï¦¥¨ï,

¢®§¡ã¦¤ ¥¬®£® ¯ãçª®¬   à¥§® â®à¥, ¯®«ãç¨¬

U =
Qs

!s

jUsj2R
V

�jHsj2 dV Ie:

� â® ¦¥ ¢à¥¬ï Z
V

�jH j2 dV = 2Ws;

£¤¥Ws { § ¯ á í¥à£¨¨ ¢ à¥§® â®à¥ ¯à¨ ¥¤¨¨ç®©  ¬¯«¨âã¤¥, ¯®íâ®¬ã

U { â®à¬®§ïé¥¥  ¯àï¦¥¨¥   à¥§® â®à¥ à ¢®

U = Qs

U2
s

2!0sWs

Ie = Qs

U2
s

2Prs
Ie;

£¤¥ Prs = !0sWs { à¥ ªâ¨¢ ï ¬®é®áâì ¢ à¥§® â®à¥ ¯à¨ ¥¤¨¨ç®©

 ¬¯«¨âã¤¥. �¥«¨ç¨ 

�s =
U2
s

2Prs
=

U2
s

2!0sWs

=
U2

2!0sW

¨¬¥¥â à §¬¥à®áâì á®¯à®â¨¢«¥¨ï ¨ ®á¨â  §¢ ¨¥ å à ªâ¥à¨áâ¨ç¥áª®-

£® á®¯à®â¨¢«¥¨ï à¥§® â®à  (®â¥á¥®£® ª ®¯à¥¤¥«¥®¬ã ¯ãâ¨ ¤¢¨-

¦¥¨ï ¯ãçª ). �¥à¥§ å à ªâ¥à¨áâ¨ç¥áª®¥ á®¯à®â¨¢«¥¨¥ ¬®¦¥â ¡ëâì

¢ëà ¦¥  à¥ ªâ¨¢ ï ¬®é®áâì:

Pr =
U2

2�s
:

�¥«¨ç¨ 

Rè = Qs �s

®á¨â  §¢ ¨¥ èãâ®¢®£® á®¯à®â¨¢«¥¨ï à¥§® â®à . � ç¥ èãâ®¢®¥

á®¯à®â¨¢«¥¨¥ (ãç¨âë¢ ï, çâ® Qs =
Pr
Pa

) ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥® á«¥¤ã-

îé¨¬ ®¡à §®¬:

Rè =
Pr

Pa

U2

2Pr
=

U2

2Pa
:
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�¥à¥§ èãâ®¢®¥ á®¯à®â¨¢«¥¨¥ ¢ëà ¦ ¥âáï  ªâ¨¢ ï ¬®é®áâì (¬®é-

®áâì ¯®â¥àì)

Pa =
U2

2Rè

:

�á«¨ ¤«¨  § §®à  á®áâ ¢«ï¥â § ¬¥âãî ¤®«î à ááâ®ï¨ï ¬¥¦¤ã á®-

á¥¤¨¬¨ á£ãáâª ¬¨, â®  ¯àï¦¥¨¥ ¢ëà ¦ ¥âáï ç¥à¥§ â®ª ¥áª®«ìª® á«®¦-

¥¥. � íâ®¬ á«ãç ¥ â®ª à ¢¥

Ie = Iem e�jkel;

£¤¥ ke =
!
ve
, ve { áª®à®áâì ¤¢¨¦¥¨ï í«¥ªâà®®¢. �®£¤ 

Z
L

~Es � ~Ie dl = Iem

Z
L

~Es � e�jkel dl:

�ãáâì,  ¯à¨¬¥à, Es = const. �®£¤ 

Z
L

~Es � ~Ie dl = IemEs

d=2Z
�d=2

e�jkel dl = IemEs

1

jke
(e jked=2 � e�jked=2) =

= IemEs

2 sin ked=2

ke
= IemUs

sin �=2

�=2
;

£¤¥ Us = Es d, � = ked { ã£®« ¯à®«¥â . �®íâ®¬ã  ¯àï¦¥¨¥   § §®à¥

U = IemRè

sin �=2

�=2
:

�¡®§ ç¨¬

� =
sin �=2

�=2
|

¯à®«¥âë© ä ªâ®à ¨ § ¯¨è¥¬

U = IemRè� ¨ U� = IemRè�
2:

�¡®§ ç¨¬ â¥¯¥àì
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Uíää = U � � � íää¥ªâ¨¢®¥  ¯àï¦¥¨¥ ¨ Rè íää = Rè � �2:
�®£¤  ¬®é®áâì ¬®¦¥â ¡ëâì ¢ëà ¦¥  ç¥à¥§ íää¥ªâ¨¢ë¥ § ç¥¨ï:

P =
U2

2Rè

=
U2�2

2Rè�2
=

U2
íää

2Rè íää

:

� à ªâ¥à¨áâ¨ç¥áª®¥ á®¯à®â¨¢«¥¨¥ â ª¦¥ ã¬®¦ ¥âáï   ª¢ ¤à â

¯à®«¥â®£® ä ªâ®à 

�íää = ��2:

�á«¨ ç áâ®â  á«¥¤®¢ ¨ï á£ãáâª®¢ ¢ ¯ãçª¥ ¥ à ¢  à¥§® á®© ç -

áâ®â¥, ® ¡«¨§ª  ª ¥©, â® ¯®ï¢«ï¥âáï ç áâ®âë© ¬®¦¨â¥«ì

U =
Uà¥§

1 + jQsx
:

�à¨¬¥à. �¥â¢¥àâì¢®«®¢ë© ®âà¥§®ª TEM-«¨¨¨ (á¬. à¨á.).

4
λ

U

�¤¥áì à á¯à¥¤¥«¥¨¥  ¯àï¦¥¨ï ¢¤®«ì «¨¨¨ ¨¬¥¥â ¢¨¤

U = Um sin kz:

� ¯ á í¥à£¨¨ dW ¢ í«¥¬¥â¥ dz à ¢¥

dW =
U2
m sin2 kz

2
C1 dz:

�®« ï § ¯ á¥ ï í¥à£¨ï ¢ëà ¦ ¥âáï ç¥à¥§ ¨â¥£à «

W =

�=4Z
0

U2
m sin2 kz

2
C1 dz =

C1 U
2
m

16
�:
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�¥¯¥àì ¬®¦® ¢ëç¨á«¨âì å à ªâ¥à¨áâ¨ç¥áª®¥ á®¯à®â¨¢«¥¨¥

� =
U2
m

2!0W
=

U2
m

2!0 C1U2
m �=16

=
8

!0C1 �
:

� ª ª ª � = c=f , â®

� =
8

2� C1c
=

4

�
Z0;

£¤¥ Z0 { ¢®«®¢®¥ á®¯à®â¨¢«¥¨¥ «¨¨¨.

U

�à¥¤¯®«®¦¨¬, çâ® à¥§® â®à ¨¬¥-

¥â ¤«¨ã 2n+1 ç¥â¢¥àâì¢®«®¢ëå

®âà¥§ª®¢ (á¬. à¨á.). �®£¤  ¯à¨

â®¬ ¦¥  ¯àï¦¥¨¨ § ¯ á í¥à£¨¨

¢®§à áâ ¥â ¢ 2n+ 1 à §. �â® ¯à¨-

¢®¤¨â ª ã¬¥ìè¥¨î å à ªâ¥à¨-

áâ¨ç¥áª®£® á®¯à®â¨¢«¥¨ï â ª¦¥ ¢

2n+ 1 à §.

� ª ª ª ¤®¡à®â®áâì ¯à¨ íâ®¬ ¯®çâ¨ ¥ ¨§¬¥ï¥âáï, â® èãâ®¢®¥ á®¯à®-

â¨¢«¥¨¥ â ª¦¥ ã¬¥ìè ¥âáï ¢ 2n+ 1 à §.

�à¨¬¥à. �¥§® â®à E010

�ëç¨á«¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ á®¯à®â¨¢«¥¨¥

� =
U2
s

2!sWs

:

�¤¥áì Ez = J0(g01r), ¯à¨ç¥¬ g01 =
t01
a
� 2:4

a
. � æ¥âà¥ (r = 0) Ez = 1,

¯®íâ®¬ã Us = h. �ëç¨á«¨¬ í¥à£¨î, § ¯ á¥ãî ¢ à¥§® â®à¥:

Ws =
" h

2

aZ
0

J20 (g01r) 2�r dr = �"h

aZ
0

J20 (g01r) r dr =
�"ha2

2
J21 (g01a):

�à®¬¥ â®£®,

!01 =
g01p
�"

=
t01

a
p
�"
:

�®¤áâ ¢«ïï, ¯®«ãç¨¬
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�010 =
h2

2
t01
a
p
�"

�"ha2

2
J21 (t01)

=

r
�

"

h

a

1

�t01 J
2
1 (t01)

:

� «¥¥, t01 � 2:4, J1(t01) � 0:52, ®âªã¤ 

�010 � 0:49

r
�

"

h

a
=

r
�

"

h

2a
=

r
�

"

h

d
:

�à¨¬¥à.

�«ï ¨««îáâà æ¨¨ ¯à¨¬¥¬: a = 7:5 á¬, h = 2:5 á¬, � = 20 á¬, � =

1:41 � 10�4 á¬, �010 = 0:49 � 377 � 1
3
� 62 �¬.

�®¡à®â®áâì

Q =
1

�

ah

a + h
=

1

1:4 � 10�4
7:5 � 2:5
10

� 13 � 103:

�âáî¤   å®¤¨¬ èãâ®¢®¥ á®¯à®â¨¢«¥¨¥

Rè = 62 � 13 � 103 � 0:8 � 106 �¬ = 0:8 ��¬:

6.7.3. �àã£¨¥ á¯®á®¡ë ¢®§¡ã¦¤¥¨ï à¥§® â®à®¢

�¥§® â®àë, â ª ¦¥ ª ª ¨ ¢®«®¢®¤ë, ¬®¦® ¢®§¡ã¦¤ âì èâëà¥¬, ¯¥-

â«¥© ¨ ç¥à¥§ ®â¢¥àáâ¨¥.

�á«¨ ãáâà®©áâ¢® ¤«ï ¢®§¡ã¦¤¥¨ï ¯à¥¤áâ ¢«ï¥â á®¡®© â®ª¨© ¯à®-

¢®¤¨ª, â®  ¬¯«¨âã¤  ¯®«ï ¢ëà ¦ ¥âáï ç¥à¥§ ¨â¥£à « ®â â®ª  ¯® ¯à®-

¢®¤¨ªã: Z
L

~Es � ~Ie dl;

â.¥.

As = �

R
L

~Es � ~Ie dlR
V

�jHsj2 dV :
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I e
� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ¢®§¡ã-

¦¤¥¨¥ à¥§® â®à  ¯¥â«¥© (á¬. à¨á.).

�á«¨ ¯¥â«ï ª®à®âª , â® ¢ ¯¥à¢®¬ ¯à¨-

¡«¨¦¥¨¨ â®ª ¢¤®«ì ¯¥â«¨ ¬®¦® áç¨-

â âì ¯®áâ®ïë¬. �®£¤  ¨¬¥¥¬

Z
L

~Es � ~Ie dl = Ie

I
L

~Es d~l = Ie

Z
S

rot ~Es � ~n � dS = � j!�Ie

Z
S

~Hs � ~n � dS;

£¤¥ S { ¯®¢¥àå®áâì,  âïãâ ï   ¯¥â«î, ~n { ¥¤¨¨çë© ¢¥ªâ®à ®à¬ «¨

ª íâ®© ¯®¢¥àå®áâ¨. �á«¨ ¯¥â«ï  áâ®«ìª® ¬ « , çâ® Hs � const, â®Z
L

~Es � ~Ie dl = � j!s� � ~Hs � ~nS Ie:

� ª¨¬ ®¡à §®¬, ¨â¥á¨¢®áâì ¢®§¡ã¦¤¥¨ï ¯à®¯®àæ¨® «ì  ¯«®-

é ¤¨ ¯¥â«¨ ¨ ¯¥à¯¥¤¨ªã«ïà®© ª ¥© á®áâ ¢«ïîé¥© ¢¥ªâ®à®© äãª-

æ¨¨ ~Hs. �®íâ®¬ã ¤«ï íää¥ªâ¨¢®£® ¢®§¡ã¦¤¥¨ï ¯¥â«ï ¤®«¦  ¡ëâì

¯®¬¥é¥  ¢ ¯ãç®áâ¨ ¬ £¨â®£® ¯®«ï ¯¥à¯¥¤¨ªã«ïà® ¬ £¨âë¬ á¨-

«®¢ë¬ «¨¨ï¬.

� «®£¨ç® ¬®¦® ¯®ª § âì, çâ® èâëàì ( â¥ã) á«¥¤ã¥â ¯®¬¥é âì

¢ ¯ãç®áâ¨ í«¥ªâà¨ç¥áª®£® ¯®«ï â ª, çâ®¡ë  ¯à ¢«¥¨¥ èâëàï á®¢¯ -

¤ «® á  ¯à ¢«¥¨¥¬ í«¥ªâà¨ç¥áª¨å á¨«®¢ëå «¨¨©. �â¢¥àáâ¨¥ ¥®¡å®-

¤¨¬® à §¬¥é âì â ª, çâ®¡ë ®® ¯¥à¥á¥ª «® «¨¨¨ â®ª®¢   ¯®¢¥àå®áâ¨.

6.8. �¥§® â®à ª ª í«¥¬¥â «¨¨¨ ¯¥à¥¤ ç¨

�¥§® â®à, ¯à¨á®¥¤¨¥ë© ª «¨¨¨ ¯¥à¥¤ ç¨, ¬®¦® à áá¬ âà¨¢ âì

ª ª ®ª®¥ç®¥ ãáâà®©áâ¢® { ¤¢ãå¯®«îá¨ª, ¤«ï ª®â®à®£® ¬®¦¥â ¡ëâì

 ©¤¥® ¢å®¤®¥ á®¯à®â¨¢«¥¨¥.
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6.8.1. �å®¤®¥ á®¯à®â¨¢«¥¨¥ à¥§® â®à 

z

S S1

� áá¬®âà¨¬ à¥§® â®à { ®¡ê¥¬,

®£à ¨ç¥ë© ¨¤¥ «ì® ¯à®¢®¤ï-

é¥© ¯®¢¥àå®áâìî S, á¢ï§ ë© á

¢®«®¢®¤®¬ ç¥à¥§ ®â¢¥àáâ¨¥ (á¬.

à¨á.). �®¬¥áâ¨¬ ¢ ¢®«®¢®¤¥ ª®-

à®âª®§ ¬ëª îéãî ¯« áâ¨ã ¢ á¥-

ç¥¨¨ S1. � ááâ®ï¨¥ íâ®© ¯« áâ¨-

ë ®â ®â¢¥àáâ¨ï ¢ë¡¥à¥¬ â ª, çâ®-

¡ë   ®â¢¥àáâ¨¨ ¨¬¥«® ¬¥áâ® à -

¢¥áâ¢®
ã«î â £¥æ¨ «ì®© ª®¬¯®¥âë í«¥ªâà¨ç¥áª®£® ¯®«ï. �®£¤  ®¤®¢à¥-

¬¥® ¢ íâ®¬ ¦¥ ¬¥áâ¥ ¡ã¤¥â à ¢  ã«î ®à¬ «ì ï á®áâ ¢«ïîé ï

¬ £¨â®£® ¯®«ï, â.¥. ¢ë¯®«ïîâáï £à ¨çë¥ ãá«®¢¨ï   ¨¤¥ «ì® ¯à®-

¢®¤ïé¥© ¯®¢¥àå®áâ¨. �®íâ®¬ã ç áâ®â  á¢®¡®¤ëå ª®«¥¡ ¨© á«®¦®£®

à¥§® â®à , á®áâ®ïé¥£® ¨§ á®¡áâ¢¥® à¥§® â®à  ¨ ®âà¥§ª  ¢®«®¢®¤ 

á ª®à®âª®§ ¬ëª îé© ¯« áâ¨®© ¢ á¥ç¥¨¨ S1, ¡ã¤¥â à ¢  ç áâ®â¥ á¢®-

¡®¤ëå ª®«¥¡ ¨© à¥§® â®à  ¡¥§ ®â¢¥àáâ¨ï.

�®¡áâ¢¥ë¥ ¢¥ªâ®àë¥ äãªæ¨¨ â ª®£® à¥§® â®à  ®¡®§ ç¨¬ ~Es ¨
~Hs. �¥ç¥¨¥ S1 ¯à¨ íâ®¬ ¤®«¦® ¡ëâì   â ª®¬ à ááâ®ï¨¨ ®â ®â¢¥à-

áâ¨ï, çâ®¡ë ¢®§¨ªè¨¥ ã ®â¢¥àáâ¨ï ¢ëáè¨¥ ¬®¤ë ¡ë«¨ ¡«¨§ª¨ ª ã«î ¢

íâ®¬ á¥ç¥¨¨. � ¯à®æ¥áá¥ á¢®¡®¤ëå ª®«¥¡ ¨© í«¥ªâà®¬ £¨â®¥ ¯®«¥

¯à®¨ª ¥â ¨§ à¥§® â®à  ¢ ¢®«®¢®¤, ¯à¨ç¥¬ ¢¡«¨§¨ ®â ª®à®âª®§ ¬ë-

ª îé¥© ¯« áâ¨ë ®® ¯à ªâ¨ç¥áª¨ á®¢¯ ¤ ¥â á ¯®«¥¬ ®á®¢®© ¬®¤ë

¢ ¢®«®¢®¤¥. � á¨«ã áª § ®£® ¤«ï á¥ç¥¨ï S1 á®¡áâ¢¥ë¥ äãªæ¨¨

à ¢ë

~Est = 0; ~Hst = j�1s � ~h(x; y);

£¤¥ ~h(x; y) { ¯®¯¥à¥ç ï ¢¥ªâ®à ï äãªæ¨ï ¤«ï ®á®¢®© ¬®¤ë ¢ ¢®«®-

¢®¤¥, ~Est, ~Hst { â £¥æ¨ «ìë¥ á®áâ ¢«ïîé¨¥ í«¥ªâà¨ç¥áª®£® ¨ ¬ £¨â-

®£® ¯®«ï   ª®à®âª®§ ¬ëª îé© ¯« áâ¨¥, �1s { ¢¥«¨ç¨ , å à ªâ¥à¨§ã-

îé ï á¢ï§ì à¥§® â®à  á ¢®«®¢®¤®¬. � ¬¥â¨¬, çâ® �1s ¯à¥¤¯®« £ ¥âáï

¢¥é¥áâ¢¥®© ¢¥«¨ç¨®©. �®£¤  ~Hst { ¬¨¬ ï ¢¥«¨ç¨ .

�¤ «¨¬ â¥¯¥àì ¯« áâ¨ã ¨ à áá¬®âà¨¬ ¢®§¡ã¦¤¥¨¥ à¥§® â®à  ç¥-

à¥§ ¢®«®¢®¤. � á¥ç¥¨¨ S1 (¢ ¢®«®¢®¤¥) ¯®«¥ ¨¬¥¥â ¢¨¤

~E¯®¯ = U1 � ~e(x; y); ~H¯®¯ = I1 � ~h(x; y):
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�«¥ªâà®¬ £¨â®¥ ¯®«¥ ¢ à¥§® â®à¥ ¬®¦® â¥¯¥àì ¢ëç¨á«ïâì ¯® íâ®¬ã

¯®«î, § ¤ ®¬ã   ¯®¢¥àå®áâ¨ á¥ç¥¨ï S1. �«ï íâ¨å ¢ëç¨á«¥¨© ¯®«¥

á¯à ¢  ®â á¥ç¥¨ï S1 ¬®¦¥â ¡ëâì § ¬¥¥® í«¥ªâà¨ç¥áª¨¬ ¨ ¬ £¨âë¬

¯®¢¥àå®áâë¬¨ â®ª ¬¨   S1:

~Ke = ~H¯®¯ � ~n = � ~H¯®¯ � ~z0;
~Km = � ~E¯®¯ � ~n = ~E¯®¯ � ~z0;

£¤¥ ~z0 { ¥¤¨¨çë© ¢¥ªâ®à ¢  ¯à ¢«¥¨¨ à¥§® â®à .

�á«¨ ®¡à â¨âìáï ª à §¤¥«ã 6.7, â® ¢®§¡ã¦¤¥®¥ ¯®¢¥àå®áâë¬¨ â®-

ª ¬¨ ¬ £¨â®¥ ¯®«¥ ¢ à¥§® â®à¥ à ¢®

~H = Bs � ~Hs:

�¤¥áì Bs { ª®íää¨æ¨¥â ¢ à §«®¦¥¨¨ ¯®«ï ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬:

Bs =
as! � bs!s

j(!2 � !2s)
;

£¤¥

as = �

R
S1

~Ke
~E�s dS

�
R
V

~Hs
~H�
s dV

; bs =

R
S1

~Km
~H�
s dS

�
R
V

~Hs
~H�
s dV

:

� ¬¥â¨¬, çâ® as = 0, â ª ª ª ~Es = ~Est = 0   S1. � â® ¦¥ ¢à¥¬ï

¬ £¨â®¥ ¯®«¥ H   ¯®¢¥àå®áâ¨ S1 ¬®¦¥â ¡ëâì  ©¤¥® á ãç¥â®¬ â®£®,

çâ®

~H¯®¯ = Bs
~Hs = Bs

~Hst = Bs jk1s ~h(x; y):

�à ¢¨¢ ï íâ® á ¯à¥¤ë¤ãé¨¬ ¢ëà ¦¥¨¥¬ ¤«ï ~H¯®¯,  ©¤¥¬

I1 = j Bs �1s:

�ëç¨á«¨¢ Bs ç¥à¥§ U1, ¬ë  ©¤¥¬ á¢ï§ì ¬¥¦¤ã â®ª®¬ ¨  ¯àï¦¥¨¥¬,

çâ® ¯®§¢®«¨â  ©â¨ ¢å®¤ãî ¯à®¢®¤¨¬®áâì à¥§® â®à  ¢ á¥ç¥¨¨ S1.

�â®¡ë  ©â¨ Bs, ã¦® ¯®¤áâ ¢¨âì ¢ ¢ëà ¦¥¨¥ ¤«ï bs ¯®¢¥àå®áâ-

ãî ¯«®â®áâì ¬ £¨â®£® â®ª  ~Km = ~E¯®¯ � ~z0:
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bs =

R
S1

~Km
~H�
s dS

�
R
V

~Hs
~H�
s dV

=

R
S1

( ~E¯®¯ � ~z0) ~H�
s dS

�
R
V

~Hs
~H�
s dV

=

R
S1

( ~E¯®¯ � ~Hs)~z0 dS

�
R
V

~Hs
~H�
s dV

=

=

jk1sU1
R
S1

(~e� ~h)~z0 dS

�
R
V

~Hs
~H�
s dV

:

�¤¥áì ãçâ¥®, çâ® ~H�
s = � ~Hs, â ª ª ª ~Hs { ç¨áâ® ¬¨¬ ï ¢¥«¨ç¨ .

�ç¨âë¢ ï ®à¬¨à®¢ªã ~e ¨ ~h, ¤«ï bs ¯®«ãç¨¬

bs =
j�1sU1

�
R
V

~Hs
~H�
s dV

:

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï Bs, ¯®«ãç¨¬

Bs = � U1�1s!s

!2 � !2s

1

�
R
V

~Hs
~H�
s dV

:

�ç¨âë¢ ï ¯à¨¢¥¤¥®¥ à ¥¥ ¢ëà ¦¥¨¥ ¤«ï â®ª , ¨¬¥¥¬

I1 = j Bs �1s =
�21s!s

j(!2 � !2s)

1

�
R
V

~Hs
~H�
s dV

U1:

� ®¥ á®®â®è¥¨¥ ¯®§¢®«ï¥â  ©â¨ ¯à®¢®¤¨¬®áâì à¥§® â®à , à áá¬ -

âà¨¢ ¥¬®£® ª ª ®ª®¥ç®¥ ãáâà®©áâ¢® (¨«¨  £àã§ª ) ¢®«®¢®¤ :

Y1 =
I1

U1
=

�21s !s

j(!2 � !2s)

1

�
R
V

~Hs
~H�
s dV

:

�ç¨âë¢ ï ¢ëá®ªãî ¤®¡à®â®áâì, íâ® ¢ëà ¦¥¨¥ ¬®¦® ¯à¨¢¥áâ¨ ª ¢¨¤ã

Y1 =
1

1 + jQsx

Qs �
2
1s

!s�
R
V

~Hs
~H�
s dV

:

�®¦® ¯®ª § âì, çâ® ¢¥«¨ç¨ 
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G1 =
Qs �

2
1s

!s�
R
V

~Hs
~H�
s dV

¢¥é¥áâ¢¥  ¨ ¯®«®¦¨â¥«ì . �¥é¥áâ¢¥®áâì ¨ ¯®«®¦¨â¥«ì®áâì á«¥-

¤ãîâ ¨§ â®£®, çâ® �1s { ¢¥é¥áâ¢¥ ï ¢¥«¨ç¨ . �®á«¥¤¥¥ á«¥¤ã¥â ¨§

á®®â®è¥¨ï, ¯à¨¢¥¤¥®£® ¢ëè¥:

~Hst = j�1s � ~h(x; y):
� ª ª ª ¯à¨ á¢®¡®¤ëå ª®«¥¡ ¨ïå ¢ à¥§® â®à¥ ¯®«¥ ¢® ¢á¥å â®çª å

ª®«¥¡«¥âáï ¢ ®¤®© ä §¥ (¨«¨ ¯à®â¨¢®ä §¥), â® ¬®¦® áç¨â âì, çâ® Hst

{ ¬¨¬ ï äãªæ¨ï, ~h { ¢¥é¥áâ¢¥ ï äãªæ¨ï, â®£¤  �1s ¢¥é¥áâ¢¥ .

�â ª, ¢ á¥ç¥¨¨ S1

Y1 =
G1

1 + jQsx
:

C

L

G

1

1

1

� ª®© ¯à®¢®¤¨¬®áâìî ®¡« ¤ ¥â

¯®á«¥¤®¢ â¥«ìë© à¥§® áë©

ª®âãà, ª®â®àë© ¬®¦¥â ¡ëâì

¯à¨ïâ ¢ ª ç¥áâ¢¥ íª¢¨¢ «¥â®©

áå¥¬ë à¥§® â®à  ¢ á¥ç¥¨¨ S1
(á¬. à¨á). �¥à¥©¤¥¬ â¥¯¥àì ª

á¥ç¥¨î S2, ®âáâ®ïé¥¬ã ®â S1
  à ááâ®ï¨¥ �=4, â.¥. ç¥â¢¥àâì

¢®«ë ¢ ¢®«®¢®¤¥. �å®¤®¥

á®¯à®â¨¢«¥¨¥ ¢ íâ®© ¯«®áª®áâ¨

Z2 =
Z2
0

Z1
= Z2

0 Y1 =
Z2
0 G1

1 + jQsx
=

R2

1 + jQsx
:

C2

2R2L

� ª¨¬ á®¯à®â¨¢«¥¨¥¬ ®¡« ¤ ¥â

¯ à ««¥«ìë© à¥§® áë© ª®-

âãà, ª®â®àë© ¬®¦¥â ¡ëâì ¯à¨-

ïâ ¢ ª ç¥áâ¢¥ íª¢¨¢ «¥â®© áå¥-

¬ë à¥§® â®à  ¢ á¥ç¥¨¨ S2 (á¬.

à¨á.). �®¦®  ©â¨ ¡¥áª®¥ç®¥

ç¨á«® ç¥à¥¤ãîé¨åáï ¯«®áª®áâ¥©,

¢
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ª®â®àëå à¥§® â®à ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥ íª¢¨¢ «¥â®© áå¥¬®© ¯®-

á«¥¤®¢ â¥«ì®£® ¨«¨ ¯ à ««¥«ì®£® à¥§® á®£® ª®âãà  ¢¡«¨§¨ ç áâ®-

âë !0s. �â¨ ¯«®áª®áâ¨  §ë¢ îâ ¯«®áª®áâï¬¨ íª¢¨¢ «¥â®£® ¯à¥¤áâ -

¢«¥¨ï.

�®«ì§ãïáì íª¢¨¢ «¥â®© áå¥¬®©, ¬®¦® ¢ëïá¨âì àï¤ á¢®©áâ¢ à¥§®-

 â®à , ¯à¨á®¥¤¨¥®£® ª «¨¨¨.

�á«¨ «¨¨ï á®£« á®¢  , â® ¤«ï á¢®¡®¤ëå ª®«¥¡ ¨© ¨¬¥¥â ¬¥áâ®

áå¥¬ , ¯à¥¤áâ ¢«¥ ï   à¨á.

Z 0L RC

�à¨ íâ®¬ í¥à£¨ï à áá¥¨¢ ¥âáï ¢ á®¯à®â¨¢«¥¨¨ R { ¯®â¥à¨ ¢ãâà¨ à¥-

§® â®à , ¨ ¢ á®¯à®â¨¢«¥¨¨ Z0 { ¯®â¥à¨   ¨§«ãç¥¨¥ ¢ «¨¨¨. �â®-

è¥¨¥ íâ¨å ¬®é®áâ¥© à ¢®

PZ0

PR
=

R

Z0
=

Y0

G
:

� â® ¦¥ ¢à¥¬ï

PZ0

PR
=

Q0

Q¢

:

�«¥¤®¢ â¥«ì®,

Q0

Q¢

=
R

Z0
=

Y0

G
:

� ®¥ ®â®è¥¨¥  §ë¢ îâ ª®íää¨æ¨¥â®¬ á¢ï§¨ �:

� =
Q0

Q¢

=
R

Z0
=

Y0

G
=

PZ0

PR
:

� £àã¦¥ ï ¤®¡à®â®áâì ®¯à¥¤¥«ï¥âáï á®®â®è¥¨¥¬

1

Q

=
1

Q0

+
1

Q¢

=
1

Q0

(1 +
Q0

Q¢

) =
1

Q0

(1 + �);
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®âªã¤ 

Q =
Q0

1 + �
:

� ©¤¥¬ ª®íää¨æ¨¥â ®âà ¦¥¨ï ¯ à ««¥«ì®£® à¥§® á®£® ª®-

âãà , ¯à¨á®¥¤¨¥®£® ª «¨¨¨ ¯¥à¥¤ ç¨ á ¢®«®¢®© ¯à®¢®¤¨¬®áâìî Y0:

� =
Y0 � Yk

Y0 + Yk
;

£¤¥ ¯à®¢®¤¨¬®áâì ¯ à ««¥«ì®£® ª®âãà  Yk à ¢ 

Yk = G (1 + jQ0x);

¯à¨ç¥¬ G = 1=R.

�à¨ à¥§® á¥ x = 0, ¨ ª®íää¨æ¨¥â ®âà ¦¥¨ï à ¢¥

�0 =
Y0 � G

Y0 + G
=

Y0=G � 1

Y0=G + 1
=

� � 1

� + 1
:

�  ï ä®à¬ã«  ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ���� ¢ «¨¨¨ ¯à¨ à¥§® -

á¥:

�0 =
1 + j�0j
1 � j�0j =

� + 1 + j� � 1j
� + 1 � j� � 1j :

�à¨ � > 1 (á¨«ì ï á¢ï§ì)

�0 =
� + 1 + � � 1

� + 1 � � + 1
= �:

�à¨ � < 1 (á« ¡ ï á¢ï§ì)

�0 =
� + 1 � � + 1

� + 1 + � � 1
=

1

�
:

�®é®áâì ¯ ¤ îé¥© ¢®«ë à áá¥¨¢ ¥âáï ¯®«®áâìî ¢ à¥§® â®à¥ (¡¥§

®âà ¦¥¨©) ¯à¨ �0 = 1, â.¥. ¯à¨ � = 1. �à¨ íâ®¬ ¢¥èïï ¤®¡à®â®áâì

à ¢  á®¡áâ¢¥®©.

�à¨ x 6= 0 ª®íää¨æ¨¥â ®âà ¦¥¨ï à¥§® â®à  à ¢¥

� =
Y0 � G (1 + jQ0x)

Y0 + G (1 + jQ0x)
=

2Y0 � [Y0 + G (1 + jQ0x)]

Y0 + G (1 + jQ0x)
=
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=
2Y0

Y0 + G (1 + jQ0x)
� 1 =

2Y0

Y0 + G + jGQ0x)
� 1;

¨«¨

� =
�0 + 1

1 + jQx
� 1;

£¤¥ �0 + 1 =
2Y0

Y0 +G
,
Y0
G

= �, Q =
Q0

1 + �
{  £àã¦¥ ï ¤®¡à®â®áâì.

�à¥¤áâ ¢¨¬ â¥¯¥àì § ¢¨á¨¬®áâì ª®íää¨æ¨¥â  ®âà ¦¥¨ï ®â ç áâ®-

âë ¢ ª®¬¯«¥ªá®© ¯«®áª®áâ¨ ª®íää¨æ¨¥â  ®âà ¦¥¨ï (á¬. à¨á.).

x=0

P= (x=x½
)

0½P

1

Γ

Γ0

ω
Γ + 1

�®à¬ã«ã ¤«ï ª®íää¨æ¨¥â  ®âà ¦¥¨ï ¬®¦® § ¯¨á âì á«¥¤ãîé¨¬

®¡à §®¬:

� + 1 =
�0 + 1

1 + jQx
:

�¥¢ ï ç áâì íâ®£® à ¢¥áâ¢  ¯à®¯®àæ¨® «ì   ¯àï¦¥¨î   § ¦¨-

¬ å à¥§® â®à  ¢ ¯«®áª®áâ¨ S2. � ¢¨á¨¬®áâì � + 1 ®â ç áâ®âë ¬®¦¥â

¡ëâì ¯à¥¤áâ ¢«¥    ªàã£®¢®© ¤¨ £à ¬¬¥. �á«¨ � > 1, â® �0 > 0, ¨

®ªàã¦®áâì ®å¢ âë¢ ¥â  ç «® ª®®à¤¨ â. �á«¨ ¦¥ � < 1, â® �0 < 0,

¨ ®ªàã¦®áâì ¥ ®å¢ âë¢ ¥â  ç «® ª®®à¤¨ â. �à¨ � = 1 ®ªàã¦®áâì

¯à®å®¤¨â ç¥à¥§  ç «® ª®®à¤¨ â (� = 0).

� ©¤¥¬ ¬®é®áâì, à áá¥¨¢ ¥¬ãî ¢ à¥§® â®à¥:

P = P¯ ¤ (1 � j�j2):
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j�j2 =

�����0 + 1 � 1 � jQx

1 + jQx

���� =
�20 + Q2

x
2

1 + Q2
x

2
:

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï P ,  å®¤¨¬

P = P¯ ¤(1 � �20 + Q2
x

2

1 + Q2
x

2
) = P¯ ¤

1 � �20
1 + Q2

x
2
=

=
P0

1 + Q2
x

2
:

�¤¥áì P0 = P¯ ¤(1 � �20) { ¬®é®áâì, à áá¥¨¢ ¥¬ ï ¢ à¥§® â®à¥ ¯à¨

à¥§® á¥.

�®é®áâì ã¬¥ìè ¥âáï ¢¤¢®¥, ¥á«¨

Qx = � 1;

ç¥¬ã á®®â¢¥âáâ¢ã¥â ®â®á¨â¥«ì ï à ááâà®©ª 

x1=2 =
2�f1=2

f0
=

1

Q

:

6.8.2. �à¨¬¥¥¨¥ à¥§® â®à®¢

�¥§® â®àë ¯à¨¬¥ïîâáï ¢ ª ç¥áâ¢¥ í«¥¬¥â®¢ ��� í«¥ªâà®¢ ªãã¬ëå

¯à¨¡®à®¢ ¢® ¢å®¤ëå ¨ ¢ëå®¤ëå æ¥¯ïå,   â ª¦¥ ¢ ª ç¥áâ¢¥ ä¨«ìâà®¢ ¨

¢®«®¬¥à®¢.

�®£¤  à¥§® â®à ¯à¨¬¥ï¥âáï ¢ ª ç¥áâ¢¥ ä¨«ìâà , â® ® ¨¬¥¥â ¤¢¥

á¢ï§¨ (á¬. à¨á.).

1 2

� ¦ë¬ âà¥¡®¢ ¨¥¬ ¯à¨ íâ®¬

¯à¨¬¥¥¨¨ ï¢«ï¥âáï ¯¥à¥¤ ç 

í¥à£¨¨ ¨§ ®¤®© «¨¨¨ ¢ ¤àã£ãî

  à¥§® á®© ç áâ®â¥ á ¬ «ë¬¨

¯®â¥àï¬¨. �«ï íâ®£® à¥§® â®à

¤®«¦¥ ¡ëâì á®£« á®¢  á® áâ®à®-

ë ¢å®¤ , â.¥. ª®íää¨æ¨¥â á¢ï§¨

á® áâ®à®ë ¢å®¤  ¤®«¦¥ ¡ëâì à -

¢¥

�01 =
Q00
Q¢1

= 1:
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�¥«¨ç¨  Q00 ®¯à¥¤¥«ï¥âáï ¢¥«¨ç¨ ¬¨ Q0 ¨ Q¢2:

1

Q00
=

1

Q¢2

+
1

Q0

=
1

Q0

(1 +
Q0

Q¢2

) =
1 + �2

Q0

:

�âáî¤  ¯®«ãç ¥¬

Q00 =
Q0

1 + �2
:

� ª¨¬ ®¡à §®¬, ãá«®¢¨¥ á®£« á®¢ ¨ï ¢å®¤  ¬®¦¥â ¡ëâì § ¯¨á ® ¢ ¢¨¤¥

Q0

Q¢1 (1 + �2)
= 1;

¨«¨

�1

1 + �2
= 1:

�¤¥áì �1 ¨ �2 { ª®íää¨æ¨¥âë á¢ï§¨ ¤«ï á®®â¢¥âáâ¢¥® ¯¥à¢®£® ¨ ¢â®-

à®£® ¢å®¤®¢.

�á«¨ �1 � 1 ¨ �2 � 1, â® ãá«®¢¨¥ á®£« á®¢ ¨ï ¨¬¥¥â ¢¨¤

�1 � �2:

�¤ ª® ¤ ¦¥ ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï á®£« á®¢ ¨ï ç áâì ¬®é®áâ¨

à áá¥¨¢ ¥âáï ¢ áâ¥ª å á ¬®£® à¥§® â®à . �â®è¥¨¥ íâ®© ¬®é®áâ¨ ª

¬®é®áâ¨, ¯¥à¥¤ ¢ ¥¬®© ç¥à¥§ ¢â®à®© ¢å®¤   ¯®«¥§ãî  £àã§ªã, à ¢®

Q0

Q¢2

= �2:

�âáî¤  ª®íää¨æ¨¥â ¯¥à¥¤ ç¨ ¯® ¬®é®áâ¨ à¥§® á®£® ä¨«ìâà  à -

¢¥

� =
�2

1 + �2
=

�2

�1
:

�á«¨ ¢ë¯®«¥ë ãá«®¢¨ï �1 � 1, �2 � 1 ¨ �1 � �2, â® ª®íää¨æ¨¥â

¯¥à¥¤ ç¨ ¯® ¬®é®áâ¨ � ¡«¨§®ª ª 1.

�®«®á  ¯à®¯ãáª ¨ï ä¨«ìâà  ®¯à¥¤¥«ï¥âáï  £àã¦¥®© ¤®¡à®â®-

áâìî, ã¤®¢«¥â¢®àïîé¥© á®®â®è¥¨î
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1

Q

=
1

Q¢1

+
1

Q¢2

+
1

Q0

=
1

Q0

(1 + �1 + �2);

®âªã¤ 

Q =
Q0

1 + �1 + �2
:

�¥§® â®àë ¯à¨¬¥ïîâáï â ª¦¥ ¢ ª ç¥áâ¢¥ ¢®«®¬¥à®¢. �à¨ íâ®¬

®¨ ¤®«¦ë ¡ëâì ®¡®àã¤®¢ ë ¬¥å ¨§¬®¬ £à ¤ã¨à®¢ ®© ¯¥à¥áâà®©-

ª¨. � é¥ ¢á¥£® ¢®«®¬¥à ¨¬¥¥â ¤¢¥ á¢ï§¨, ¯à¨ç¥¬ ®¤  á«ã¦¨â ¤«ï

¢®§¡ã¦¤¥¨ï,   ¤àã£ ï { ¤«ï ¨¤¨ª æ¨¨, ¢ ¥¥ áâ ¢¨âáï ¤¥â¥ªâ®à. �¡¥

á¢ï§¨ ¢ íâ®¬ á«ãç ¥ ¢ë¡¨à îâ á« ¡ë¬¨, çâ®¡ë ®¡¥á¯¥ç¨âì ¬ ªá¨¬ «ì-

ãî ¤®¡à®â®áâì.

7. ���������������� �����

� ������������� �����

� ���-â¥å¨ª¥  å®¤ïâ ¯à¨¬¥¥¨¥ ä¥àà¨¬ £¥â¨ª¨ { ä¥àà¨âë, ¨¬¥-

îé¨¥ ¢ëá®ªãî ¬ £¨âãî ¯à®¨æ ¥¬®áâì ¨ ¢ â® ¦¥ ¢à¥¬ï ®ç¥ì ¬ «ãî

¯à®¢®¤¨¬®áâì. �« £®¤ àï íâ®¬ã ¢ ¨å ¬®£ãâ à á¯à®áâà ïâìáï á ¬ «ë¬

§ âãå ¨¥¬ í«¥ªâà®¬ £¨âë¥ ¢®«ë.

7.1. �¢®©áâ¢  ä¥àà¨â®¢

�§¢¥áâ®, çâ® ¬ £¨âë¥ á¢®©áâ¢  ä¥àà¨â®¢ ®¡ãá«®¢«¥ë á¯¨®¢ë¬ ¬ £-

¨âë¬ ¬®¬¥â®¬ í«¥ªâà® . � ¦¤ ï ïç¥©ª  ªà¨áâ ««¨ç¥áª®© à¥è¥âª¨

ä¥àà¨â  á®¤¥à¦¨â ¥áª®¬¯¥á¨à®¢ ë© ¬®¬¥â í«¥ªâà® . � ¬ £¨-

ç¥®áâì ä¥àà¨â  á¢ï§   á ®à¨¥â æ¨¥© ¬ £¨â®£® ¬®¬¥â  í«¥ªâà® .

�à®¬¥ ¬ £¨â®£® ¬®¬¥â  í«¥ªâà® ¨¬¥¥â â ª¦¥ ¬¥å ¨ç¥áª¨© ¬®-

¬¥â. �¥ªâ®àë ¬ £¨â®£® ¨ ¬¥å ¨ç¥áª®£® ¬®¬¥â®¢ í«¥ªâà®   ¯à -

¢«¥ë ¢ ¯à®â¨¢®¯®«®¦ë¥ áâ®à®ë ¢á«¥¤áâ¢¨¥ ®âà¨æ â¥«ì®£® § àï¤ :

~me = �  ~K;

£¤¥  =
e
m
� 1:76�1011 �«/ª£ { £¨à®¬ £¨â®¥ ®â®è¥¨¥ ¤«ï í«¥ªâà® .

�á«¨ í«¥ªâà®  å®¤¨âáï ¢ ¬ £¨â®¬ ¯®«¥ ~H , â®   ¥£® ¤¥©áâ¢ã¥â

¢à é îé¨© ¬®¬¥â
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~T = �0 � (~me � ~H);

¯®¤ ¤¥©áâ¢¨¥¬ ª®â®à®£® ¯à®¨áå®¤¨â ¨§¬¥¥¨¥ ¬¥å ¨ç¥áª®£® ¬®¬¥â 

á® áª®à®áâìî

d ~K

dt
= ~T = �0 � (~me � ~H):

�á«¨ ¯®¤áâ ¢¨âì áî¤  ~me = � ~K ,â® ¯®«ãç¨¬ (¯®á«¥ ¯¥à¥áâ ®¢ª¨ á®-

¬®¦¨â¥«¥©)

d ~K

dt
= �0 ~H � ~K:

� ®¥ á®®â®è¥¨¥ ¯®ª §ë¢ ¥â, çâ® ¢¥ªâ®à ~K ¢à é ¥âáï ®ª®«®  ¯à -

¢«¥¨ï ~H á ã£«®¢®© ç áâ®â®© (ç áâ®â  ®¤®à®¤®© ¯à¥æ¥áá¨¨)

!0 = �0 j ~H j;
¯à¨ç¥¬ ¢à é¥¨¥ ®¡à §ã¥â á ¬ £¨âë¬ ¯®«¥¬ ~H ¯à ¢ë© ¢¨â.

�á«¨ â¥¯¥àì ã¬®¦¨âì «¥¢ãî ¨ ¯à ¢ãî ç áâ¨ ãà ¢¥¨ï   �n,
£¤¥ n { ç¨á«® í«¥ªâà®®¢ { ¬ £¨âëå ¤¨¯®«¥© ¢ ¥¤¨¨æ¥ ®¡ê¥¬ , â®

¯®«ãç¨¬ ãà ¢¥¨¥ ¤¢¨¦¥¨ï ¢¥ªâ®à   ¬ £¨ç¥®áâ¨ ~M ( ~M = n ~me)

d ~M

dt
= �0 ( ~H � ~M):

� ª¨¬ ®¡à §®¬, ¢ ¯à¨áãâáâ¢¨¨ ¯®áâ®ï®£® ¬ £¨â®£® ¯®«ï ¢¥ªâ®à

 ¬ £¨ç¥®áâ¨ ¯à¥æ¥áá¨àã¥â ¢®ªàã£ ¬ £¨â®£® ¯®«ï á ç áâ®â®© !0.

�á«¨ ¡ë ¥ ¡ë«® § âãå ¨ï, â® ¯à¥æ¥áá¨ï ¯à®¤®«¦ « áì ¥®£à ¨ç¥-

® ¤®«£®. �¤ ª® ¡« £®¤ àï ¢§ ¨¬®¤¥©áâ¢¨î ¯à¥æ¥áá¨àãîé¥£® á¯¨  á

ªà¨áâ ««¨ç¥áª®© à¥è¥âª®© ¨ ¤àã£¨¬¨ á¯¨ ¬¨ ¨¬¥¥â ¬¥áâ® § âãå ¨¥,

¨ ¢à é¥¨¥ ¯à®¨áå®¤¨â ¯® á¢¥àâë¢ îé¥©áï á¯¨à «¨.

� ªãî ¬®¤¥«ì ä¥àà®¬ £¥â¨ª  ¬®¦® à áá¬ âà¨¢ âì ª ª ª®«¥¡ -

â¥«ìãî á¨áâ¥¬ã á á®¡áâ¢¥®© ç áâ®â®© !0. �¥©áâ¢¨â¥«ì®, ¥á«¨ ~H

 ¯à ¢¨âì ¢¤®«ì ®á¨ z, ¨§ ãà ¢¥¨ï ¤«ï ~K «¥£ª® ¯®«ãç¨âì

dKx

dt
= � !0Ky;

dKy

dt
= !0Kx;
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®âªã¤ , ¨áª«îç ï ¯®®ç¥à¥¤® Kx ¨ Ky, ¯®«ãç¨¬

d2Kx

dt2
+ !20Kx = 0;

d2Ky

dt2
+ !20Ky = 0;

â.¥. ãà ¢¥¨ï ª®«¥¡ ¨© ¡¥§ § âãå ¨ï. � «®£¨çë¥ ãà ¢¥¨ï ¨¬¥îâ

¬¥áâ® ¤«ï á®áâ ¢«ïîé¨å ~M .

� áá¬®âà¨¬ á«ãç ©, ª®£¤  ä¥àà¨â  ¬ £¨ç¥ ®¤®à®¤®, â.¥. ¬ £-

¨âë¥ ¬®¬¥âë ¢á¥å í«¥ªâà®®¢ ¯ à ««¥«ìë. �à¨ íâ®¬ ¬®¦® ¥

ãç¨âë¢ âì ®¡¬¥ë¥ á¨«ë ¬¥¦¤ã á¯¨ ¬¨ í«¥ªâà®®¢. �¥ «ì®  ¬ £-

¨ç¥®áâì ¥ ¡ë¢ ¥â ®¤®à®¤®©, ® ¥á«¨ ¤«¨  ¥®¤®à®¤®áâ¨ ¬®£®

¡®«ìè¥ à ááâ®ï¨ï ¬¥¦¤ã  â®¬ ¬¨, â® ®¡¬¥ë¥ á¨«ë ¬®¦® ¥ ãç¨âë-

¢ âì ¨ ¯à¨ ¥®¤®à®¤®¬  ¬ £¨ç¥¨¨.

� ãª § ëå ãá«®¢¨ïå ¢¥ªâ®à  ¬ £¨ç¥®áâ¨ ~M0 ç¥à¥§ ¥ª®â®à®¥

¢à¥¬ï ¡ã¤¥â ®à¨¥â¨à®¢  ¢¤®«ì ¯à¨«®¦¥®£® ¯®áâ®ï®£® ¯®«ï ~H0,

çâ® á®®â¢¥âáâ¢ã¥â  ¬ £¨ç¥¨î ¤®  áëé¥¨ï.

�á«¨ â¥¯¥àì ¢®§¤¥©áâ¢®¢ âì   ä¥àà¨â á« ¡ë¬ ¯¥à¥¬¥ë¬ ¬ £¨â-

ë¬ ¯®«¥¬ ~h, â® ®® ¢ë§®¢¥â ¬ «ë¥ ®âª«®¥¨ï ¬®¬¥â®¢ ®â ¨å ¯®«®¦¥-

¨ï à ¢®¢¥á¨ï, çâ® ¯à¨¢¥¤¥â ª ¯®ï¢«¥¨î á®®â¢¥âáâ¢ãîé¥© ¯¥à¥¬¥®©

 ¬ £¨ç¥®áâ¨ ~m. �¢ï§ì ¬¥¦¤ã ~m ¨ ~h ®¯à¥¤¥«¨â ¬ £¨âãî ¢®á¯à¨-

¨¬ç¨¢®áâì ä¥àà¨â    ¥ª®â®à®© ç áâ®â¥ !.

�ãáâì ®áì z á®¢¯ ¤ ¥â á  ¯à ¢«¥¨¥¬ ~H0. �®£¤  à¥§ã«ìâ¨àãîé¥¥

¬ £¨â®¥ ¯®«¥ ¡ã¤¥â à ¢®

~H = ~h + ~H0; ~M = ~m + ~M0;

¯à¨ç¥¬ ~H0 ¨ ~M0 ¨¬¥îâ â®«ìª® z-¥ á®áâ ¢«ïîé¨¥. � ª ª ª ¢á¥ ¢¥«¨ç¨ë

¨§¬¥ïîâáï á¨ãá®¨¤ «ì®, â® ¯à®¨§¢®¤ ï ¯® ¢à¥¬¥¨ ®§ ç ¥â ã¬®-

¦¥¨¥   j!. �®£¤ , ®â¡à áë¢ ï ç«¥ë ¢ëáè¥£® ¯®àï¤ª  ¬ «®áâ¨, ¨§

ãà ¢¥¨ï ¤«ï ~M ¯®«ãç ¥¬

j!mx = � �0(myH0 � hyM0);

j!my = �0(mxH0 � hxM0);

j!mz = 0:

� ãî á¨áâ¥¬ã ãà ¢¥¨© ¬®¦® à¥è¨âì ®â®á¨â¥«ì® mx ¨ my:
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mx = � �20
2M0H0

!2 � �20
2H2

0

hx � j
!�0M0

!2 � �20
2H2

0

hy;

my = j
!�0M0

!2 � �20
2H2

0

hx � �20
2M0H0

!2 � �20
2H2

0

hy;

mz = 0:

�á«¨ ®¡®§ ç¨âì

!0 = �0 H0; !M = �0M0;

â® íâ¨ ä®à¬ã«ë ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

mx = � !0 !�

!2 � !20
hx � j

! !�

!2 � !20
hy;

my = j
! !�

!2 � !20
hx � !0 !�

!2 � !20
hy;

mz = 0:

�âáî¤  ¬®£ãâ ¡ëâì  ©¤¥ë á®áâ ¢«ïîé¨¥ ¢¥ªâ®à  ¬ £¨â®© ¨¤ãª-

æ¨¨, ãç¨âë¢ ï, çâ®

~b = �0(~h + ~m):

�¡®§ ç¨¢

� = �0(1 � !0 !�

!2 � !20
)

¨

k = �0
! !�

!2 � !20
;

¤«ï á®áâ ¢«ïîé¨å ¬ £¨â®© ¨¤ãªæ¨¨ ¯®«ãç¨¬

bx = �hx � jk hy;

by = jk hx + �hy;

bz = �0 hz:
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� ¯®á«¥¤¥© áâà®ª¥ ¢¬¥áâ® �0 ®¡ëç® ¯¨èãâ �z, ª®â®à®¥ ¬®¦¥â ¡ëâì

®â«¨ç® ®â �0.

�¢ï§ì ¬¥¦¤ã ~b ¨ ~h ¬®¦¥â ¡ëâì § ¯¨á   ç¥à¥§ â¥§®à ¬ £¨â®©

¯à®¨æ ¥¬®áâ¨ �̂:

~b = �̂~h;

¯à¨ç¥¬ â¥§®à ¬ £¨â®© ¯à®¨æ ¥¬®áâ¨ �̂ à ¢¥

�̂ =


� �jk 0

jk � 0

0 0 �z

 :
�®áâ ¢«ïîé¨¥ â¥§®à  ¬ £¨â®© ¯à®¨æ ¥¬®áâ¨ § ¢¨áïâ ®â ç áâ®âë

à¥§® áë¬ ®¡à §®¬. �¥§® á ¨¬¥¥â ¬¥áâ® ¯à¨ ! = !0 = �0 H0.

�¤ ª® ¯à¨ ®¯à¥¤¥«¥ëå ãá«®¢¨ïå ¬ £¨âãî ¯à®¨æ ¥¬®áâì ¬®¦-

® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áª «ïà . �â® ¬®¦® á¤¥« âì, ¥á«¨ ¯®¯¥à¥ç®¥

¢ëá®ª®ç áâ®â®¥ ¯®«¥ ï¢«ï¥âáï ¢à é îé¨¬áï. �®¦® à §«¨ç âì ¯à -

¢®¥ ¢à é¥¨¥, ®¡à §ãîé¥¥ á ~H ¯à ¢ë© ¢¨â, ¨ «¥¢®¥, ®¡à §ãîé¥¥ á ~H

«¥¢ë© ¢¨â.

z

x

y

h

hx

y

Ho

�«ï ¯à ¢®£® ¢à é¥¨ï, ª ª ¥âàã¤-

® ¢¨¤¥âì (á¬. à¨á.),

hy = � jhx (¨«¨ hx = jhy):

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï bx
¨ by, ¯®«ãç¨¬

bx = �hx � jkhy = �hx � khx = (� � k)hx;

by = jkhx + �hy = � khy + �hy = (� � k)hy:

� ª¨¬ ®¡à §®¬, ¢ ¤ ®¬ á«ãç ¥ ¬ £¨â ï ¯à®¨æ ¥¬®áâì ï¢«ï¥âáï

¤¨ £® «ìë¬ â¥§®à®¬

�̂+ =


�� k 0 0

0 �� k 0

0 0 �z

 ;
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  ¥á«¨ ¢ëá®ª®ç áâ®â®¥ ¬ £¨â®¥ ¯®«¥ ¥ ¨¬¥¥â z-© á®áâ ¢«ïîé¥©, â®

�̂+ áâ ®¢¨âáï áª «ïà®¬:

�+ = � � k = �0(1 � !0 !�

!2 � !20
� ! !�

!2 � !20
) = �0(1 � !�

! � !0
):

� á«ãç ¥ «¥¢®£® ¢à é¥¨ï

hy = jhx (¨«¨ hx = � jhy):

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï bx ¨ by, ¯®«ãç¨¬

bx = �hx � jkhy = �hx + khx = (� + k)hx;

by = jkhx + �hy = khy + �hy = (� + k)hy;

®âªã¤ 

�̂� =


�+ k 0 0

0 �+ k 0

0 0 �z


¨

�� = � + k = �0(1 � !0 !�

!2 � !20
+

! !�

!2 � !20
) = �0(1 +

!�

! + !0
):

� § ¢¨á¨¬®áâ¨ ®â ç áâ®âë �+ ¨ �� ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ £à -

ä¨ª®¢, ¯®ª § ëå   à¨á.

ωm
0ωµ0 )(1 +

ω ω

µ

µ+ µ

-

-

0

,

0µ

� ª ¢¨¤®, �+ ¨¬¥¥â à §àë¢, ª®£¤  ç áâ®â  ¢à é¥¨ï ¯®«ï á®¢¯ ¤ ¥â

á ç áâ®â®© á¢®¡®¤®© ¯à¥æ¥áá¨¨. � ¤¥©áâ¢¨â¥«ì®áâ¨ à §àë¢ ®£à ¨ç¥
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¯®â¥àï¬¨ ¨ ¥«¨¥©®áâìî. �« £®¤ àï ¯®â¥àï¬ ¬ £¨â ï ¯à®¨æ ¥-

¬®áâì ¯à¨®¡à¥â ¥â ¬¨¬ãî á®áâ ¢«ïîéãî.

�®â¥à¨ ¢ ä¥àà¨â¥ ¬®£ãâ ¡ëâì ®¯¨á ë ¤®¯®«¨â¥«ìë¬ ç«¥®¬ ¢

ãà ¢¥¨¨ ¤«ï  ¬ £¨ç¥®áâ¨

d ~M

dt
= �0 ( ~H � ~M) + ~R:

�ãé¥áâ¢ã¥â ¥áª®«ìª® ä®à¬ ¤¨áá¨¯ â¨¢®£® ç«¥ . �à®áâ¥©è ï ¡ë-

«  ¯à¥¤«®¦¥  � ¤ ã ¢ 1935 £.:

~R = � �0

j ~M j
� ( ~M � ( ~H � ~M)):

� ª ï ä®à¬  § ¯¨á¨ ãç¨âë¢ ¥â ¯®â¥à¨ ç¨áâ® ä¥®¬¥®«®£¨ç¥áª¨. �à¨

íâ®¬ ¢¥ªâ®à  ¬ £¨ç¥®áâ¨ ¯à¨¡«¨¦ ¥âáï ¯®  ¯à ¢«¥¨î ª ¢¥ªâ®àã

 ¬ £¨ç¨¢ îé¥£® ¯®«ï (ª à ¢®¢¥á¨î) á® áª®à®áâìî, ¯à®¯®àæ¨® «ì-

®© áª®à®áâ¨ ¢à é¥¨ï ¨ ã£«ã ®âª«®¥¨ï ®â à ¢®¢¥á¨ï. �¥«¨ç¨  �

{ ä¥®¬¥®«®£¨ç¥áª ï ª®áâ â , ®¯¨áë¢ îé ï § âãå ¨¥. �¥«¨ç¨ 

¢¥ªâ®à   ¬ £¨ç¥®áâ¨ ¯à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï ¥¨§¬¥®©.

�á«¨ à¥è¨âì ãà ¢¥¨¥ á ãç¥â®¬ § âãå ¨ï, â® á â®ç®áâìî ¤® ¬ «ëå

¯®àï¤ª  ¢ëè¥ �2 ¯®«ãç¨¬

�+ = �0+ � j�00+ ;

£¤¥

�0+ = �0(1 � !�(!
2 � !20)(! + !0)

(!2 � !20)
2 + 4!2!20�

2
);

�00+ = �0
�!!�(! + !0)

2

(!2 � !20)
2 + 4!2!20�

2
:

�«ï «¥¢®£® ¢à é¥¨ï

�� = �0� � j�00�;

£¤¥

245



�0� = �0(1 � !�(!
2 � !20)(! � !0)

(!2 � !20)
2 + 4!2!20�

2
);

�00� = �0
�!!�(! � !0)

2

(!2 � !20)
2 + 4!2!20�

2
:

�à ä¨ç¥áª¨ íâ® ¯à¥¤áâ ¢«¥®   à¨á.

1

µ +

µ +

µ + µ +

ω
ω0

-

ω
ω0

µ

µ−

,

1

0

0

� ª¨¬ ®¡à §®¬, â®«ìª® �+ ®á¨â à¥§® áë© å à ªâ¥à,   �� { ¥à¥-

§® áë©.

7.2. � á¯à®áâà ¥¨¥ ¯«®áª¨å ¢®« ¢  ¬ £¨ç¥®¬ ä¥àà¨â¥

7.2.1. �à®¤®«ì®  ¬ £¨ç¥ë© ä¥àà¨â

�ã¤¥¬ ¢ ¤ «ì¥©è¥¬ ¯à¥¤¯®« £ âì, çâ® ä¥àà¨â  ¬ £¨ç¥ ¢¤®«ì ®á¨ z.

� áá¬®âà¨¬ à á¯à®áâà ¥¨¥ ¯«®áª®© ¢®«ë ¢  ¯à ¢«¥¨¨ ®á¨ z.

�®«¥ ¢®«ë ¯à¨¬¥â ¢¨¤

~e = ~e0 � e�z; ~h = ~h0 � e�z; ~b = ~b0 � e�z;

¯à¨ç¥¬ ¤«ï ¯«®áª®© ¢®«ë ¢ ¥®£à ¨ç¥®¬ ¯à®áâà áâ¢¥ ¨¬¥¥¬
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@

@x
= 0;

@

@y
= 0;

@

@z
= � :

� á¯à®áâà ¥¨¥ ®¯¨áë¢ ¥âáï ãà ¢¥¨ï¬¨ � ªá¢¥«« :

rot~e = � j!~b;

rot~h = j!"~e:

�áª«îç ï ~e, ¯®«ãç¨¬ ãà ¢¥¨¥

rot rot~h � !2" �~b = 0:

� ¯¨è¥¬ íâ® ãà ¢¥¨¥ ¤«ï á®áâ ¢«ïîé¨å ¢ ¤¥ª àâ®¢®© á¨áâ¥¬¥ ª®®à-

¤¨ â:

graddiv~h � �h � !2" �~b = 0:

� «¥¥,

div~h =
@hx

@x
+

@hy

@y
+

@hz

@z
:

�® ¢ ¯«®áª®© ¢®«¥

@

@x
= 0;

@

@y
= 0;

@

@z
= � ;

¯®íâ®¬ã

div~h = � hz:

� ª ª ª grad ¨¬¥¥â â®«ìª® z-î á®áâ ¢«ïîéãî, â® ãà ¢¥¨¥ ¬®¦¥â

¡ëâì à á¯¨á ® ¯® ¤¥ª àâ®¢ë¬ á®áâ ¢«ïîé¨¬ ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

2hx + !2"bx = 0;

2hy + !2"by = 0;

�2hz + 2hz + !2"bz = 0:
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�§ ¯®á«¥¤¥£® ãà ¢¥¨ï á«¥¤ã¥â, çâ® bz = �zhz = 0, ®âªã¤  hz = 0, â.¥.

¢á¥ ¯à®¤®«ìë¥ á®áâ ¢«ïîé¨¥ ¯®«ï à ¢ë ã«î. �«¥¤®¢ â¥«ì®, ¢ á«ã-

ç ¥ à á¯à®áâà ¥¨ï ¢ ¯à®¤®«ì®  ¬ £¨ç¥®¬ ä¥àà¨â¥ ¯®«¥ ï¢«ï¥âáï

¯®¯¥à¥çë¬.

�á«¨ ¢ ¯¥à¢ë¥ ¤¢  ãà ¢¥¨ï ¯®¤áâ ¢¨âì ¢ëà ¦¥¨ï ¤«ï bx ¨ by ç¥à¥§

hx ¨ hy:

bx = mhx � jk hy;

by = jk hx + �hy;

â® ¯®«ãç¨¬ ãà ¢¥¨ï

(2 + !2�")hx � j!2"k hy = 0;

j!2"k hx + (2 + !2�")hy = 0:

�  ï ®¤®à®¤ ï á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© ®â®á¨â¥«ì® hx,

hy ¨¬¥¥â ¥âà¨¢¨ «ìë¥ à¥è¥¨¨ï ¯à¨ ãá«®¢¨¨ à ¢¥áâ¢  ã«î ®¯à¥¤¥-

«¨â¥«ï

(2 + !2�")2 � (!2"k)2 = 0;

®âªã¤ 

2 + !2�" = � !2"k;

¨«¨

2 = � !2" (� � k);

â.¥.

 = � j!
p
"(� � k) = � j��;

£¤¥

�+ = !
p
(� � k)"; �� = !

p
(� + k)":

�«ï �+ ¨§ ¯¥à¢®£® ãà ¢¥¨ï ¯®«ãç ¥¬ á®®â®è¥¨¥
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!2"k hx � j!2"k hy = 0;

®âªã¤  hx = j hy. � ª®¥ á®®â®è¥¨¥ á®®â¢¥âáâ¢ã¥â ¢®«¥ á ªàã£®¢®©

¯®«ïà¨§ æ¨¥©, ®¡à §ãîé¥© ¯à ¢ë© ¢¨â á Hz . �à¨ íâ®¬

�+ = � � k:

�«ï �� = ! �
p
(�+ k)" ¨¬¥¥¬

hx = � j hy;

â.¥. íâ® { «¥¢®¯®«ïà¨§®¢  ï ¢®« .

� ª¨¬ ®¡à §®¬, à¥è¥¨ï¬¨ ãà ¢¥¨© � ªá¢¥««  ï¢«ïîâáï ¯«®áª¨¥

¢®«ë á ªàã£®¢®© ¯®«ïà¨§ æ¨¥©, ¯à¨ç¥¬ áª®à®áâ¨ à á¯à®áâà ¥¨ï (¨

§ âãå ¨ï) ¢®« á ¯à®â¨¢®¯®«®¦ë¬  ¯à ¢«¥¨¥¬ ¢à é¥¨ï à §«¨çë.

�«ï ¨áá«¥¤®¢ ¨ï à á¯à®áâà ¥¨ï «¨¥©® ¯®«ïà¨§®¢ ®© ¢®«ë

¥¥ á«¥¤ã¥â à §«®¦¨âì   ¤¢¥ á ªàã£®¢®© ¯®«ïà¨§ æ¨¥© á à §«¨çë¬¨

¯®áâ®ïë¬¨ à á¯à®áâà ¥¨ï. � á¢ï§¨ á íâ¨¬  ª ¯«¨¢ ¥âáï à §®áâì

ä §

�' = � l (�+ � ��):

�  áç¥â íâ®£® ¯à®¨áå®¤¨â ¯®¢®à®â ¯«®áª®áâ¨ ¯®«ïà¨§ æ¨¨   ã£®«

� =
�'

2
= � l

2
(�+ � ��):

�á«¨ !0 < !, !� < !, çâ® á®®â¢¥âáâ¢ã¥â á« ¡®¬ã  ¬ £¨ç¥¨î, â®

�+ � �0(1 � !�

!
) ;

p
�+ � p

�0 (1 � !�

2!
) ;

�� � �0(1 +
!�

!
) ;

p
�� � p

�0 (1 +
!�

2!
) :

�®£¤ 

� � � l

2

h
!
p
�0"(1 � !�

2!
) � !

p
�0"(1 +

!�

2!
)
i

=

=
l

2
!�
p
�0";
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â.¥. ¥ § ¢¨á¨â ®â ç áâ®âë. �â¬¥â¨¬, çâ® §¤¥áì " { í«¥ªâà¨ç¥áª ï ¯à®-

¨æ ¥¬®áâì ä¥àà¨â®¢®© áà¥¤ë.

�®¢®à®â ¯«®áª®áâ¨ ¯®«ïà¨§ æ¨¨ ¯à¨ á« ¡®¬  ¬ £¨ç¥¨¨ á®áâ ¢«ï-

¥â ¯à ¢ë© ¢¨â á  ¯à ¢«¥¨¥¬  ¬ £¨ç¨¢ îé¥£® ¯®«ï ¥§ ¢¨á¨¬® ®â

 ¯à ¢«¥¨ï à á¯à®áâà ¥¨ï. �á«¨ ¨§¬¥¨âì  ¯à ¢«¥¨¥ ¬ £¨â®£®

¯®«ï, â® ¯®¢®à®â ¯«®áª®áâ¨ ¯®«ïà¨§ æ¨¨ ¨§¬¥¨â § ª, ® ¯®-¯à¥¦¥¬ã

á®áâ ¢«ï¥â á  ¬ £¨ç¨¢ îé¨¬ ¯®«¥¬ ¯à ¢ë© ¢¨â. �â® á¢®©áâ¢® ¨®-

£¤  ¨á¯®«ì§ã¥âáï ¤«ï á®§¤ ¨ï ¥¢§ ¨¬ëå í«¥¬¥â®¢ ���-â¥å¨ª¨.

�á«¨ ãç¥áâì § âãå ¨¥, â® ¯® ¬¥à¥ à á¯à®áâà ¥¨ï «¨¥©® ¯®«ï-

à¨§®¢  ï ¢®«  ¯à¥¢à é ¥âáï ¢ ¯®«ïà¨§®¢ ãî ¯® í««¨¯áã, â ª ª ª

¯à ¢®¯®«ïà¨§®¢  ï ¢®«  § âãå ¥â ¡ëáâà¥¥. � ª®æ¥ ª®æ®¢ «¨¥©®

¯®«ïà¨§®¢  ï ¢®«  ¬®¦¥â ¯à¥¢à â¨âìáï ¢ ¯®«ïà¨§®¢ ãî ¯® ªàã£ã.

�á®¡¥® ¡ëáâà® íâ® ¯à®¨áå®¤¨â ¢¡«¨§¨ à¥§® á .

� ¬ £¨â®¬ ¯®«¥, ¡®«ìè¥¬ à¥§® á®£® § ç¥¨ï, ¢à é¥¨¥ ¯«®á-

ª®áâ¨ ¯®«ïà¨§ æ¨¨ ¯à®¨áå®¤¨â ¢ ®¡à â®¬  ¯à ¢«¥¨¨.

7.2.2. �®¯¥à¥ç®  ¬ £¨ç¥ë© ä¥àà¨â

Ho

y

z

x

� áá¬®âà¨¬ â¥¯¥àì à á¯à®áâà -

¥¨¥ ¢  ¯à ¢«¥¨¨ ®á¨ y, â.¥.

¯¥à¯¥¤¨ªã«ïà®  ¬ £¨ç¨¢ -

îé¥¬ã ¯®«î (á¬. à¨á.). � íâ®¬

á«ãç ¥

~e = ~e0 � e�y; ~h = ~h0 � e�y; ~b = ~b0 � e�y:
@

@x
= 0;

@

@z
= 0;

@

@y
= � :

�à ¢¥¨¥ í«¥ªâà®¬ £¨â®£® ¯®«ï ¨¬¥¥â ¯à¥¦¨© ¢¨¤

rot rot~h � !2" �~b = 0

¨«¨
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�~h + !2" �~b � graddiv~h = 0:

�â¬¥â¨¬, çâ® graddiv~h ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â y-î á®áâ ¢«ïîéãî, à ¢ãî

2 hy. �à ¢¥¨¥ § ¯¨áë¢ ¥âáï ¢ ¯àï¬®ã£®«ìëå ª®®à¤¨ â å

2hx + !2"bx = 0;

2hy + !2"by � 2hy = 0;

2hz + !2"bz = 0:

�®¤áâ ¢¨¬ â¥¯¥àì á®áâ ¢«ïîé¨¥ ~b. �®«ãç¨¬

hx (
2 + !2"�) � j!2"k hy = 0;

jk hx + �hy = 0;

hz ( + !2"�z) = 0:

�®¤áâ ¢«ïï hy ¨§ ¢â®à®£® ãà ¢¥¨ï ¢ ¯¥à¢®¥, ¯®«ãç¨¬

hx (
2 + !2"� � !2"k2

�
) = 0;

hz (
2 + !2"�z) = 0:

�á«¨ ¯®«®¦¨âì hx 6= 0, â® ¨§ ¯¥à¢®£® ãà ¢¥¨ï á«¥¤ã¥â

2 + !2"� � !2"k2

�
= 0;

¨«¨

1 = � j!

s
"
�2 � k2

�
:

�§ ¢â®à®£® ãà ¢¥¨ï ¯à¨ íâ®¬ á«¥¤ã¥â, çâ® hz = 0, â.¥. ¢®«  ¯®«ïà¨-

§®¢   «¨¥©® ¢ ¯«®áª®áâ¨ ~H0 (í«¥ªâà¨ç¥áª¨© ¢¥ªâ®à). � ¬¥â¨¬, çâ® ¢

íâ®¬ á«ãç ¥ íää¥ªâ¨¢ ï ¬ £¨â ï ¯à®¨æ ¥¬®áâì à ¢ 

�? =
�2 � k2

�
:
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� ¤àã£®¬ á«ãç ¥ hz 6= 0, hx = hy = 0. �®áâ®ï ï à á¯à®áâà ¥¨ï

¢ íâ®¬ á«ãç ¥ ®¯à¥¤¥«ï¥âáï ãà ¢¥¨¥¬

2 + !2"�z = 0;

®âªã¤ 

2 = � j!
p
�z":

�  ï ¢®«  ¯®«ïà¨§®¢   ¯¥à¯¥¤¨ªã«ïà® ~H0.

�â ª, ¢ á«ãç ¥ ¯®¯¥à¥ç®£®  ¬ £¨ç¥¨ï ä¥àà¨â  ¨¬¥¥â ¬¥áâ® íä-

ä¥ªâ ¤¢®©®£® «ãç¥¯à¥«®¬«¥¨ï. �¤  { ¥®¡ëª®¢¥ ï { ¢®«  ¥

ï¢«ï¥âáï ç¨áâ® ¯®¯¥à¥ç®©, â ª ª ª ªà®¬¥ hx ¨¬¥¥âáï ¯à®¤®«ì ï á®áâ -

¢«ïîé ï  ¯àï¦¥®áâ¨ ¬ £¨â®£® ¯®«ï hy, á¤¢¨ãâ ï ¯® ä §¥   90
o

®â®á¨â¥«ì® hx. �«ï ¥®¡ëª®¢¥®© ¢®«ë

�? =
�2 � k2

�
=

(� � k) (� + k)

�
=

�+ ��

�
:

�àã£ ï { ®¡ëª®¢¥ ï { ¢®«  ¯®¯¥à¥ç  ¨ ¨ç¥¬ ¥ ®â«¨ç ¥âáï ®â

¯«®áª¨å ¢®« ¢ ¤àã£¨å áà¥¤ å. �«ï íâ®© ¢®«ë ¨¬¥¥¬

�k = �z:

7.3. � á¯à®áâà ¥¨¥ ¢®« ¢ ¢®«®¢®¤¥,

ç áâ¨ç® § ¯®«¥®¬ ä¥àà¨â®¬

��
��
��

��
��
��

A

S

�à¥¤¯®«®¦¨¬, çâ® ¥ª®â®à ï ç áâì

á¥ç¥¨ï ¢®«®¢®¤  § ¯®«¥   ¬ £-

¨ç¥ë¬ ä¥àà¨â®¬ (á¬. à¨á.).

�á«¥¤áâ¢¨¥ íâ®£® § ¯®«¥¨ï ¯®áâ®-

ï ï à á¯à®áâà ¥¨ï ¨ á®¡áâ¢¥-

ë¥ ¢¥ªâ®àë¥ äãªæ¨¨ ¢®«®¢®¤ 

¥áª®«ìª® ¨§¬¥ïîâáï. �ãáâì ~Em,
~Hm, 0 { ¢¥ªâ®àë¥ äãªæ¨¨ ¨ ¯®-

áâ®ï ï à á¯à®áâà ¥¨ï ¥¢®§¬ã-

é¥®£® ¢®«®¢®¤ , ~E, ~H ,  { â® ¦¥

¤«ï ¢®§¬ãé¥®£® ¢®«®¢®¤ . �á«¨

¯à¥¥¡à¥çì ¯®â¥àï¬¨, â® 0 = j�0,

 = j�.
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�®¤áâ ¢«ïï íâ® ¢ ãà ¢¥¨ï � ªá¢¥««  ¨ ãç¨âë¢ ï ¢¥ªâ®à®¥ â®-

¦¤¥áâ¢®

rot (� � ~F ) = � � rot ~F + grad�� ~F ;

¯®á«¥ á®ªà é¥¨ï íªá¯®¥â e j�z ¨ e�j�z ¯®«ãç¨¬

rot ~E�m + j�0 � ~z0 � ~E�m = j!�0 ~H
�
m;

rot ~H�
m + j�0 � ~z0 � ~H�

m = � j!"0 ~E
�
m;

rot ~E � j� � ~z0 � ~E = � j!� � ~H;
rot ~H � j� � ~z0 � ~H = j!" � ~E:

�à¨ íâ®¬

� =

�
�0 � ¢¥ á¥ç¥¨ï ä¥àà¨â  A;

�̂ �   A;

" =

�
"0 � ¢¥ A;

"̂ �   A:

�«ï ¯®«ãç¥¨ï ä®à¬ã«ë, ã¤®¡®© ¤«ï ¨á¯®«ì§®¢ ¨ï ¢ â¥®à¨¨ ¢®§-

¬ãé¥¨©, á®áâ ¢¨¬ ¢ëà ¦¥¨¥

div ( ~E�m � ~H) + div ( ~E � ~H�
m) = ~H � rot ~E�m � ~E�m � rot ~H +

+ ~H�
m � rot ~E � ~E � rot ~H�

m:

�®¤áâ ¢«ïï áî¤  rot ¨§  ¯¨á ëå ¢ëè¥ ãà ¢¥¨©, ¯®«ãç¨¬

div ( ~E�m � ~H) + div ( ~E � ~H�
m) = ~H(j!�0 ~H

�
m � j�0~z0 � ~E�m) �

� ~E�m(j!"
~E + j�~z0 � ~H) + ~H�

m(�j!� ~H + j�~z0 � ~E) �
� ~E(�j!"0 ~E�m � j�0~z0� ~H�

m) = �j! ~H�
m(� � �0) ~H � j! ~E�m(" � "0) ~E �

� j(� � �0) ~E
�
m(~z0 � ~H) � j(� � �0) ~E(~z0 � ~H�

m):

� ®¥ à ¢¥áâ¢® ¯à®¨â¥£à¨àã¥¬ ¯® á¥ç¥¨î ¢®«®¢®¤ . �à¨ íâ®¬

¨â¥£à « ®â ¤¨¢¥à£¥æ¨© ¯à¥®¡à §ã¥âáï ¢ ¨â¥£à « ¯® ¯¥à¨¬¥âàã á¥ç¥-

¨ï ¨ ®¡à é ¥âáï ¢ ã«ì ¢á«¥¤áâ¢¨¥ £à ¨çëå ãá«®¢¨©. � à¥§ã«ìâ â¥

¯®«ãç ¥¬ à ¢¥áâ¢®
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0 = � !

Z
S

[ ~H�
m � (� � �0) � ~H + ~E�m � (" � "0) � ~E] dS +

+ (� � �0)

Z
S

[ ~E�m � ~H + ~E � ~H�
m] � ~z0 dS;

®âªã¤ , á ãç¥â®¬ â®£®, çâ® � � �0 6= 0 ¨ " � "0 6= 0 «¨èì   á¥ç¥¨¨

ä¥àà¨â  A,  å®¤¨¬

� = �0 + !

R
A

[ ~H�
m � (�̂ � �0) � ~H + ~E�m � ("̂ � "0) � ~E] dSR

S

[ ~E�m � ~H + ~E � ~H�
m] � ~z0 dS

:

�®«ãç¥ ï ä®à¬ã«  ï¢«ï¥âáï â®ç®©, ® âà¥¡ã¥â § ¨ï ¢®§¬ãé¥-

ëå äãªæ¨© ~E ¨ ~H . �å ¬®¦® ®¯à¥¤¥«¨âì ¯à¨¡«¨¦¥®, ¯®íâ®¬ã ä®à-

¬ã«  ¯à¨£®¤  ¢ ª ç¥áâ¢¥ ¯¥à¢®£® ¯à¨¡«¨¦¥¨ï ¤«ï á« ¡®§ ¯®«¥®£®

¢®«®¢®¤ .

�®«ì§ãïáì íâ®© ä®à¬ã«®©, à áá¬®âà¨¬ ¢ ¦ë© ç áâë© á«ãç ©: à á-

¯à®áâà ¥¨¥ ¬®¤ë â¨¯  H11 ¢ ªàã£«®¬ ¢®«®¢®¤¥,   ®á¨ ª®â®à®£® à á-

¯®«®¦¥ â®ª¨© ªàã£«ë© ä¥àà¨â®¢ë© áâ¥à¦¥ì,  ¬ £¨ç¥ë© ¯à®-

¤®«ì®. �¡®§ ç¥¨ï ¯à¨¢¥¤¥ë   à¨á.

���
���
���
���

2a

2b
�â¬¥â¨¬, çâ® ¢ § ¬¥ â¥«¥ ¯®«ãç¥®©

ä®à¬ã«ë ¢ ¯¥à¢®¬ ¯à¨¡«¨¦¥¨¨ ¬®¦®

¯à¥¥¡à¥çì ®â«¨ç¨¥¬ ¢®§¬ãé¥®£® ¯®«ï

®â ¥¢®§¬ãé¥®£®, â.¥. ¯®«®¦¨âì ~H � ~Hm,
~E � ~Em, â ª ª ª ¨â¥£à « ¢ § ¬¥ â¥«¥

¡¥à¥âáï ¯® ¢á¥¬ã á¥ç¥¨î ¢®«®¢®¤ , â ª

çâ® ¯®¯à ¢ª  ¡ã¤¥â ¬ «®©. �®£¤  § ¬¥ -

â¥«ì ¯à¥®¡à §ã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

Z
S

( ~E�m � ~H + ~E � ~H�
m) � ~z0 dS �

Z
S

( ~E�m � ~Hm + ~Em � ~H�
m) � ~z0 dS =

= 2Re

Z
S

( ~Em � ~H�
m)~z0 dS =

2

Zm
�
Z
S

jE¯®¯
m j2 dS;
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£¤¥

Zm =
j!�0

0
=

!�0

�0
|

¢¥é¥áâ¢¥ ï ¢¥«¨ç¨ .

�«ï  å®¦¤¥¨ï ¢®§¬ãé¥®£® ¯®«ï ¢ ä¥àà¨â¥ ¯à¨ ¬ «®¬ ¯® áà ¢-

¥¨î á ¤«¨®© ¢®«ë ¯®¯¥à¥ç®¬ à §¬¥à¥ ä¥àà¨â  ¬®¦® ¢®á¯®«ì§®-

¢ âìáï ª¢ §¨áâ â¨ç¥áª¨¬ ¯à¨¡«¨¦¥¨¥¬. �à¨ ¢¥á¥¨¨ ¬ £¥â¨ª  ¢®

¢¥è¥¥ ®¤®à®¤®¥ ¬ £¨â®¥ ¯®«¥ ¢ ¬ £¥â¨ª¥ ãáâ  ¢«¨¢ ¥âáï ¯®«¥,

®¯à¥¤¥«ï¥¬®¥ à §¬ £¨ç¨¢ îé¨¬ ä ªâ®à®¬:

~hi = ~he � N̂ � ~m:

�¤¥áì ~hi { ¢ãâà¥¥¥ ¯®«¥ ¢ ¬ £¥â¨ª¥, ~he { ¯®«¥, ª®â®à®¥ ¡ë«® ¤® ¢¥-

á¥¨ï ¬ £¥â¨ª , ~m {  ¬ £¨ç¥®áâì, N̂ { à §¬ £¨ç¨¢ îé¨© ä ªâ®à

{ á¨¬¬¥âà¨çë© â¥§®à.

� ç áâ®áâ¨, ¤«ï æ¨«¨¤à  ¢ ¯®¯¥à¥ç®¬ ¯®«¥ â¥§®à à §¬ £¨ç¨-

¢ îé¥£® ä ªâ®à  ¤¨ £® «¥, ¯à¨ç¥¬ Nxx = Nyy =
1
2
, Nzz = 0.

� ¬ £¨ç¥®áâì á¢ï§   á ¢ãâà¥¨¬ ¯®«¥¬ ¢ ¬ £¥â¨ª¥ ç¥à¥§ ¢®á-

¯à¨¨¬ç¨¢®áâì:

~m = �̂ � ~hi;

¯à¨ç¥¬ ¢®á¯à¨¨¬ç¨¢®áâì ¢ ¤ ®¬ á«ãç ¥ â ª¦¥ ¨¬¥¥â â¥§®àë© å -

à ªâ¥à:

�̂ =
�̂ � �̂0

�0
:

�®¤áâ ¢«ïï íâ¨ á®®â®è¥¨ï ¢ ¨áå®¤ãî ä®à¬ã«ã, ¯®«ãç ¥¬

~hi = ~he � N̂ � �̂~hi:

�¥è ï íâ® á®®â®è¥¨¥ ®â®á¨â¥«ì® ~hi, ¯®«ãç¨¬

~hi = (1 + N̂ � �̂)�1 � ~he:

�  è¥¬ á«ãç ¥ ¢ ª ç¥áâ¢¥ ¢¥è¥£® ¯®«ï ¬ë ¤®«¦ë ¯à¨ïâì ¥-

¢®§¬ãé¥®¥ ¯®«¥ ~Hm,   ¢ ª ç¥áâ¢¥ ¢ãâà¥¥£® { ¢®§¬ãé¥®¥ ¯®«¥ ~H ,

â.¥. ¢ãâà¨ ä¥àà¨â  ¯®«¥ à ¢®

255



~H = (1 + N̂ � �̂)�1 � ~Hm:

�«ï ã¯à®é¥¨ï ¡ã¤¥¬ ¨áª âì ¯®áâ®ïë¥ à á¯à®áâà ¥¨ï ¤«ï ¢®«

á ªàã£®¢®© ¯®«ïà¨§ æ¨¥© (¯à ¢®© ¨ «¥¢®©), â ª ª ª ¤«ï ¨å â¥§®àë

¯à®¨æ ¥¬®áâ¨ ¤¨ £® «ìë:

�̂� =


�� 0 0

0 �� 0

0 0 �z

 ; �̂� =


�� 0 0

0 �� 0

0 0 �z

 ;
¯à¨ç¥¬

�̂ =
�̂ � �̂0

�0
:

� ª ª ª ®¡  â¥§®à  ¤¨ £® «ìë, â®

N̂ � �̂� =


1
2
�� 0 0

0 1
2
�� 0

0 0 0

 :
�âáî¤  ¨¬¥¥¬ á®®â®è¥¨ï

Hx =
1

1 +
1
2
��

Hmx; Hy =
1

1 +
1
2
��

Hmy; Hz = Hmz:

� ª ª ª

1

1 +
1
2
��

=
1

1 +
1
2
�� � �0

�0

=
2�0

�� + �0
;

â®

Hx =
2�0

�� + �0
�Hmx; Hy =

2�0

�� + �0
�Hmy; Hz = Hmz:

� «®£¨ç® ¤«ï í«¥ªâà¨ç¥áª®£® ¯®«ï ¯®«ãç¨¬

Ex =
2"0

" + "0
Emx; Ey =

2"0

" + "0
Emy:
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�«ï ¥¢®§¬ãé¥®© ¬®¤ë H11 ¢ ªàã£«®¬ ¢®«®¢®¤¥ ¯®¯¥à¥çë¥ á®-

áâ ¢«ïîé¨¥ ¬ £¨â®£® ¨ í«¥ªâà¨ç¥áª®£® ¯®«ï ¨¬¥îâ ¢¨¤

Hr = � j�0g
0
11J

0
1(g

0
11r)

cos'

sin'
;

H' = � j�0

r
J1(g

0
11r)

sin'

cos'
;

Er = � j!�0

r
J1(g

0
11r)

sin'

cos'
;

E' = j!�0 � g011J 01(g011r)
cos'

sin'
:

� á ¨â¥à¥áãîâ ¯®«ï ¢¡«¨§¨ æ¥âà , £¤¥ ®¨ ¯à ªâ¨ç¥áª¨ ®¤®à®¤-

ë. �â¨ ¯®«ï ¬®£ãâ ¡ëâì  ©¤¥ë ¯ãâ¥¬ à §«®¦¥¨ï J1(g
0
11r) ¨ J

0
1(g

0
11r)

¯® áâ¥¯¥ï¬ r á ®áâ ¢«¥¨¥¬ ¢ ¢ëà ¦¥¨ïå ¤«ï ª®¬¯®¥â ¯®«ï ¥ § -

¢¨áïé¨å ®â r ç«¥®¢:

Hr = � 1

2
j�0g

0
11

cos'

sin'
;

H' = � 1

2
j�0g

0
11

sin'

cos'
;

Er = � 1

2
j!�0g

0
11

sin'

cos'
;

E' = � 1

2
j!�0g

0
11

cos'

sin'
:

� ª ª ª ¬ë å®â¨¬ ¨¬¥âì ¤¥«® á ¢à é îé¨¬¨áï ¯®«ï¬¨, â® á«¥¤ã¥â

áª®¬¡¨¨à®¢ âì § ¯¨á ë¥ ¢ëè¥ ¯®«ï. �®£¤  ¯®«ãç ¥¬

Hr = � 1

2
j�0g

0
11e

�j';

H' = � 1

2
�0g

0
11e

�j';

Er = � 1

2
j!�0g

0
11e

�j';

E' = � 1

2
!�0g

0
11e

�j':
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�¥à¥å®¤ ª ¤¥ª àâ®¢ë¬ á®áâ ¢«ïîé¨¬ ¬®¦¥â ¡ëâì ¯à®¨§¢¥¤¥ ¯®

ä®à¬ã« ¬

Hx = Hr cos' � H' sin';

Hy = Hr sin' + H' cos';

Ex = Er cos' � E' sin';

Ey = Er sin' + E' cos':

�â® ¤ ¥â

Hx = � 1

2
j�0 g

0
11;

Hy = � 1

2
�0g

0
11;

Ex = � 1

2
j!�0g

0
11;

Ey = � 1

2
!�0g

0
11:

�ë  è«¨, â ª¨¬ ®¡à §®¬, ¯à¨¡«¨¦¥ë¥ ¢ëà ¦¥¨ï ¤«ï ¥¢®§¬ã-

é¥®£® ¯®«ï ¢ æ¥âà «ì®© ®¡« áâ¨ ªàã£«®£® ¢®«®¢®¤ . � ¬¥â¨¬, çâ®

§ ª¨ \+" ¨ \�" á®®â¢¥âáâ¢ãîâ «¥¢®¬ã ¨ ¯à ¢®¬ã ¢à é¥¨ï¬.
�âáî¤  á ¯®¬®éìî ¯®«ãç¥ëå ¢ëè¥ ä®à¬ã«  å®¤¨¬ ¯®«¥ ¢ ä¥à-

à¨â¥:

Hx = � j�0�0g
0
11

�� + �0
;

Hy = � �0�0g
0
11

�� + �0
;

Ex = � j"0!�0g
0
11

" + "0
;

Ey = � "0!�0g
0
11

" + "0
:

�¥¯¥àì ¬ë ¨¬¥¥¬ ¢®§¬®¦®áâì ¢ëç¨á«¨âì ¨â¥£à «ë, ¢å®¤ïé¨¥ ¢

ä®à¬ã«ã ¤«ï ®¢®£® § ç¥¨ï ¯®áâ®ï®© à á¯à®áâà ¥¨ï �. �ç¨âë-

¢ ï, çâ® g011 = 1:84=a ¨ ¯®¤áâ ¢«ïï ¨â¥£à «ë, ¯®«ãç¨¬
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�� � �0 + 2:1 � �0 b
2

a2

�
�� � �0

�� + �0
+

k20
�20

" � "0

" + "0

�
; k20 = !2�0"0:

� ª¨¬ ®¡à §®¬, ä §®¢ë¥ áª®à®áâ¨ ¤«ï ¯à ¢®£® ¨ «¥¢®£® ¢à é¥¨ï

à §«¨çë, ¯®íâ®¬ã ¯«®áª®áâì ¯®«ïà¨§ æ¨¨ «¨¥©® ¯®«ïà¨§®¢ ®© ¢®«-

ë ¢à é ¥âáï ¯à¨ à á¯à®áâà ¥¨¨. �£®« ¯®¢®à®â  ¬®¦¥â ¡ëâì ¢ëç¨-

á«¥   ®á®¢ ¨¨ ¯à¥¤ë¤ãé¥© ä®à¬ã«ë:

� = � l (�+ � ��)

2
= 4:2 � �0l b

2

a2
k �0

(�+ + �0)(�� + �0)
:

� ¬¥â¨¬, çâ®

�++ �0 = �0 (2� !�

! � !0
); ��+ �0 = �0 (2 +

!�

! + !0
); k =

�0! !�

!2 � !20
:

�à¨ á« ¡®  ¬ £¨ç¥®¬ ä¥àà¨â¥ (! � !0)

k�0 � �20
!�

!
; (�+ + �0) (�� + �0) � �20 (4 �

!2�
!2

):

�®¤áâ ¢«ïï íâ® ¢ ¢ëà ¦¥¨¥ ¤«ï �, ¤«ï á« ¡®  ¬ £¨ç¥®£® ä¥àà¨â 

¯®«ãç¨¬

� � 4:2 � �0l b
2

a2

!�
!

�20 (4 �
!2�
!2

)

� �0l
b2

a2
!�

!
:

� ª ª ª �0 =
!
vä

, â® ¢¤ «¨ ®â ªà¨â¨ç¥áª®© ç áâ®âë � á« ¡® § ¢¨á¨â ®â

ç áâ®âë, ® ¯®çâ¨ «¨¥©® ®â  ¬ £¨ç¥®áâ¨ (!�).

7.4. �¥â¨«¨ ¨ æ¨àªã«ïâ®àë

�¢¥¤¥¨¥  ¬ £¨ç¥®£® ä¥àà¨â  ¢ ¢®«®¢®¤ ¯®§¢®«ï¥â á®§¤ âì ãáâà®©-

áâ¢ , ¥ ã¤®¢«¥â¢®àïîé¨¥ ¯à¨æ¨¯ã ¢§ ¨¬®áâ¨. �à®áâ¥©è¨¥ ¨§ ¨å

¯à®¯ãáª îâ ¢®«ë ¢ ®¤®¬  ¯à ¢«¥¨¨ ¨ ¯®£«®é îâ { ¢ ¤àã£®¬. � ª®¥

ãáâà®©áâ¢®  §ë¢ îâ ¢¥â¨«¥¬ (¨«¨ ¨§®«ïâ®à®¬). �®«¥¥ á«®¦ë¥ ¯¥à¥-

¤ îâ á¨£ « ¨§ ®¤®£® ¢å®¤  ¢ ¤àã£®© ¯® ªàã£ã (æ¨àªã«ïâ®à). �¤¥áì ¬ë

à áá¬®âà¨¬ ¥ª®â®àë¥ ¢¨¤ë íâ¨å ãáâà®©áâ¢.
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7.4.1. �¥àà¨â ¢ ¯àï¬®ã£®«ì®¬ ¢®«®¢®¤¥

�«ï â®£® çâ®¡ë ä¥àà¨â ¯à®ï¢¨« á¢®¨ ¥¢§ ¨¬ë¥ á¢®©áâ¢ , ¥£® á«¥¤ã¥â

¯®¬¥é âì ¢ â ª®© ®¡« áâ¨ ¢®«®¢®¤ , £¤¥ ¢ëá®ª®ç áâ®â®¥ ¬ £¨â®¥

¯®«¥ ¨¬¥¥â ªàã£®¢ãî ¯®«ïà¨§ æ¨î.

� ¯àï¬®ã£®«ì®¬ ¢®«®¢®¤¥ ¬ £¨â®¥ ¯®«¥ ®á®¢®© ¬®¤ë H10 ¨¬¥-

¥â ¤¢¥ á®áâ ¢«ïîé¨¥:

Hz =
��
a

�2
� cos �x

a
;

Hx =
j��

a
� sin �x

a
:

�â¨ á®áâ ¢«ïîé¨¥ ®à¨¥â¨à®¢ ë ¯®¤ ã£«®¬ 90o ¤àã£ ª ¤àã£ã ¨ á¤¢¨-

ãâë   90o ¯® ä §¥. �â® § ç¨â, çâ® ¬ £¨â®¥ ¯®«¥ ¯®«ïà¨§®¢ ® ¯®

í««¨¯áã. �®«ïà¨§ æ¨ï áâ ®¢¨âáï ªàã£®¢®© ¢ â®çª¥, £¤¥  ¬¯«¨âã¤ë ®à-

â®£® «ìëå á®áâ ¢«ïîé¨å à ¢ë

��
a

�2
cos

�x

a
= � ��

a
sin

�x

a
:

�âáî¤   å®¤¨¬

tg
�x

a
= � �

a�
= � �

2a
;

£¤¥ � { ¤«¨  ¢®«ë ¢ ¢®«®¢®¤¥.

�®®à¤¨ â  x, ¤«ï ª®â®à®© ¬ £¨â®¥ ¯®«¥ ¯®«ïà¨§®¢ ® ¯® ªàã£ã,

à ¢ 

x =
a

�
arctg

�

a�
=

a

�
arctg

�

2a
;

¨«¨ ¢â®à®¥ § ç¥¨¥ x

x =
a

�
(� � arctg

�

a�
) =

a

�
(� � arctg

�

2a
):

�¤¥áì § ç¥¨¥ arctg ¡¥à¥âáï ¢ ¯à¥¤¥« å ®â 0 ¤® �=2.

� íâ®¬ ¬¥áâ¥ ¢®«®¢®¤  ¯®¬¥é ¥âáï ä¥àà¨â®¢ ï ¯« áâ¨ ,  ¬ £¨-

ç¥ ï ¯®¯¥à¥ç® ®â®á¨â¥«ì® ¢®«®¢®¤ . �à ¢®¥ ¨«¨ «¥¢®¥ ¢à é¥¨¥

¬ £¨â®£® ¯®«ï ¢ ä¥àà¨â¥ § ¢¨á¨â ®â  ¯à ¢«¥¨ï à á¯à®áâà ¥¨ï
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¢®«ë, ¯®íâ®¬ã ¢¥«¨ç¨  ¬ £¨â®© ¯à®¨æ ¥¬®áâ¨ �� § ¢¨á¨â ®â  -

¯à ¢«¥¨ï à á¯à®áâà ¥¨ï.

�á«¨ ¯®áâ®ï®¥ ¬ £¨â®¥ ¯®«¥ ¢ë¡à ® â ª, çâ®¡ë

!0 = �0H0 � !;

â® ¯®â¥à¨ ¤«ï ¢®«ë á ¯à ¢ë¬ ¢à é¥¨¥¬ à¥§ª® ¢®§à áâ îâ, ¢ â® ¢à¥¬ï

ª ª ¤«ï ¢®«ë á «¥¢ë¬ ¢à é¥¨¥¬ ¯®â¥à¨ ®áâ îâáï ¬ «ë¬¨. �®â¥à¨

¢ ¯àï¬®¬  ¯à ¢«¥¨¨ ®¡ëç® á®áâ ¢«ïîâ 0.5{0.7 ¤�,   ¢ ®¡à â®¬ ¤®-

áâ¨£ îâ 25{30 ¤�. �«ï à áè¨à¥¨ï ¯®«®áë  ¬ £¨ç¨¢ îé¥¥ ¯®«¥ ¤¥-

« îâ ¥®¤®à®¤ë¬ ¢ ¯à®¤®«ì®¬  ¯à ¢«¥¨¨. �à®¬¥ â®£®, íää¥ªâ

¥¢§ ¨¬®áâ¨ ãá¨«¨¢ ¥âáï, ¥á«¨ àï¤®¬ á ä¥àà¨â®¬ ¯®¬¥áâ¨âì ¤¨í«¥ª-

âà¨ç¥áªãî ¯« áâ¨ã á ¡®«ìè®© ¢¥«¨ç¨®© ". � ª®© ¢¥â¨«ì  §ë¢ îâ

à¥§® áë¬.

� ¤àã£¨å ¢¥â¨«ïå ¨á¯®«ì§ãîâ íää¥ªâ á¬¥é¥¨ï í«¥ªâà¨ç¥áª®£® ¯®-

«ï ¢ ãáâà®©áâ¢¥ á ä¥àà¨â®¬. �«ï íâ®£® ¯®¤¬ £¨ç¨¢ îé¥¥ ¯®«¥ ¤®«¦®

¡ëâì § ç¨â¥«ì® ¬¥ìè¥ à¥§® á®£® § ç¥¨ï. �®¤¬ £¨ç¨¢ îé¥¥

¯®«¥ ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬

�+ = �0 (1 � !�

! � !0
) � 0;

®âªã¤ 

!0 = ! � !�;

â.¥. § ç¨â¥«ì® ¬¥ìè¥, ç¥¬ !0 = ! ¤«ï à¥§® á®£® ¢¥â¨«ï.

��
��
��
��

��
��
��
��

HE y 0

X

�«ï ¯àï¬®© ¢®«ë �+ à ¢-

® ã«î, ¯®íâ®¬ã ¬ £¨â®¥

¨ í«¥ªâà¨ç¥áª®¥ ¯®«ï ¢¡«¨-

§¨ ä¥àà¨â  ®ç¥ì ¬ «ë. �«ï

®¡à â®© ¢®«ë,  ®¡®à®â,

¯®«¥ ª®æ¥âà¨àã¥âáï ¢¡«¨-

§¨ ä¥àà¨â  (á¬. à¨á.).

�á«¨   ä¥àà¨â  ª«¥¨âì ¤¨í«¥ªâà¨ç¥áªãî ¯« áâ¨ã, ¯®ªàëâãî ¯®-

«ã¯à®¢®¤ïé¨¬ ¯®ªàëâ¨¥¬, â® § âãå ¨¥ ®¡à â®© ¢®«ë ¡ã¤¥â áãé¥-

áâ¢¥® ¡®«ìè¥ § âãå ¨ï ¯àï¬®© ¢®«ë. �àï¬®¥ § âãå ¨¥ ¢ â ª¨å

¢¥â¨«ïå á®áâ ¢«ï¥â 0.5{1 ¤�, ®¡à â®¥ { 20{30 ¤�. �¥á â ª¨å ¢¥â¨«¥©

¬ « ¡« £®¤ àï ¬ «®© ¢¥«¨ç¨¥ ¥®¡å®¤¨¬®£® ¯®«ï.
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7.4.2. �® ªá¨ «ìë© ¢¥â¨«ì

�® ªá¨ «ìë¥ ¢¥â¨«¨ ¬®£ãâ ¡ëâì á®§¤ ë, ¥á«¨ ¤®¡¨âìáï ¢ ¨å ¯®«ã-

ç¥¨ï ¢à é îé¥£®áï ¬ £¨â®£® ¯®«ï. �â® ¤®áâ¨£ ¥âáï ¯ãâ¥¬ ¢¢¥¤¥¨ï

¢ ª® ªá¨ «ìãî «¨¨î ¤¨í«¥ªâà¨ª , § ¯®«ïîé¥£® ¥ª®â®àë© á¥ªâ®à

á¥ç¥¨ï. �®£¤  ¢ «¨¨¨ ¯®ï¢«ï¥âáï ¯à®¤®«ì ï á®áâ ¢«ïîé ï ¬ £¨â-

®£® ¯®«ï, ª®â®à ï ¢¬¥áâ¥ á ¯®¯¥à¥ç®© á®áâ ¢«ïîé¥© ®¡à §ã¥â ¢à é -

îé¥¥áï ¬ £¨â®¥ ¯®«¥. �¥àà¨â®¢ãî ¯« áâ¨ã ¯®¬¥é îâ   ¡®ª®¢®©

¯®¢¥àå®áâ¨ ¤¨í«¥ªâà¨ª  ¢ ¯®¯¥à¥ç®¥ ¯®¤¬ £¨ç¨¢ îé¥¥ ¯®«¥.

��
��
��
�����

���
���

���
���
���

H0

7.4.3. �¨àªã«ïâ®àë

�¤¥ «ìë© æ¨àªã«ïâ®à ®¯à¥¤¥«ï¥âáï ª ª ¥¢§ ¨¬®¥ ãáâà®©áâ¢® ¡¥§ ¯®-

â¥àì á ç¨á«®¬ ¢å®¤®¢ ¡®«ìè¥ ¤¢ãå, ¢ ª®â®à®¬ á¨£ «, ¯®¤ ë©   «î¡®©

¨§ ¢å®¤®¢, ¯¥à¥¤ ¥âáï ¯®«®áâìî   ®¤¨ ¨§ á®á¥¤¨å (  ¤àã£¨¥ ¢å®¤ë

¯à¨ íâ®¬ ¥ ¯®áâã¯ ¥â ¨ç¥£®).

�ãé¥áâ¢ãîâ à §«¨çë¥ â¨¯ë æ¨àªã«ïâ®à®¢. � é¥ ¢á¥£® ¢áâà¥ç -

îâáï âà¥å- ¨ ç¥âëà¥å¯«¥çë¥ æ¨àªã«ïâ®àë. �à¥å¯«¥çë¥ ¯®áâà®¥ë

  ®á®¢¥ ä¥àà¨â®¢®£® à¥§® â®à , ç¥âëà¥å¯«¥çë¥ ¢®«®¢®¤ë¥ {  

®á®¢¥ ¥¢§ ¨¬®£® ä §®¢à é â¥«ï.

� áá¬®âà¨¬ âà¥å¯«¥çë© ¢®«®¢®¤ë© æ¨àªã«ïâ®à   ®á®¢¥ à¥§®-

 â®à  á  ¬ £¨ç¥ë¬ ä¥àà¨â®¬. �£® ãáâà®©áâ¢® ¯à¥¤áâ ¢«¥®  

à¨á. �á®¢®© æ¨àªã«ïâ®à  ï¢«ï¥âáï ªàã£«ë© à¥§® â®à â¨¯  E110, ã ª®-

â®à®£® í«¥ªâà¨ç¥áª®¥ ¯®«¥ ¨¬¥¥â «¨èì ®¤ã á®áâ ¢«ïîéãî Ez. �  ®á¨

í«¥ªâà¨ç¥áª®¥ ¯®«¥ à ¢® ã«î, ® «¨¥©® ¢®§à áâ ¥â ¯à¨ ã¤ «¥¨¨ ®â

®á¨. � £¨â®¥ ¯®«¥ ¨¬¥¥â ¤¢¥ á®áâ ¢«ïîé¨¥: Hr ¨ H'. � æ¥âà «ì®©

®¡« áâ¨ ¬ £¨â®¥ ¯®«¥ ¡«¨§ª® ª ®¤®à®¤®¬ã. �¥âà «ì ï ®¡« áâì

à¥§® â®à  § ¯®«¥  ä¥àà¨â®¬,  ¬ £¨ç¥ë¬ ¢  ¯à ¢«¥¨¨ ®á¨ à¥-

§® â®à .
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b

2a

Ho

� à¥§® â®àã ¯à¨á®¥¤¨¥ë âà¨ ¯àï¬®ã£®«ìëå ¢®«®¢®¤ . �  à¨á.

(á¬. á«¥¤. áâà.) ¯®ª §   áâàãªâãà  í«¥ªâà®¬ £¨â®£® ¯®«ï à ¡®-

ç¥© (¤¨¯®«ì®©) ¬®¤ë E110 à¥§® â®à . � ¨§®âà®¯®¬ ¯à¨¡«¨¦¥¨¨ íâ 

¬®¤  ¤¢ ¦¤ë ¢ëà®¦¤¥ . � ç áâ®áâ¨, «¨¥©® ¯®«ïà¨§®¢  ï ¬®¤ 

¬®¦¥â ¡ëâì à §«®¦¥    ¤¢¥ ¬®¤ë á ªàã£®¢®© ¯®«ïà¨§ æ¨¥©, ¢à é î-

é¨¥áï ¢ ¯à®â¨¢®¯®«®¦®¬  ¯à ¢«¥¨¨. �«ï íâ¨å ¬®¤ ¬ £¨â®¥ ¯®«¥ ¢

æ¥âà¥ à¥§® â®à  ¨¬¥¥â ªàã£®¢ãî ¯®«ïà¨§ æ¨î, ª®â®à ï ¯à¥®¡à §ã¥âáï

¢ í««¨¯â¨ç¥áªãî á à®áâ®¬ à ¤¨ãá . �  £à ¨æ¥ à¥§® â®à  ¯®«ïà¨§ æ¨ï

«¨¥© , â ª ª ª  ¯à ¢«¥¨¥ ¬ £¨â®£® ¯®«ï ä¨ªá¨à®¢ ® £à ¨çë-

¬¨ ãá«®¢¨ï¬¨.

� à¥§® â®à¥, ç áâ¨ç® § ¯®«¥®¬  ¬ £¨ç¥ë¬ ä¥àà¨â®¬, á®¡-

áâ¢¥ë¥ ç áâ®âë æ¨àªã«ïà® ¯®«ïà¨§®¢ ëå ¬®¤ E110 áâ ®¢ïâáï à §-

«¨çë¬¨ ¡« £®¤ àï à §«¨ç¨î ¬ £¨â®© ¯à®¨æ ¥¬®áâ¨ ¤«ï ¯à ¢®£® ¨

«¥¢®£® ¢à é¥¨ï.

�à¨æ¨¯ ¤¥©áâ¢¨ï æ¨àªã«ïâ®à  á â ª¨¬ à¥§® â®à®¬ ¬®¦¥â ¡ëâì

®¡êïá¥ ¯ãâ¥¬ à áá¬®âà¥¨ï ¢ëã¦¤¥ëå ª®«¥¡ ¨© ¢ íâ®¬ à¥§® -

â®à¥. �à¥¤¯®«®¦¨¬, çâ® ¢®«®¢®¤ë, á¢ï§ ë¥ á à¥§® â®à®¬, ¯à¨á®-

¥¤¨¥ë á ã£«®¢ë¬ à ááâ®ï¨¥¬ 120o ¬¥¦¤ã ¨¬¨, ¨ ¢®§¡ã¦¤ îé¥¥ ¯®«¥

¯à¨«®¦¥® ª ®¤®¬ã ¨§ ¨å.

� ¨§®âà®¯®¬ ¯à¨¡«¨¦¥¨¨ «¨¥©® ¯®«ïà¨§®¢ ®¥ ¯®«¥ ¬®¤ë E110

¡ã¤¥â ¢®§¡ã¦¤¥® ¢ à¥§® â®à¥ â ª, çâ® ¢®§¡ã¦¤ îé¨© ¢®«®¢®¤  å®-

¤¨âáï ¢ ¬ ªá¨¬ã¬¥ í«¥ªâà¨ç¥áª®£® ¯®«ï. �âàãªâãà  íâ®£® ¯®«ï ¯®ª §  

  à¨á. �â® ¯®«¥ ¢®§¡ã¦¤ ¥â «¨¨¨ II ¨ III   «®£¨çë¬ ®¡à §®¬.
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I
II

III

I
II

III

�®£¤  ¯®áâ®ï®¥ ¬ £¨â®¥ ¯®«¥ ¢ª«îç¥®, ¯«®áª®áâì ¯®«ïà¨§ æ¨¨

¢®§¡ã¦¤¥®© ¬®¤ë E110 ¯®¢®à ç¨¢ ¥âáï. �  ¤àã£®¬ à¨á. ¯®ª §  

áâàãªâãà  ¯®«ï íâ®© ¬®¤ë ¯à¨ ¯®¢®à®â¥ ¯«®áª®áâ¨ ¯®«ïà¨§ æ¨¨   30o.

� íâ®¬ á«ãç ¥ ¢®«®¢®¤ II ®ª §ë¢ ¥âáï ¢ ã§«¥ í«¥ªâà¨ç¥áª®£® ¯®«ï ¨

¥ ¢®§¡ã¦¤ ¥âáï. �á«¨ «¨¨ï á®£« á®¢  , â® ¢áï ¬®é®áâì ¨§ ¢®«®-

¢®¤  I ¡ã¤¥â ¯¥à¥¤   ¢ ¢®«®¢®¤ II . �áâà®©áâ¢® ¡ã¤¥â à ¡®â âì ª ª

æ¨àªã«ïâ®à.

�¡áã¤¨¬ ãá«®¢¨ï ¯®¢®à®â  ¯«®áª®áâ¨ ¯®«ïà¨§ æ¨¨. �®£¤  ¯®áâ®ï-

®¥ ¬ £¨â®¥ ¯®«¥ ¢ª«îç¥®, ¯à®¨áå®¤¨â à áé¥¯«¥¨¥ ç áâ®â ¢ëà®-

¦¤¥ëå ¬®¤ á ªàã£®¢®© ¯®«ïà¨§ æ¨¥©. �¥§® á ï ç áâ®â  ®¤®© ¬®-

¤ë ã¢¥«¨ç¨¢ ¥âáï, ¤àã£®© { ã¬¥ìè ¥âáï. � á®®â¢¥âáâ¢¨¨ á íâ¨¬ ¢®§-

¨ª îâ á¤¢¨£¨ ¯® ä §¥ ¢®§¡ã¦¤¥ëå ¢à é îé¨åáï ¬®¤ ®â®á¨â¥«ì®

¯®«ï ¢ ¢®§¡ã¦¤ îé¥© «¨¨¨ �'. �®¤ë, ¢à é îé¨¥áï ¢ ¯à®â¨¢®¯®«®¦-
®¬  ¯à ¢«¥¨¨, áª« ¤ë¢ ïáì, ¤ îâ áâ®ïçãî ¢®«ã, â.¥. ä ªâ¨ç¥áª¨

«¨¥©® ¯®«ïà¨§®¢ ãî áâàãªâãàã ¯®«ï. �® ¯«®áª®áâì ¯®«ïà¨§ æ¨¨

®ª §ë¢ ¥âáï ¯®¢¥àãâ®©   ã£®« '.

�£®« ' ¢ à¥§® â®à¥ à ¢¥, ª ª ¨§¢¥áâ®,

' = � arctgQx;

£¤¥ Q {  £àã¦¥ ï ¤®¡à®â®áâì à¥§® â®à , x =
2�!
!

{ ®â®á¨â¥«ì ï

à ááâà®©ª , �! = ! � !0, !0 { à¥§® á ï ç áâ®â . � ¬¥â¨¬, çâ®  -

£àã¦¥ ï ¤®¡à®â®áâì ®¯à¥¤¥«ï¥âáï ¢ ®á®¢®¬ á¢ï§ìî á ¢®«®¢®¤ ¬¨,

â ª ª ª ¯®â¥à¨ ¢  ¬ £¨ç¥®¬ ä¥àà¨â¥ ¬ «ë.

�å¥¬  æ¨àªã«ïâ®à    ®á®¢¥ ¥¢§ ¨¬®£® ä §®¢à é â¥«ï ¯®ª §  

  à¨á. � ª ç¥áâ¢¥ ¯à¨¬¥à  §¤¥áì ¯à¨¢¥¤¥ æ¨àªã«ïâ®à   ¤¢®©ëå

âà®©¨ª å.
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H HE E1 1 2 2
1

2

1

2

�®« , ¯®¤  ï   ¢å®¤, ¢ ¯«¥ç® H1 ¯¥à¢®£® âà®©¨ª , ¤¥«¨âáï ¯®-

à®¢ã ¢ ¡®ª®¢ë¥ ¯«¥ç¨, á®¥¤¨¥ë¥ ¤¢ã¬ï ¢®«®¢®¤ ¬¨ á ¡®ª®¢ë¬¨

¯«¥ç ¬¨ ¢â®à®£® ¤¢®©®£® âà®©¨ª . � ®¤¨ ¨§ ¢®«®¢®¤®¢ ¯®¬¥é¥ ¥-

¢§ ¨¬ë© ä §®¢à é â¥«ì (á¤¢¨£ ä §ë ¢ ¯àï¬®¬  ¯à ¢«¥¨¨   180o

¬¥ìè¥, ç¥¬ ¢ ®¡à â®¬). � ¤àã£®© ¯®¬¥é¥ ®¡ëçë© ä §®¢à é â¥«ì

(¢®á¨¬ë© á¤¢¨£ ä §ë à ¢¥ á¤¢¨£ã ä §ë ¥¢§ ¨¬®£® ä §®¢à é â¥«ï

¢ ¯àï¬®¬  ¯à ¢«¥¨¨). �à¨ à á¯à®áâà ¥¨¨ ¢®« ¢ ¢®«®¢®¤ å ¢ ¯àï-

¬®¬  ¯à ¢«¥¨¨ á¤¢¨£¨ ä §ë ¢ ®¡®¨å ¢®«®¢®¤ å ®¤¨ ª®¢ë, ¯®íâ®¬ã

¢®«ë, áª« ¤ë¢ ïáì, ¯à®å®¤ïâ ¢ ¯«¥ç®H2 ¢â®à®£® âà®©¨ª . �à¨ ¯®¤ ç¥

¢®«ë   ¢å®¤H2 ¢â®à®£® âà®©¨ª  ¢®«ë, à á¯à®áâà ïïáì ¯® ¢®«®¢®-

¤ ¬ ¢ ®¡à â®¬  ¯à ¢«¥¨¨, ¯à¨®¡à¥â îâ à §®áâì ä § 180o. �®íâ®¬ã

®¨, áª« ¤ë¢ ïáì, ¯à®å®¤ïâ ¢ ¯«¥ç® E1 ¯¥à¢®£® âà®©¨ª . �¥âàã¤® ¢¨-

¤¥âì, çâ® æ¨àªã«ïæ¨ï ¯à®¨áå®¤¨â ¯® áå¥¬¥ H1�H2 �E1 �E2�H1 � : : :
¨ â.¤.

� à¥ «ìëå æ¨àªã«ïâ®à å á ¥¢§ ¨¬ë¬ ä §®¢à é â¥«¥¬ ¢¬¥áâ®

¤¢®©ëå âà®©¨ª®¢ ¤«ï ¤¥«¥¨ï ¢®«ë ç áâ® ¨á¯®«ì§ãîâ 3-¤�  ¯à -

¢«¥ë¥ ®â¢¥â¢¨â¥«¨, ª®â®àë¥ ¡®«¥¥ è¨à®ª®¯®«®áë ¨ ª®¬¯ ªâë.
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